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I. Theorems relating to the Product of two Hypergeometric Series. By 
Prof. W. McF. Orr, M.A., Royal College of Science, Dublin. 

[Received June 1897.] 



1. The following theorem is stated without proof by Cayley (Phil. Mag. Nov. 1858, 
and Collected Papers, Vol. ill. page 268), viz., writing as usual 

x ' 1.7 I.2.7.7 + I 

then the product F(a, ft; 7 + i; x).F(y — a, 7-/8; 7 + J; #) 

is connected with (1 - x)*+?-y . F (2a, 2/8; 27; x) 

by a simple relation; for if the last-mentioned expression is put equal to 

l+lfcr + Cfc a + JDa , +..., 
then the product in question is equal to 

7 + i 7 + i-7 + $ 7 + *-7 + f-7 + t 

The object of this paper is to establish the above and other similar theorems. 

2. Having given any series u = Sc^af '. (1), 

if we form from it another v = XbfOf (2), 

by means of the relation -r~ 1= = 1 • -— (3), 

o r r + <p a r 

where and <f> are constants we shall express the connection between v and u by writing 

v = (0; <f>; u) or v = [0; £; u} (4). 

The method of proof pursued is to take the normal forms of the equations satisfied 
by two independent hypergeometric functions, obtain the linear differential equation 
satisfied by the product of the solutions of these, and investigate in what cases it can 
be identical with that satisfied by 

y = (*-l)-Mr*{0; <f>\ (l-x)-*z) (5), 

where z is a third hypergeometric function, all three functions having x as argument. 

Vol, XVII. Part I. 1 



2 Prof. ORR, THEOREMS RELATING TO THE 

3. Considering any two equations of the types 

(D> + I)S=0, (IP + nS'-O '.....(6), (7), 

it is easily found that the product ff satisfies the equation 

i>P±sf£±^] +0y -o m 

where / + /' = P, I — /' = Q ; D denoting differentiation with respect to x. (Compare 
Schafheitlin, Pr. (No. 99), Sophien-Realgymn. Berlin, 29 S. 4°.) 

If (6), (7) are the normal forms of the equations satisfied by 

f> = F(a, £; 7; *) and 17' = F(a', ff\ 7'; x) 

respectively, we have J- J |^— + ^. 1} + j^r iy \ , 

where X = 1 — 7, /* = a — £, i> = 7 — a — /8, 

with corresponding relations in case of the dashed letters. 

The most general solution of (8) in this case then is 

y = J <rhO (1 - 0p (•+*-*+*+* -y+« {4 W + 2^' + CW + 2)17,17/} (9), 

where 17^ 173 are any independent solutions of the equation satisfied by 17; 17/, 17/ are any 
independent solutions of that satisfied by 17', and A, B, C, D are arbitrary constants. 

4. We now proceed to find the equation whose solution is given by (5) where z 
is the most general solution of 

«a-«)S + (^-B»)g-«r-0 (10). 

Writing (1 — x)-*z = u, we have 

a?Dhi + (B + 2<r)a?Du + {<r (<r - 1) + <tB + C] xu 

- {2^D«tt + (A + B + 2(7) xDu + (o-il + C) u) + a?JD«u + 4Da = (11). 

If a solution of this be u = XofOf, 

we obtain the relation 
{( r -l)( r «2) + ( J B + 2<r)(r-l) + (7((7-l) + (75-hC r }a r . 1 

-{2r(r-l) + (4+ J B + 2c7)r + c74 + C) Or + (r+ l)(r + A)a r+l = (12). 

Making the transformation indicated in (2), (3), and writing U for x -j- , we obtain 
the equation 

«(2)' + d + l)(2) / + «){2)'(iy-l) + (5 + 2<r)2) / + (7((7--l) + <r J B-hC}t; 

-(iy + tf)(2) / + ^-l){22) / (2) / -l) + (4+ J B + 2<r)iy + (74+C}i; 

+1 (iy+4> _i)(D'+0_ 2) &(& +a -i)»=o (13). 

X 
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On writing y' — ar^v the equation for y 1 may be obtained from (13) by changing 
U into ly + h, and on writing 



A + 2h = A' 

B + 2<r+2h = B' 

h(h + A-l) = L 

2h(h-l) + h(A+B + 2<r) + <rA+C = M 

h(Ji-l) + h(B + 2<r) + <T(o--l) + *B + C = N 

£ + A + l = £' 






.(14), 



V -(IS), 



2$' + A' - P, 

20 + B 1 - 2<f>' - A' + 4, = Q t 

2 (<f>' - 1) A' + <f>' (£'-l) + Z = P, 

ty{ff-4! + 2) + (e' + <f/)(A' + &)-*(# -1) A' + M-2L = Q, 

(e , -<f>' + 2)(ff-<j>' + l) + (0'-<l> , + 2)(R-A') + L-M + N = It t 

(f-2){(*'-lM' + 2ZI=P, 

(f - 1) \ff (A' + B") - 2 (f - 2) A'} + {& + f - 2) M - 4 ($' - 2) L = ft 

^-f+2)fi'-(0 / -$'+2)(f-l)4'+2(f-2)£-(^ + f-2)if+2O'=.R, 

(f - 2) (f - 3) L = P, 

(f-2H(0--l)Jf-2(f-3)Z} = Q 4 

^'(d'-l)JV-(^-l)(f-2)if + (^'-2)(f-3)Z = iJ < / 

and rearranging, this equation becomes 



If we now write 



y « (0 - 1)-Y> 



we finally obtain as the equation for y, 



{P* Q,+ 2*P , ■ R, + 2*Q, + 3*(*-l)P 1 2*.R,+ 

+ V + «•(*-!) + *(«-!)• + 



8*(«-l)Q, + ic(*-l)(«-S) 



(x-iy 



}* 



f P. Q«+«P, ^ + *Q, + <e(«-l)P« *•%, + * (*- 1) Q, + * («-!)(*- 2) P , 
t«* <r»(«-l) «»(<f-1)» a;(a;-l)» 



K(*-l)R i + >c(ic-l)(K-2 )Q J + *(*-!)(« -2)(*- 3) 

{x-iy 



}y=o. 



.(17). 



This then is an equation two independent solutions of which are given by (5). The 
other two will be considered later. (See Art. 8.) 

1—2 



4 Prop. ORR, THEOREMS RELATING TO THE 

5. Let us now examine whether the last equation can be identical with (8). If (8) 

■I JQ 

be written in a form in which the coefficient of Dh/ is unity, that of IPy is — ^ -p ; 

hence it is evident that the equations cannot be identical unless Q be of the form 
xr m (x—l)"^, where m, n are some constants, positive or negative; but the most general 
value of P is of the form 



and of Q, Q«^+ *L^+ c ' 



a?^ x{x-l) (x-lY' 

hence there are six cases in which the above condition is satisfied, viz. 

I. m = l, n = 2, a' = 0, 6' = -c', Le. X* = X'V /** = /*'•; 

II. ro-1, w=l, a' = 0, c' = 0, \* = \'*, ** = i/*; 

III. m = 2, n=l, c' = 0, a' = -6', /** = /*'*, i^*' 9 ; 

IV. m = 2, n = 0, 6' = 0, c'=0, i/» = i/*, X'-^X'*-/*'*; 
V. m = 0, n=2, a' = 0, &' = 0, X* = X' 9 , i*-it = p*-ifii 

VI. m = 2, w = 2, c' = a', 6' = -2a', /** = /*'*, X , -i^ = X' a -.i/'». 

6. In Case L, writing Q = c'ar> (a? — l)~ a , equation (8) can be written in the form 

j. in*? j. * a ~ ^ 6 + 2c _ 2c )_ 

+ t *• «e(«-i) *(«-i) , ~(«^lyi^ y 

[4a 6-4o -6 + c" 2c + 2c'« , 2c + c" ) 

Comparing (17) and (18) we obtain 14 equations connecting the 16 quantities 

P\> Qu -P«» Qn -Bj. P», Q»> -K»> -P4. Q41 -B*, c', o, 6, c, *. 
Eliminating the 12 first we obtain the equations 

(2* + 1) {c + * (* + 1)} « (19), 

(2« + l)|(« + l)(3c-2)-ft + 2?-=ic--0 (20), 
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which are both satisfied by 
and we thus obtain 



K = 
-Pi- 
Q> = 
P S = 
Q* = 

<?« = 
B 4 = 



-i 
1 

4 

2a 

26 + f 
2c + f 
— 4a 
6a -6 
36 + 2c 
4a 

6 -6a 
3a -36 



-J 



^16 



(21), 



and 



C "16 2 



.(22). 



The alternatives to k — — £ involve two relations instead of one among a, 6, c, c', 
and thus cannot lead to cases of equal generality. 

Using the above values in the 11 equations (15), connecting the 7 quantities 
ff y <f>\ A', R, L, M, N with a, b, c, they are found to be satisfied for any values of 
a, b, c, by 

ff = \, <£' = 1, 4' = -l, # = 0, Z = 2a, Jlf=26 + 4a, i\T=2a + 26 + 2c-f ....(23), 

and cannot hold in any other case of equal generality. 



The relations 



a' = 0, b' = -c\ c'* = ^-l 

16 



c 
2' 



which characterize this case are equivalent to 

X = ± X', /t= + /i', v ± v 



= + 1 



.(24). 



Consider first the case in which all these ambiguous signs are taken positive, that 
is to say, in which 

7 = y, a-/3 = a / -)8 / , a + + a ' + /S / = 2 7 - 1 (25). 



The values given in (23), when substituted in equations (14), lead to 



-i("^9-±<*-i>. 



.(26). 



Here also we take the ambiguous sign positive and further obtain either 

A = — y or A = 7 — 2 



.(27). 
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Taking the former alternative we arrive at the results 

5 = 2a + 2j8-l 

C = 4a£ \ (28). 

= 7 -i 

£ = 7 

It will be found that if in case of the ambiguous equations (24), (26), (27) we 
make any other choice of alternatives than that above, the theorems thereby deducible 
will be of exactly the same type as those which follow. 

If z = F(a", /S"; y"; x) be a solution of equation (10) the values given in (28) are 
equivalent to the equations 

a" = 2a, £"=2/3, 7" = 2 7 -l (29). 

7. We now insert the values we have found in the solution given by (5) of the 
equation (17) which has been proved identical with (8) whose solution is given by (9), 
and on dividing both sides by (1 — xfixy we obtain the theorem that if z be amy 
solution of the equation satisfied by F(2a, 20 ; 27 — 1 ; x) then (7 — 4 ; 7 ; z (1 — fl?) m4 * + *~*) 
is a linear function of the four independent functions which are the products of a 
solution of the equation satisfied by F(a, ft; 7; x) and a solution of that satisfied by 
-^(7 "" i "~ a > 7 "" i ~" P I 7 5 x )' 1^ we denote the general solutions of the last-mentioned 
equations by 77, 17', respectively, and use the suffixes 1, 2, &c. to distinguish the 
particular solutions as in Forsyth's Differential Equations, a consideration of the general 
forms of z, rj, if shows that unless 27 be an integer, positive or negative, if in this 
theorem we write z = z x = z*, then the function of 17, 17' involved is 

and the theorem thus. gives the equations 

{7-4; 7; (l-xY+fi*-yF(2a,2/3; 27-I; x)} 

or {7-i; 75 (l-x)y-*-+-*F(3y-2a-l, 27-2/3-1; 27-I; x)} 

~*(*,fii 75 «W7-«-i7-/8-i; 7; *) (30) 

= (l-^+^+^(a,)8; 7; x)F(a + ±,l3 + h y\ m) (3C) 

«(l-*)*'( 7 -a, 7 -0; 7; ^(a + i.jS + i; 7; x) (30") 

= (l-a?)r-H» j p( 7 - a , 7 - / 8 ; 7; x )F(y-a-ly-/3-i; 7; *) (30 ,,/ ). 

The type of the theorem is the same whether the first or the second form of the 
left-hand member be used. 

* 

If we take the first form, Cayley's theorem and equation (30) are identical, and if 
in the latter 7 were changed into 7+i they would be expressed by the same symbols. 
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If we write z = z % — z At then the function of rj, y involved is 

and the equations obtained are of exactly the same type as those above but expressed 
in different symbols. 

It will also be found that we obtain equations of exactly the same type by choosing 
appropriate functions of z, y, if which proceed in descending powers of x. 

8. A question naturally arises as to the other two solutions of (17) which are not 
given by (5). Its most general solution is of the form 

y = (x—l)~"x~ h v, 

where v is given by (13). The relation (12) which exists among the coefficients when 
v is expanded in powers, shows that there are values of v which proceed in ascending 
powers of x of which the first terms are respectively 

1, &- A , &-+, a?-+; 

of these the first two are, but the last two cannot be, given by (5). 

If however, reversing the train of substitutions by which v is derived from z we 
write u' = (<f>; 0; v) where v is given by (13), the relation between successive coefficients 
in u is not (12) but the result of multiplying equation (12) by 

(0 + r)(0 + r-l)(£ + r)(4> + r-l), 

this relation being obtained from (13) in a manner similar to that in which (13) is 
obtained from (12). 

The relation thus obtained leads to a differential equation for u identical not with 
(U).but with the result of performing on (11) the operation indicated by 

(xD + 0)(xD + 0-l)(xD + <l>)(xD + <l>-l). 

Such an equation is of the sixth order; four and only four of its solutions (combined 
linearly) are admissible from which to derive v by means of the relation v = (0 ; <f> ; u) 
for our theorem. This equation is equivalent to that obtained by equating the left- 
hand member of (11) not to zero but to 

C&-+ + C&~+ + C&~* + C&-* (31), 

C ly C 2 , C St C 4 being arbitrary constants. Changing in such an equation the value u' 
into si by means of the relation w'^l — x)~*/ it becomes 

[* ( 1 - *0 2)» + ( 4 - 5* ) JD - q ^ = ( £^ 

By expanding the right-hand member in powers of x its solution can be deduced 
from that of a series of equations of the type 

0(1 -a?) D».+ (A - Bx) D- C] si = #•, 
or [«(l-«)2)»-h(7 ,, -K+)8 // +l)a:)l)--a' / /3' / ]/ = ^---- (33). 
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It may be easily established that a solution of this is 

*-" , (« + «" + !)(« + ?' + !) _^., 

~(e+ 7 ")(e+l) + (e + 7")(6 + 7" + l)(e+l)(e+2) a ^ + -' 

which we will write in the form, 

* = U + J>u e + 1 ) F ( tt " + e + 1 > ^ + * + 1 i y + «+L « + 2; *) (34). 

It should be noted that the natural numbers do not here occur factorially in the 
denominators of the coefficients of the powers of x. 

A solution of the equation 

[x(l ^x)^ + (^ ^(a ,f + /3 f ' + l)x) D^a'^z' ^af (l^x)^ 1 (35), 

is therefore 

' = <„+Xl+i\ F W +e + 1 > £" + « + !; r+« + l, « + 2; x) 

(e+y )(e + l) 

- i.(^7+ ) i^H-«/ ( ^ +<+v ^ + ' + ' i ^ +,+ ^* +8;a,) 

+ 1 £^ + y" + 2)(e*+3) F(a '' + € + S ' ^" + e + 3 > 7" + « + 3. 6 + 4; •)- (36), 

the complementary function being the most general value of z, as given by (10). 
On forming v by the relation 

v = (0; <f>; (l-aO-'-O (37), 

it appears that the leading term of v has the same index as the leading term of z' 
so that in order to obtain the expressions for v, the indices of whose leading terms 
are respectively 1 — <f>, 2 — <f>, we must (unless differs from <f> by an integer which is 
not the case here) write C? 8 =C f 4 = 0. 

The two values of si to be inserted in (37) in order to obtain thereby the missing 
solutions of (13) may thus be obtained from (36) by giving 6 the values — <j>, 1 — <f>. 

Since 

(C^ + C^^il-x^^^+CJar+il-xy^i-C^il-xy, 

another solution may be obtained from (36) by giving € the value —</>, and increasing 
a by unity. 

9. The two linear relations which connect the two independent solutions of (17) 
last obtained with the other two solutions of (8) may of course be expressed in an 
infinite number of ways. We may specify the following 

( 7 -l)(*; 1; (1 -*)*+/>+*-* (J— Jr>(2a- 7 + l, 2/3- 7 + l; % 2- 7 ; x) 



+ * + P + l y * F(2a _ y + 2> 2) 8- 7 +2; 7 +l, 3- 7 ; x) 

+ (« + ^ + t-J(^/»^-7) ^ J , (fc , y + i|> w _ 7 + ,. 7 + 2 , 4 _ 7 . #)+ }) 

= F(a, 0; 7 ; *).,F(i-a, *-£; 2- 7 ; x) (38). 



PROF. ORR, THEOREMS RELATING TO TWO HYPERGEOMETRIC SERIES. 9 

The right-hand member of this equation and that of nearly all those which follow 
may be written in other forms, showing a power of 1 — x as a factor. 

By interchanging a and J — a, /3 and £ — )8, 7 and 2 — 7 we obtain another form 
for the left-hand member. 

Another relation among the same solutions independent of the last may be obtained 
from it by interchanging a and 7 — a — \ t /3 and 7— )8 — £ (39). 

10. If Case II. of Art. 5 be investigated in a similar manner it will be found 
that similar theorems hold provided in addition to the preliminary conditions \ = ± X', 
* = ± v\ the relation p ± /* = ± 1 also holds, and that without loss of generality we may 
as in Case I. take all these ambiguous signs positive. These conditions are equivalent to 

/3' = a-l a' = £ + i, 7 ' = 7 (40). 

In this case we obtain the following values: 

<r = 7-a-j8 + £ (or <r = a + j8-7 + £), \ 

h = — 7 (or h = 7 — 2) 

*=-l 

= 7"i 

4>=7 y (4D. 

4 = 27-1 

B = 2a + 2/3 

C=2j8(2a-1), 

the last three leading to a" = 2a - 1, /3" - 2/3, y" = 27. 

As in Case I. the alternatives rejected only lead to theorems of the same type as 
do those chosen. 

The equations which correspond to (30) — (30"') in this case may be written in the form 

l7-*J 7; (l-^-'-^a- 1,2)8; 2 7 -l; •)}, 
or {7-i; 7; (1 -*)*-•-*"* ,F(27- 2a, 2 7 - 2/3-1; 2 7 -l; x)} 

= (l-xY + fi-rF(a,/3; 7; *).*>-£,£ + *; 75 *) (42) 

= F(a t /3; 7; x).F(y-a + ±, 7-0-*; 7; «) (42') 

= F(y-a,y-/3;y 9 *).-F(a-i0 + J; 7; *) (42") 

= (l-ff)r--',F(7-a,7-£; 7; 0)^(7- « + *> 7~£- i; 75 *) (42"'). 

As in Case I. if we consider the product of those solutions of the equations satisfied 
by F(a, /3; y; x) and F(a — \, £+£; 7; x) which, proceeding in ascending powers of x, 
begin with x*~y, the equations obtained are of exactly the same type as these, but expressed 
in different symbols. 

Relations among the other two solutions of (8) and of (17) may, after dividing by 
at"?, be written in the form 

(l + 20-2a)(7-l)J4;'l; (l^x)^^r^(^-^F(2a^y 9 2/9-7+1; 7. 2- 7 ; *) 

+ a + ^7 7 "* -* T (2a-7+l, 2/3-7 + 2; 7 + I, 3- 7 ; x) 
1 7 

+ («+/3-7-y(^^-7+i) _^_ i , (2g _ (y+2)2i8 _ 7+ 3. (y+2>4 . 7;a!)+ ..,y, 

= (2-2a)F(a, 0; 7 ; •).*•(§- a, *-£; 2- 7 ; x) 

+ (20-l)F(l-a, 1-0; 2-y, m).F(a~l, + ±; <y; x) (43). 

Vol. XVII. Part I. 2 
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Another independent relation may be obtained by writing in the above 

a — 7 + 1 for a, j3 — 7+I for /3, 2—7 for 7, 
and using an obvious alternative form of the right-hand member (44). 

Another relation among the same solutions may be deduced from (43) by changing 

a into 7 - a + £ and ft into 7 — ft — £, 

and using a similar alternative form of the right-hand member '. (45). 

A fourth relation may be obtained from (43) by changing 

a into J — a, /3 into J — /3, 7 into 2-7 (46). 

The left-hand members of (45), (46) involve the alternative value of <r [see (41) and 
(36)] and the corresponding values of a", y8", 7". 

By taking the solutions of equations (8) and (17) which proceed in ascending 
powers commencing with a?~y we obtain a fifth relation which, after dividing by x l ~v, 
may be written in the form 

• |f; 2; (1 -*)«+/»-*-* (_J__ J F(2«_ 7 + l, 2/3- 7 + 2; 7 + l, 3- 7 ; x) 

-F(a-b, i8 + i; 7; x).F(l-a, l-£; 2- 7 ; *)] (47). 

As the right-hand member is unaltered by changing at the same time a into 1 — /?, 
)8 into 1 — a, and 7 into 2 — 7, so also must the left. 

11. If in Case II. we choose appropriate solutions proceeding in descending powers 
of x we arrive at Case III., in which similar theorems hold provided in addition to 
the preliminary conditions ft— ± /*', v = + 1/, the further relation \ ± X' = + 1 is satisfied. 

This case may also be investigated independently in the same manner as the others. 

The equations which in this case correspond to (30) — (30'") may be written in 
the form 

{7 + J; 7 + 1; (l-*)- + '-*-*^(2a,2£; 2 7 ; *)}, 
or {7 + i; 7-t-l; (I - x)y~*-+-i F (2y - 2a, 2y-2/3; 2y\ x)} 

= ^(7-«,7-£; 7; ^.^(a + i/S + i; 7 + I; x) (48) 

= (l-^Hf(a,^ ; 7; ^.^(a + i/S + i; 7 + I; *) (480 

= (l-a?)r— ^^( 7 -a,7-/9; 7; x) . F(y-a + $, 7-/8 + 4; 7 + l; x) ...(48") 
= J>,/9; 7; ^.^-a + i^-iS+l; 7 + I; *) (48'"). 
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A relation among the other two solutions of (8) and of (17) may, on division by 
ar% be written in the form 

<7-l){*5 1; (1 - *)-"-*- 1 (^ F(2a - y, 2/J-7; y, l- 7 ; x) 

+ * + f3 ~ y ~* ^F(2a-y + l, 2^8-7 + 1; 7+I, 2-y,w) 

+ («+/>-7-t)(« + ^-7 + *) _^ lJ , (a .. 7 + lt V-7 + 1 . 7 + 2> 3 _ 7 . * ) + ...)} 

= ^(a, £; 7 ; *)..F(i-a, *-£; l- 7 ; <r) 

+ («-i)(/3-i) <ci , (1 _ gl _ / g. 2 - 7 ;«).^(a + J,i8 + i;7 + l;»)...(40). 

Another relation among the same solutions may be obtained from this by changing 

a into J-et, /3 into $— #, 7 into 1 — 7 (50). 

A third relation among the same solutions may be obtained from (49) by changing 

a into 7— a, /3 into 7 — ft 
and using an obvious alternative form of the right-hand member (51). 

J A fourth relation may be obtained from (49) by changing 

a into o + J — 7, £ into £ + £ — 7, 7 into 1 — 7, 
and using an obvious alternative form of the right-hand member (52). 

A fifth relation on division by a^ - ' may be written in the form 
7(l-7)|f; 2; (1 -<r)«+»-r-* ( -^— } FQa-y + 1, 20-7 + 1; 7 + l, 2- 7 ; x) 
+ «+^^__^__^ (2a _ (y + 2) 2 0_ 7 + 2 . 7 + 2> 8 _ 7 . m) 

^ + "- y ^ + "- yH \y + ^-y/ ^-^ V-7+3; 7+3, 4-*; ■)+...)} 

= ^(l-a, 1-j8; 2- 7 ; m).F(* + t. + t; 7 + l; a?) (53) 

-^(a- 7 + l, /3- 7 + l; 2- 7 ; ^.^^-a+i, 7~£ + i; 7+I; *) (530. 

By interchanging a and 7 — a, # and 7-/8, which does not alter the value of the 
right-hand member, we obtain another form of the left-hand member. 

1 ^ei Of thr — tKfee relations which have been obtained in Case I. in equations 

)— (3<0, in Case II. in equations (42)— (42'"), in Case III. in equations (48)— (48'"), 

any two can be deduced from the remaining one by changing the constants and using 

the relations connecting three hypergeometric series whose constants differ by integers 

(Gauss, Complete Works, Vol. in. p. 133). 

13. Cases IV., V., VI. of Art. 5, will be found on examination to lead to no 
theorems of equal generality with those above. 

2—2 
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14. We next proceed to consider some special cases in which the relations we 
have obtained can be expressed more simply. 

Suppose in Case I. we have 7 = a + )8 + £. Using this relation in equations (30)— 
(30"') the left-hand member becomes a hypergeotnetric series of the third order and 
we obtain the relations 

F(2a,2/3,u + /3; 2a+2£,a + /3 + £; x) = [F(a, £; a + j3 + $; x)f (54) 

= (l-ff)*F(a,/3; « + £ + £; x) . F(a + $ t £ + *; a + /9 + £; x) (540 

= (l-*)[^(a + i,/3 + i;a + £ + i; x)f (54"). 

The natural numbers do occur factorially in the denominators in this hypergeometric 
series of the third order and in others below. 

Equation (38) now identical with (39) becomes 

^(a-jS + i, £-a+i i; a + /3 + i §-<*-£; x) 

= **(«, j8; a + /3 + *; x).FQ-a, *-£; $-a-/3; x) (55), 

which can also be expressed in other ways by taking out a power of 1 — x as a factor. 

It may be shown more easily directly that the linear differential equation satisfied 
by the square of the hypergeometric series F(a, ft; 7; x) becomes identical with that 
of a hypergeometric series of the third order if, and only if, y = a + /3 + %. This has 
been done by von Clausen, Crelle's Journal, Vol. in., where equations (54), (55) are 
given. On equating the appropriate third independent solutions of the two equations 
to each other the result is of the same type as (54) — (54") expressed in different 
symbols. 

If fy = a + /8 — £ relations are obtained of the same type as (54)— (55) expressed in 
different symbols. 

If in Case II. the same relation 7 = a + y3 + J holds, equations (42) — (42"') become, 
taking the second form of the left-hand member, 

F(2a, 2)8+1, a + P; 2a + 2£, a + £ + i; x) 

= F(a, £; a + /3 + i; x).F(a, £ + 1; a+£ + J; x) (56) 

= F(a + h £ + *; « + £ + *; x).F(a~b £ + *; a + j8 + £; *) (56'). 

Equations (45), (46) are now identical and reduce to the form 

(l + 2fi-2a)FQ3-a+l a-/3 + £, £; a + /3 + £, $-a-/3; x) 

= (l-2a)F(a, fi; a + /3 + | ; x).F($-a, *-/3; #-«-£; x) 

+ 2/3^(a-i £+£; « + £ + 4; *).J"(1-* 1-/3; $-a-/3; a) (57), 

in which the right-hand member may be written in a variety of forms. 

Equation (47) may now be written in the form 

*>-£-£, £-« + £, J; a + + l f-a-/8; x)-l 

= 2\ia^0i) [F {a ^ ] a+ + i;*)'^(f-* J-/3;f-a-j8;*) 

-F(a-*, /3 + £; a + /3 + £; x).F(l-a, 1-/3; f-a-0; *)] (58). 
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If instead of the relation 7 = * + £ + £, 7 a= a + /8 — £ holds, equations (43), (44) reduce 
to one of the same type as (57) expressed in different symbols, while (47) again reduces 
to one of the same type as (58). 

In Case III. also if we suppose 7=a+£+£ or 7 = a + /8 — £, the results already 
obtained may be expressed more simply and both suppositions lead to equations of the 
same type; we choose the latter. Equations (48) — (48'") then become 

F{2x, 20, a + /3; 2a + 2)8-1, a + /3 + ±; x) 

= *>-£, £-£; a+jS-fc x).F(a + $, /8 + J; a + + £; x) (59) 

-*■(«, 0; a + £-i; x).F(a, 0; « + £ + £; a) (59'). 

Equations (49) and (52) are now identical and reduce to 
^(a-18 + i, 0-a + J. i; (* + £-*, f-«-£; *) 
= ^(a, /3; « + £-*; m).FQ-a, *-£; §-«-£; *) 

+ / A"m"^ pv ^(i-^i"/8;t"«"/9;^)-^(«+L/9+t;g+/9+i;^---(«>)- 

(a + p — tJlf — a-p> 

Equations (53), (53') now become of the form 

{$; 2; (l-a:)- l ^(o-)8 + i, )8-a + i; a+£+i, f — tt — i9; *)} 

= .P(l-a, 1-/3; f-a-jS; *).F(a + £, £ + *; a + £ + i; x) (61) 

= ^(f-«, # — i8; t-«-0; *)•*>, £; a + £ + *; «) (610. 

The relations obtained also admit of some simplification in all three cases if y and 
a + differ by half any odd integer. 

15. We have seen in the preceding article that if 7 = a + /8 + ^ all the solutions of 
the linear differential equation satisfied by [F(a, fi\ y; a?)] 2 are solutions of an equation 
of the type of (17); and, which is the same thing, that if 7 = a+)8 — £ all the solutions of 
the differential equation satisfied by (1 -x)[F(a, /3; 7; x)]* are solutions of an equation 
of the same type ; the theorems deducible in these cases being stated in (54) — (55). 

The cases discussed include two others in which all the solutions of the equation 

satisfied by (1 — a:) a i^ [a, y3; 7; x]* are solutions of (17), viz. if in Case II. we write 

fi + £ = a, and if in Case III. we write 7 = £ (or §) ; it seems unnecessary to give the 
forms which equations (42) — (530 ^en assume. 

The theorems obtained involving the square of a hypergeometric series require that 
either \, /*, or v should be ± £. 

It appears probable that in other cases than these three all the solutions of the 
equation satisfied by (1 — x) a [F(a, /3) 7; x)] 2 satisfy an equation like (17). 

16. In connection with the preceding remark the writer has investigated in what 
cases the linear equation satisfied by [F(a, y3; 7; x)f may have one or two solutions 
but not all three in the form of a hypergeometric series of the third order. The 
method pursued, (that of examining in what cases the successive coefficients of the 
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latter series can obey the law required in F*\ was very tedious; it is believed however 
that the following cases include all. 

The existing relations in the various cases, after division in some instances by a power 
of x, may be written as follows : 

Case I. j/ = 7 — a — £=$, A. = 1 — *y=±J. 

= F(jm-i, -M-i. l- V; i, -2m*; •)' (62), 

or -FQ*-i, -M-i; 4; *)+^U*>, -/*; |; ») (62a 

F ^T t ' ~^> *J ^(i _ f ; f ; »)«*<P-i,-M-M-V;M-V;*)..-<6S) 

= f^-i, -/*-*; I; «)+i^0*+i, -M + i; f ; *) (en 

-J^-l, /*«-l; /»■; «)-l + l^« (64). 

Case II. v—f— a — £ = $, /* = a — £=±£. 
r (~1' ~ X 2~ 1 ; 1-X,; *)T--*'(- x - 1 » - x ~i» 2X'-X; -2X+1, 2X»-X-1; «)...(65) 
.J-(-X-l, -X-i; -2X + 1; x)- __^_- «F(_x, -X + *; -2X + 2; *)...(65'). 

Another relation of the same type obtainable by changing the sign of X (66). 

And 

Case HI. /* = $, X=±|. 

-'(— *• — »■ =^1^ *■ =w^ -) < 68 > 

= j P(-v-i, -v + 1; |;«)_ 2 .!!±* «*»(-» + *, -» + 2;$; «) (680, 

v_,,- v -i -v + 2 * \~|* /V-iy Trr/' " -v+3 „ \"|* 

r (-T-'-r- ; * ; *JJ + (— ) ^ ^(-i- -5-' •: *;J 

= ^(_ v _l ) _, + i ,-^ i ±_ 1 ; i) __^_; .) (69 ) 

= ^(_ v _l, - v + ±; *; ar) + ( l, + 1) ' ( ~ 2l, + 1) a;J T (- y> -v + |; |; *)...(69'), 
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Case IV. /a = i, X = ± f. 

-*«-», l-»; }; «> + 2( ' +l ' ) 5 (1 ~ i '' > »y«->, *-»; J; «) (710. 

-'(--». — i. -^ -*■ ",^-T 1 ;') < 7S > 

= jP(-i/-1, -i>-£; -£; *) + (y + iy«F(-y, £-v; £; a?) (72'), 

-^(-f-I, -jz^i -fT^i *) = (1 - *)' (1 - «*«0 (73). 

Case V. /tt = i, X=±$. 

'("I* 4^ * ; ')• '(Hr* Hr ; * ; a )-- F <i- , '> ^"i ti •) < 74 >> 

[ F (~l> nr? to *)]* +'**[* (}^> ^r"> to 'Jl'-ri-*, *-»; to «)-<W), 

In each of the foregoing five cases the equation satisfied by [F(a, j3] 7; a?)] 8 has 
two independent solutions which are also solutions of that satisfied by a hypergeoinetric 
series of the third order and a third independent solution of the type & (1 - a?) 6 (1 + ex). 

If in Cases I., II. the left-hand member be transformed by means of the identity 
F(a, /3; 7; a?) = (1 - a?) y ~*~ PF(y-a t y-p) 7; x\ we obtain Case VI. y = -f, X = ±£, 
and Case VII. v = — f, /* = ±£. In each of these last cases the differential equation for 
the square of a hypergeometric series has one solution which is a solution of the 
equation satisfied by another hypergeometric series of the second order and is in fact of 
the form a?* (1 — x) b (1 + ex) ; two other independent solutions in these cases are the 
product of a power of 1 —x and a solution of another hypergeometric series of the 
third order. It does not seem necessary to give the results in these cases. 
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Fellow of St John's College. 

[Received and read 16 May 1898.] 



Introduction. 

1. The method initiated by Maxwell for the explanation of the Faraday effect 
depended on the direct insertion of a magneto-optic term in the energy. This method 
was extended by FitzGerald 1 and others to the explanation of Kerr's effect, namely the 
modification introduced in the circumstances of optical reflexion by magnetisation of the 
reflector. A difficulty occurred however in satisfying all the interfacial conditions, which 
virtually shewed that such a scheme was not formally self-consistent. The origin of 
the discrepancy has been traced by Mr. Larmor* to omission to secure what may for 
shortness be called the electromotive incompressibility of the medium: in the ordinary 
problem of optical reflexion there is no tendency for this to be disturbed, but when 
Maxwell's magneto-optic energy terms are included the reaction against compression 
introduces what may be termed an electric pressure, which must appear in the equations. 
It was necessary to compare the modified scheme thus obtained with experimental 
knowledge : and the calculations given in this paper shew that in fact it does not 
represent the phenomena. 

The paper is only a summary of the actual calculations; because since they were 
completed I have shewn 8 that the other rigorous theory formulated as an alternative 
by Mr. Larmor 4 , which leads to a system of equations practically the same as those 
advanced on various hypotheses by FitzGerald, Goldhammer, Basset, Drude, and others, 
is in much more satisfactory agreement with experiment. 



i G. F. FitzGerald, Phil Tram. 1880. 

9 "Report on the Aotion of Magnetism on Light/ 1 
Brit. Atsoc. Rep. 1893. 

* "On the magneto-optic phenomena of Iron, Nickel, 
and Cobalt," Phil. Tram. 1897. Considerable discussion 
has taken place in Wiedemann's Annalcn, both before and 
subsequent to the pnblication of this memoir, on the 
question of the formal identity of the schemes of equations 
employed by these various writers. That this should have 
been possible is in itself a sufficient indication of the ob- 
scurity in which the fundamental principles of the subject 



had become enveloped. I had myself stated in the memoir 
that my system of equations was, as far as I could judge, 
formally the same as those of Goldhammer and Drude: 
but the theoretical principles from which they were derived, 
though bearing considerable resemblance to those of the 
former of these writers, seemed to me to be free from the 
empirical and tentative character of both. Indeed the 
relations of these theories to each other and to the one 
whioh I adopted had been fully indicated by Mr Larmor 
in 1898 in the Report above referred to. 
4 Loc. cit. 



J 
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This brief history of the subject shews the desirability of also examining how far 
the former method of explanation agrees with the phenomena. The result is however 
what was to be expected by those who adhere to the more recent formulation of 
optical theory 1 , which treats a material medium as free aether pervaded by discrete 
molecules involving in their constitution electrons considered as nuclei of intrinsic 
aethereal strain : on such a view a continuous energy function is not the starting point, 
and the influence of these discrete nuclei could hardly be expected to modify the 
propagation in the intervening aether in so fundamental a manner as an electromotive 
pressure would demand. 

2. Mr, Larmor's modification of FitzGerald's scheme consists in the introduction of 
a new quantity X, naturally suggested by the analysis, which may be interpreted as 
an irrotational or pressural wave propagated along the surface of separation of two 
different media. In the Report above referred to he obtains on this hypothesis the 
equations of propagation in a dielectric, and the conditions which must be satisfied at 
an interface between two non-conducting media. It is unnecessary to recapitulate here 
the results arrived at; but it may be well to mention that while in §§ 8 and 11, 
Mr. Larmor inadvertently states that X must be continuous across a bounding surface, 
he has since pointed out that this is not the case, as the pressure is not X but is 
the coefficient of 8f in the variation of the action integral, and it is this pressure 
which must be continuous. 

In the present paper it is proposed, by using the principle of Least Action and 
introducing a Dissipation Function, to obtain from the above hypotheses the differential 
equations of propagation in a conducting medium, and the boundary conditions which 
hold good at an interface between two such media. These will then be applied to 
the solution of the problem of the reflexion of light from a magnet ; and the formulae 
so arrived at will be compared with the available experiments in this subject, with a 
view to testing to what extent the theoiy is capable of accounting for the observed 
phenomena. 

Notation, and Assumptions. 

3. The notation is the same as Maxwell's ; and there are introduced quantities 
f, t), f defined by the relation 

(a, ft v)-dldt(l V ,{). 
For brevity we put 

d Q d d d 

(**t &, 7o) being the intensity of the imposed magnetisation; this is slightly different 

from the definition of djdO given by FitzGerald, but the alteration is justified by the 

consideration that magneto-optic rotations are proportional, not to the magnetic force, 
but to the intensity of magnetisation of the material medium. 

1 Cf. Larmor, " A Dynamical Theory of the Electrio and Luminiferous Medium," Part I£L Phil. Trans. 1898. 

Vol. XVII. Part I. 3 
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The form of T\ the magneto-optic part of the energy, given by FitzGerald 
(Larmor's Report, § 9) applies only to insulating media: it will be assumed that the 
corresponding expression for conducting media is 

This is one of several possible forms of T' which, for the particular case of a non- 
conducting medium, would be identical with that assumed by FitzGerald; it is of no 
importance which we choose, as they differ from one another only as to a complex 
factor in the magneto-optic constant C. 

Equations of Propagation, and Boundary Conditions. 

4. The equations of propagation and boundary conditions are to be derived by the 
principle of Least Action from the energy functions T, T\ and W\ but for conducting 
media it is necessary to combine with these Rayleigh's Dissipation Function. 

The Dissipation Function F is a homogeneous quadratic function of the velocities 
(which in the present instance are a, ft, y) representing half the rate at which energy 
is being dissipated. 

In general if T be kinetic energy, V potential energy, and F the dissipation 
function, the Lagrangian equation of motion corresponding to a coordinate yfr is 



d fdT\ dT dF dV^ 

dty d^r d^r 



d (dT\ _ di 

dt \dyfr) di 



This equation cannot be arrived at by introducing F before variation into 8 j (T — V)dt] 

but if we treat the energy and dissipation functions separately and afterwards piece 
together the results of the variations we shall get the desired result. For, neglecting 
terms at the time limits, 

and 8 JFdt = + 2 f^ 8+dt ; 

and so the Lagrangian equation is obtained by adding the coefficient of 8-jr under the 
integral in — 8 I Fdt to the coefficient of 8^ under the integral in +8 /(I 7 — V)dt. 

5. In the present instance the coordinates £ rj 9 f are not independent, being 
subject to the limitation -S + -p + ~ = ; and so, to get the conditions of the motion, 

we have to add the coefficient of 8a under the integral in —Si Fdt to the coefficient 
of Sf under the integral in 

tjiT +T-W) dt + jdtsjjj X (g + 1 + g) dxdydz, 
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where the notation is now that of Larmor's Report, namely T and W representing the 
kinetic or electromagnetic and the static parts respectively of the energy of the medium, 
and T the magneto-optic part. The introduction of X is the characteristic feature of 
the theory. 

6. F is given by the relation 

2F=jjj(Pp+Qq + Rr)dxdydz, 



and as 



P = -£f a nd P = - = ZTisf> 



where <r is specific resistance, it follows that 



F - ^jjjtf+d* + ») dxdydz. 



To express this in terms of a, /3, 7, we notice that 

and p^(4nr/(rK)f f 

( 4nr d\ - dy dB 
Both&t ^KTK + dtV-dy-dz' 

In the case of light oscillations we assume all the variables proportional to & pt , 

where 1 denotes V — 1, and p is not to be confused with the x component of the 
conduction current; the above relation then becomes 



J ~4btt (irr/trK + ip) \dy dz ) ' 



4ir (4rrr/(rK + ip) \dy 
and therefore 



^= 



SS^/o-l^^///Lfe"s) + \£~di) + (& ~ ~dy) J dxdydz - 

Varying, and integrating by parts in the usual way, we obtain 



<r(4ir/ 



-///LUS-2)-*®-©}*-- H ***]• 



where I, m, n are the direction cosines of the outward normal to the element dS of 
the bounding surface, and the surface integral is taken over all bounding surfaces. 

3—2 
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7. The value of T being 

the corresponding variation is 

- : K///{2«+S»-S*}*** 

terms at the time limits being neglected. 

8. From the expression for T' assumed in § 3 we derive 

s /™.o/*[///{f|(|-S) + *|(S-g) + f|(g-|)}«^ 

JJJ \dddt\dy dz J dddt\dz dm) d0dt\dx dyj) " J 
= Cfdt [//(«.* + A» + 7.») j t (¥ - ^) 8£d8 + two similar 

+ IS{ m m- n didh)^ dS+two s^ 
- 2 ///a» (| " 5) Sf ^^ " two 8imilar ] • 

Also »/*///* g + S + g)*** 

9. The static part of the energy of the medium is given by 
W - (2ir/K)jfkf* + P + h ') dxdydz 

= 8ttK (Air/a-ir + *>)•//] |_fe " *) + (s " s) + W " Ty) J *"^ ^ ; 
from which, noticing that (a, 0, y) — tp(^, v> ?)> i* follows that 

♦(2-SC2-2)^-S)@-$)}*H 
■/* «.«(»£«+,? [//{» (§-§) - (£-1)} «*♦- — - 
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10. If now we bring together the results of the last four paragraphs in the manner 
specified in § 5, we obtain the following expression of the conditions of the motion : 

+ C Uj{aJ, + ftm + 7,w) j t (j£ - ^j) 8{dS + two similar 

+ //( m 393 ~ n mtl ms + two 8imilar 

- 2 lllmt (| - as) *f *** - two ^^] 

+ *xv£r+i* [S!{ n (i-i) - (2-$)}«* + *~ **- 

-///{i(S-D-|(S-D}^^— -H 

- rW + pKY [//HS"S) " m (g "|)} 8 ^ + tW ° Simi,ar 

-///{* (£-£)- |(S - 1)} * fd * dyd * - two dmilar ] 

= 0. 

Taking together the volume integrals we get the bodily equations of propagation, of 
the type 

M dt* " 4tt/<t + tpK \_dz\dz dx) dy\dx dy)\ d0dt\dy dz) dx w ' 

From the surface integrals we obtain the boundary conditions which hold good at 
an interface between two different media; in this case of course the integrals extend 
over both sides of the surface of separation. If, for the sake of simplification, we take 
the axis of z normal to the element of surface considered, we have I = 0, ra = 0, n = 1. 
Now S£ and Srj must be continuous across the interface, and therefore so also must be 
the expressions which are their coefficients in the surface integral: Sf is not necessarily 
continuous, for reasons explained by Mr. Larmor in the footnote to § 11 of his Report; 
he has however pointed out to me that the supposition that it is continuous is perfectly 
allowable and involves no inconsistency. Thus we have analytically the alternative of 
supposing that both S£ and its coefficient in the surface integral are continuous across 
the interface, or on the other hand of supposing that 8f is discontinuous, and that 
therefore its coefficient vanishes at both sides of the bounding surface. Of these the 
former supposition seems the more natural, but the consequences of both will be in- 
vestigated. 
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The boundary conditions are accordingly as follows: 
(I) f and rj continuous, 

(IV) Either (1°) f continuous, 

and X + C 7 . |(g - g) continuous, 

or (2°) X + Cy -j- ( -p — -p ) = at both sides of the boundary. 



Plane Waves. 

11. In dealing with the problem of the reflexion and refraction of plane waves at 
a plane surface of magnetised metal, it is convenient to take the reflecting surface as 
the plane * = 0, and the plane of incidence as the plane y = 0; the positive direction 
of the axis of z is from the metal into the air. 

If we suppose that the expressions representing the optical circumstances in the 
incident wave depend on the exponential ^(k+^+pfl, then those which represent the 
circumstances in a corresponding reflected or refracted wave must, in so far as they involve 
x and t, depend on the exponential £*(**+ *>#. Hence the most general assumption that 
we can make about a reflected or refracted wave is that its rotational part depends on 
one or more exponentials of the type c*<to+*'*+j»0 and its condensational part on others 
of similar form, say #Q*+*"*+pQ. In fact, for such a wave 

S^Zi-l/m^Aflto+^'+ri + tdt/dz [ (v), 

!= g| e i(te+m''2+pO 

X = 2Ztf< te+w " 2+ *> 
where A, B 9 @L, and L are constants, real or complex. 

The form of f has been so chosen that the rotational parts of f, 17, f satisfy the 
condition 

S+I4H w* 

the substitution of their irrotational parts in this equation leads at once to the con- 
dition P + m'^O, which shews that there are only two possible values of m", namely 
m" = + d and m" = — il. The corresponding exponentials are e-&^(te+i*) and e+ h & {tx +i*>, of 
which the former can occur only in a reflected, the latter only in a refracted wave, an 
amplitude which increases without limit in the direction of propagation being impossible. 
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The parts of (£, 17, f ) corresponding to different exponentials are really different waves, 

travelling each with its own velocity; the above condition shews that the velocity of 

propagation of either of the irrotational waves is infinitely great, since its square is equal 
to ^/(P + m" a ). 

12. In order to obtain further information about the various constants which occur 
in the assumed expressions for £, rj y f, we substitute these values in the equations of 
propagation. In the case of the irrotational terms this leads to the relation 

pya = 47r£ (vii). 

From the rotational terms we get, for each value of mf, two relations which readily 
reduce to the form 

A {** + J/*+wk} m - 8nC W + 1'™') m ' B > 

1 / > " / \ ( v ^)- 

B {* + i££k) - + ** W + *"'> TT A 

Eliminating from these the ratio B/A, we get 

/"i>+^ij^ = ±*.8^<7(<^ + 7o m')(P + m'»)t (ix), 

an equation which determiues m! : In this, to avoid ambiguity, we shall make the con- 
vention that (f a + m'*)J, or a/, as it may for brevity be called, is a complex whose 
imaginary part is negative. • As the equation is a quartic, there are four possible values 
of wl\ and if we neglect the second and higher powers of C, which for all media is an 
exceedingly small quantity, these four values are found to be of the form +m,, — rth, 
4-ms, — m,, of which the two former correspond to the positive, the two latter to the 
negative sign on the right-hand side of the equation in m\ We complete the definition 
by the supposition that of the complexes + mj and —m^ the former is that which has 
its imaginary part negative, and +771, is chosen in the same way; as a matter of fact 
it is found that m l and m* so defined have their real parts positive. 

If (A u BJ, (Aj\ JB/X iA*> B*)> (A%> BJ) be the pairs of values of (A, B) corresponding 
to the roots + *Wi, -% +wi,, —ma respectively, and if we make the abbreviations 

P+mf =<»!», l % + mf = a>£ (x), 

either of the above relations between A and B readily yields the following 

A^^ = — £i?fci, -Ax'toh = + Bint* 



«•»»-+ am (xi) . 

I'tffla = — BoTTU ) 



A % uo % = + B 2 m<z t Az'icoz = — B 2 m. 

The consideration that a wave whose amplitude increases continually in the direction 
of propagation cannot occur, indicates that in the problem of reflection the reflected 
waves involve only those exponentials corresponding to ra' = — w^ and m' = -7Ha, while 
the refracted waves involve only those corresponding to m'^ + mi and m' = +mi. 
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13. In the particular case when o<> and 70 are zero, m^ and m, are equal and 
their common value may be denoted by M\ the corresponding common value of o^ 
and ft> 2 may be called A. To evaluate these quantities we have only to change the 
right-hand side of equation (ix) to zero, when we find 

A 8 = — /up (4flr/<r + ipK), 
whence of course M % = — P — pip (47r/o- + *>pK) 



} -(*ii). 



Returning to the general case, we see that m^ and m, differ from M 9 and o^ and 
<o 2 differ from A, by quantities which have C for a factor and which are therefore 
small of the first order compared with M and A. If we neglect small quantities of 
the second order we may substitute A for »' and M for m' on the right-hand side of 
equation (ix), which may therefore be written in the form 

4 ^^ = ± t .8^c'(« * +7o jioa 

On introducing the abbreviation 

w = - 1 . SttC (aj + 7o3f ) (4tt/o- + ipK)/^ 

= (8iril/fip)C(aJ + yoM) (xiii), 

equation (ix) further reduces to 

a^-A'^ + isrA 8 (xiv). 

Hence we have ©j 8 « (1 — «■) A 9 , o) 8 s =(l + w)Q s (xv), 

and therefore also m^if 8 — «rA 8 , mf = if * + w A 8 (xvi); 

and as «r is small, these lead to 

ah = (1 - £1*) A, ®a = (1 + £«r) A, ^ 

A ! fl * \ 3lt A 1 fi a \ w (xvii), 

expressions which will prove exceedingly useful in the subsequent analysis. 

14. For a medium in which there is no magneto-optic effect the relations (xi) do 
not hold good. In fact, as for such a medium C is zero, the equations (viii) and (ix) 
all reduce to the same form, namely 

^ P + m' 8 A 

and the ratio A/B is left quite arbitrary. If, as in the case of air, the medium is 
also a non-conductor, <r is infinitely great, and equation (ix) assumes the form 

which expresses the fact that, if V be the velocity of propagation of light, V* = (j*K)-\ 
There are two values of m' of the forms + m and — m. 
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The Reflexion Problem. 

15. On passing now to a more detailed investigation of the problem of magnetic 
reflexion, the preceding paragraphs justify the representation of the optical circumstances 
in the air by the following expressions: — 

f = A& <**+«*-W + Ae u»-«*W) + tyldx, 

v = B& **"**** + Be <*>-*«+**> + d<f>/dy, 

{ = - (l/m) A e ***«+*> + (lj m ) A* «■—«*« + dfldz, 

<j> = Rer 1 * * **#>, X = (p*l±ir) a<r* # <**+*<> , 

wherein A , B represent the incident wave and A, B the reflected wave ; the system 
of units being the electromagnetic, /* for air is equal to unity. 

In the metal the refracted light may, in accordance with § 12, be represented by 

£ = A x # fl»+"Hf+*) + A& (to+*i*+f*) + cty/dx, 
v = - 1 (a^/m,) A x e <**+»i*+i*> + t (ajm*) A# <to+»*+P«> + d<f>/dy 9 

Getting rid of the </>'s, the values of f, 17, f, and X in the two media may with 
advantage be rewritten as follows: — 



.(xviii). 



In the air 

17 = B e < te +*«-hp*> + Be < to - n| *+p*> > 

X = (2>74tt) &*-<* e* *"*« 
In the metal 

f = - (Z/ ?7ll ) A Y e *»+«m+j« - (Z/^) 4^ (to******) + j& W <to+ ^, 
IX = (p*p/*7r) a V * ***t 

15 a. Let us first consider the second of the alternative hypotheses referred to at 
the end of § 10, namely that which supposes £ discontinuous. 

The boundary condition (IV, 2°) must now be used, and from it it appears that, 
since in air C is zero, & must also be zero. A slight simplification thus takes place in 
the expressions representing the optical circumstances in the air. Substituting these 
expressions in the boundary conditions we obtain : — 

Vol. XVII. Part I. 4 



.(xix). 
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(I) From the continuity of f and rj 

Ao + A^Ai + Ai+tigi' (xx), 

B + B = — i (fih/mi) A 1 + i (cDa/m*) A % (xxi). 

(II) From condition (II) 






9 



+ 4arCp {(aj, + 7 Wi) (— ic^/mj A l + (aj, + y mi) (+ ictt/m*) A 9 ] 
+ 4*7rCy 9 ip(-G> 1 A l + G>iA 2 ) (xxii). 

(IH) From condition (III) 

- 4nrCp {(aj, + 7 wh) A l + (aj, + 70^) A 2 ■+■ (ta^ + yj) l&'} 



4swCy ipi 



2 ^ 



1 A l + 1 A 



2 



.(xxiii). 



W] nit 

(IV) From condition (IV, 2°) 

(p>/47r)gl-C f 7o^{-4(ah/m 1 )-4 1 + 4(© 2 /wi s )il 2 } = (xxiv). 

• 

In these results the specific inductive capacity of the metal is denoted by K' to 
distinguish it from that of air. Equation (xxiv) shews that when y is zero so also is 
&', so that when the reflexion is equatorial there is no condensational wave; it also 
shews that &' is small of the first order compared with A^ or A 29 and may therefore 
be omitted from equation (xxiii). 

If we eliminate &' from these five equations, and, neglecting small quantities of 
the second order, substitute in terms containing the factor C the first approximations 
ft for a>] or 6> 2 and M for m^ or m*, we obtain 

A t + A^A 1 + A 9 + ^^l^(A 1 -A 3 ) (xxv), 

t(B, + B)=(o> I /m 1 )4 1 -(«>^7n s )il, (xxvi), 



1 O) 

Km 



m v ' 47T/0- + ipK [rr^ m? J 



ft 

+ **0p jW + 2y M)(A 1 -A 2 ) (xxvii), 



1 nu (B - B) = 4^^, {^, - «*M 

ft 2 

+ *7rCjp (oqI + y M) (A x + A 2 ) + 4t7rCpy -^ (-4 2 + A 2 ) (xxviii). 
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.(xxix). 



On substituting the values of m^ m?, a^, a>* from § 13 and remembering result 
(xii), these become 

A, + A = A 1 + A 1 + *^l>^(A 1 ^A t ), 

frr* 

l (B, + B) = ^(A l -A i ) + ^ .^(aJ + yJOiAt + A,), 
-^ (A t - A) = &f (A, + A a ) + torCp ^ (afi + 7ff Q«Jf ) (A, - A t ), 

^nu(B,-B)=&(A 1 -A t ) + 4«rC P y^(A 1 + A t ) " 

From the first and second of these equations we obtain, to first order of small 
quantities, 

A, + A = A t + A - *?*tblh(B t + B), 

Pfi 

^(A 1 -A,) = l (B t + B)-^.*j£(a t l + v v M)(A + A); 
and if we substitute these values in the second and third equatidns, and remember that 



l/if= F*— J?/ a> 2 , we get relations which readily reduce to 

l(A t -A) = ^A t + A) + ^ t (a t l> + v t M*) l (B t + B), ] 



^c(B t -B) = p§ t (B t +B)-^£( ao l>- y Jl*)(A 9 +A)) 
Solving these for A and B we have 

•»-faK<*-**>Mi*D©-'$*]/(s + S)© + '£)l 



,(xxx). 



. . .(xxxi), 



which, since A and B specify the reflected light, constitute the complete formal solution 
of the problem of metallic reflexion. 

15 b. Turning now to the consideration of the first of the alternative hypotheses of 

§ 10, namely that which supposes f continuous, we proceed exactly as before, save 

only that we use the boundary conditions (IV, 1°) instead of (IV, 2°). In this case, 
of course, & is not zero. 

Substituting the full .expressions (xviii) and (xix) in the boundary conditions we 
obtain : — 

(I) From the continuity of f, 17, and f 

At + A + d&^A^At + im', 

B + B =s — i (coi/nh) A x + 1 {(o 2 jm^A 2t 






4—2 
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(II) From condition (II) 

+ 4twCp {(aj + y^h) (- i&i/nh) A l + (aj, + y 7W,) (w» 9 /nii) A*} 
+ 4s7rCy ip (— (o l A l + o> 9 j1 9 ). 
(HI) From condition (III) 

^(-m)(5 -5) = 4 ^^^ / (-^ 1 + a> 2 4 8 ) 

- 4tirCp {(aj, + 70^*1) A 1 +(a l + yjnj) A 2 + (iolJ, + yj) l@l'} 

(IV) From condition (IV, 1°) 

(P»/4tt) » = (l^W4^) &' - 0y o ^ {- i (ah/m,) A + t (<D*/m>) A 2 }. 

* 
If we substitute in these equations the values of raj, m,, o^, o> 3 from § 13, replace 

(47r/o- + iplT') by iQPjup in virtue of (xii), and omit small quantities of the second and 

higher orders, we obtain : — 

A Q + A + d& = A 1 + A 2 + iffl!, 

i(B + B) = ^(A 1 -A 2 ) + — ^(aJ + y M)(A l + At), 

1 1 AsrrP O* 

i^-^ + ft-y^ + ^ + ^jiW + T^X^.-^), 
1 £ (4 - 4) = & (A + ^ + 4nrOp ^ («,P + y&M) (A, - A t ), 

^ mi (B - B) =^ (A, - A t ) + 4irCpy t J (^i + A) + **Cpl* (m, + ?„) &', 

tp>a = t p»/tgi' - wc5p7, ^(^i - A t \ 

Solving the second and third of these for (Ai + A 2 ) and (A 1 —A 2 ) f substituting the 
values so obtained in the others, and remembering that l/K = p*/<o 2 , we get: — 

{M-d)& + iW = A, + A--{A>-A)+ 4 ^ ^(aJ + y Q M)i(B + B) 9 

lit PM 

pV*a = - p* ^^ (A, - A) + 4-irCpaJi, (B + B), 

llv 

- +7rCp ft(aj - yjl*) & + torCpl' (to, + 7.) ft' 

=2^ v (5, - B) - py * f 1 (B + B) + torCp 1 (of - 7o il/») I (4, - 4), 
tp»a - gfyft' = - 4arCpy t h (B + B). 



) 



A 
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When we assume, as it is usual to do, that for magnetic forces alternating as 
rapidly as those in light waves, the magnetic permeability is unity, the form of these 
equations becomes simpler; and the elimination from them of & and &' which are 
now seen to be small of the first order, leads to : — 

A t + A-%(A t -A) + ^±(a n l'+y t M>) l (B t + B) = 0, 

^ l &-B)-£ lt (B t + B) + *!£±(a 9 P-yJf*)±(A t -A) = 0. 
Solving for A and B, we get 

-[G-i)©*^-3&w+-H/M6 + S' 

*-i3sw-**>*+£+i)©-a*]/Me*5)- 

Now the expressions here obtained for A and B are identical with those of equa- 
tions (xxxi) when in the latter /* is, as usual, put equal to unity. Thus it appears 
that the alternative hypotheses as to boundary conditions discussed above lead to 
precisely the same results, and it is a matter of indifference which we adopt. The 
subsequent calculations apply equally well to the two views. 

16. The value of ft is determined by the consideration that ft a /<» 8 = -RV"*, where 
Re" is the quasi refractive index of the metal*. The quantities R and a are con- 
nected by the relations 

i? cos 2a = n* (1 - A*), i? sin 2a = - 2n% 

with Drude'8 optic constants, whose values for different metals are quoted in Thomson's 
Recent Researches^. The value of if is obtained from that of ft by the relation 
Jf a =sft 9 — 1\ and it will be convenient to denote Mj<o by the symbol fiH, so that 

JW^JS^-P/o)* (xxxii). 

If % be the angle of incidence, and if we suppose the direction of the incident 

light to lie in the quadrant between the positive direction of the axis of x and the 

negative direction of the axis of z, then, co and p being assumed essentially positive, 

we have 

/ = — wsini, m = +o)COsi (xxxiii); 

of course p = Va>, and co = 2ir/\ where \ is the wave length of the light in air. 

We shall also put /*=1, as it is usually taken for granted, that for magnetic forces 
alternating as rapidly as those in light waves the magnetic permeability is unity. 

* J. J. Thomson, Recent Researches, p. 419. 

f Drude, Wied. Ann. xxxix. p. 481. For the constants of Cobalt see Drude, Wied. Ann. xlvi. p. 407. 
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When these substitutions are made, equations (xxxi) assume the following form: — 

4 _ C#W- cosiXJTOi^g-^+cost)il +l^^ 

(iW + cos i)(Jffli2-V-** + cost) 



,(xxxv). 



(M + cos i)(Ji!tR- 2 <r** + cost) 

It is to be noticed that these expressions contain only one undetermined constant, 
namely (7; this we may assume complex, of. -the form C &*, where x is defined as lying 
between — 90° and + 90°, and C may be positive or negative. The test of the theory 
consists in ascertaining whether it is possible, by attributing, for each metal, suitable 
values to C and x, to derive from these formulae results in numerical agreement with 
those arrived at experimentally. Should the values of these constants indicated by the 
different experimental observations or series of observations prove to be the same, the 
theory may be regarded as offering a satisfactory account of the phenomena; but if the 
different series of observations point to considerably different values of the constants, it 
must be concluded that the theory is at fault. 



The Kerr Experiments. 

17. In the original experiments on magnetic reflexion, namely those of Dr Kerr, 
the incident light was plane polarised ; and observations were made, for various incidences, 
of the angle between the direction of the major axis of the ellipse of polarisation of 
the reflected light and that direction which it would have had if there had been no 
magnetisation. We may denote this angle by 0; it is the rotation required to bring the 
analyser from the position of extinction or greatest darkness before magnetisation of the 
mirror into the corresponding position after the magnetising current has been made, and 
it is to be reckoned positive when, as seen by the observer, it takes place in the direction 
contrary to that of the hands of a watch. 

When the incident light is polarised either in or perpendicularly to the plane of 
incidence the theoretical value of ff, which in these particular cases we shall denote 
by 0i and P respectively, is very simply obtained from the formulae (xxxiv). For, as 
in the former case -B = 0, and in the latter -4 = 0, we have 

0*=real part of {B coai/A}^^ 

5= real part of 7-= -w *%«txL _« ./ (xxxv). 

*^ (iffl - cos %) (jlflLR-V-** + cos 1) v h 

P = — real part of {A/B cosij^o 

. . , lertCo^F-^-^cosi/iWiJCaosin'i-YailW 8 ) , .. 

= real part of 7-^ . v \ '* / v .1— - (xxxvi). 

r (JW + cos 1) (iWLR-'e-** - cos 1) v ' 

When the reflexion is equatorial, so that y = 0, it was observed by Kerr that P 
vanishes when the . angle of incidence is about 75°, the mirror being of iron. Later 
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experiments point to a rather greater value of the angle of incidence for which P is 
zero, the results obtained by different observers being as follows: 



Kerr 


75° 


Sissingh 


80° 


Bighi 


78° 54' 


Kundt 


80° to 82 


Drude 


79° 







Now when V is zero, the complex of which it is the real part must have its vector 
angle equal to an odd number of right angles; and from (xxxvi) we see that this vector 
angle is <f>, where 

<f> = x + 90° - the sum of the vector angles of Jffl, ( JW + cos i), and (£HBrhr— - cos i). 

For any assigned value of i the values of these three vector angles may be calculated 
from relation (xxxii), utilising the tabulated values of the optical constants for iron; the 
calculations, though tedious, are quite straightforward. The following table shews values 
of <f> obtained in this way: 



Angle of Incidence 


75° 


78° 54' 


80° 


* 


* + 80° 18' 


X + 98° 1' 


x + 103° 36' 



Hence the theory agrees with Kerr's observation provided x + 80° 18' = 90°, or 
x = + 9° 42' ; but according to Righi's result x = — 8° 1', and according to Sissingh's 
a? = — 13°36'. Thus the uncertainty of the observations renders it impossible to draw 
from them any definite conclusion as to what value ought to be attributed to the con- 
stant x in the theory. We can, however, determine the sign of C ; for all the observers 
agree that, for angles of incidence less than 75°, P has the same sign as oto*; but for 
such incidences cos</> is positive, and accordingly C must also be positive. 

When the reflexion is polar, so that Oo = 0, the mirror still being of iron, it was 
observed by Kerr that 6 P has the sign opposite to that of y f° r &U angles of incidence. 
In order that this should be in accordance with the theory it is necessary that, if 

<f>' = x + 90° + vector angle of jUJl* — the sum of the vector angles of 

(Jffl + cost) and (ffllRr*er** - cos i), 

C Q cos <f>' should be positive for all angles of incidence. Now the values of <f>' lie between 
x + 219° 43' corresponding to % = 0, and x + 342° 40' corresponding to i = 90° ; so that 
either (7 is positive and x between 50° 17' and 107° 20', or C is negative and x between 
— 72° 40' and — 129° 43'. This experiment was repeated by Kundt, who found that 6 9 
vanishes, changing sign, when i is about 82°; the corresponding value of <f> is x + 312° 37', 
and as the cosine of this is to vanish, either x = + 137° 23' and C is positive, or 
x = — 42° 37 7 and C is negative : as by definition x is numerically less than 90°, only 
the latter of these values is admissible. 

* Kerr, Phil Mag., March 1878, p. 166. 
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With regard to iy the experiments shew that in the case of polar reflexion it has 
always the sign opposite to that of 70, and that in the case of equatorial reflexion it 
has always the sign opposite to that of a . Hence if we define <f>" and <f> m by the 
relations 

<f>" = x + 90° + vector angle of JW* — the sum of the vector angles of 

(Jffl-cost) and ($&Br*e-** + cos i), 

<£'" = x + 90° - the sum of the vector angles of 01, (JUtt-cosi), and (iffi-ft-V-** + cos t), 

the theory requires that C cos <f>" and O cos <f>"' shall be negative for all angles of 
incidence. Now the values of <f>" lie between x + 39° 43' corresponding to i = 0°, and 
x — 17° 20' corresponding to i = 90° ; and the values of <f>" lie between x + 200° 43' corre- 
sponding to i = 0°, and x + 148° 44' corresponding to i = 90°. And therefore, when we 
remember that x has by definition been restricted to be numerically less than 90°, it 
appears from the first condition that C must be negative and x somewhere between 
— 72° 40' and +50° 17'; while the second condition indicates that G must be positive, 
and x somewhere between — 58° 44' and + 69° 17'. 

Thus it appears that there are very serious discrepancies in the values of C and x 
indicated by the four original Kerr experiments for iron. 



The Experiments of Sissingh and Zeeman. 

18. A more decisive test of the present theory is obtained by comparing its results 
with the elaborate series of experiments which have been recently made by Drs. Sissingh, 
Zeeman, and Wind, at the laboratory of Leyden. These consist in observations of the 
amplitude (/a) and phase (m) of the "magneto-optic component" of light reflected from 
magnetised mirrors of iron, nickel, and cobalt, for various angles of incidence. The details 
of the definition of these quantities will be found in Sissingh's paper in the Archives 
Nderlandaises* ; /* is always reckoned on the supposition that the amplitude of the incident 
light is unity, and m is defined as retardation of phase calculated relatively to that 
component of the ordinary metallic reflexion which is polarised in the plane of incidence. 
The values of these quantities corresponding to the particular cases when the incident 
light is polarised in, or perpendicularly to the plane of incidence, are distinguished by 
the suffixes ( { ) and ( p ) respectively. It may readily be shewn that the components of 
the incident light in the directions defined by Sissingh as "principal directions," are in 
the present notation represented by — A sec i and — B ; while the corresponding principal 
components of the reflected light are — A sec i and — B. 

19. When the incident light is polarised in the plane of incidence B = ; and 
in formulae (xxxiv) the incident ray is represented by — .do sec i, the magneto-Qptic 
component of the reflected ray by —5, and the component relatively to which phase 

* Siasingh, " Merares relatives au phenomdne de Kerr," Archives NSerlandaties, vol. xxvn. 
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is to be measured, by — A sec i. Hence 

360° — 77i^ = vector angle of {B cos i/A]s 9m0 

= vector anrie of ^^^ l V-^m- 1 (a a Bin'i+y <> 0V)c OB i 

- vector angle ol ( J« - cos t) (ittiJ-e"^ + cos i) . (xxxvii;. 

When the incident light is polarised perpendicularly to the plane of incidence 

A Q = 0> and the incident ray is represented by — B ] the magneto-optic component of 

the reflected ray is — A sec i, or rather that term of — A sec i that contains the factor 

B . The ray relatively to which phase is measured is represented by that term of 

— -4 sect which contains the (vanishing) factor A . If A be supposed to be only just 

not zero, then, since the incident ray is supposed to be plane polarised, B /A is a real 

quantity. Hence we have 

O ^o . , C * for^Cfrn V-'X- 1 (cos 2 t/ jW) (q sin 8 i - 7o j[K') , .... 

360 -7^ = vector angle of 7^ \/mt> -/ -JL , — r^\ — ...(xxxvui). 

(iW — cos %) (iitfl-R 2 6^* a + cos i) v ' 

From (xxxvii) and (xxxviii) we see at once that when the reflexion is equatorial, 
that is when 70 = 0, 

ra* = nip = m (say) ; 

this agrees with the observation of Sissingh who, from the results of his experiments 
on equatorial reflexion, came to the conclusion that for any given angle of incidence 
the magneto-optic component has the same amplitude and phase, whether the incident 
light be polarised in or perpendicularly to the plane of incidence. 

We also see that when the reflexion is polar, that is when «o = 0, 

rm = nip ± 180°. 

Now Zeeman*, as a result of experiments on polar reflexion, came to the con- 
clusion that for all angles of incidence ra< = ra p : here therefore is a discrepancy. 

20. When the reflexion is equatorial, we see from (xxxvii) that 

o^o . 1 r lfarH) § **iV- l \- l a, ein* i cast 

360 — ra = vector angle of m/iftft -x /i^p.,, — ^ x • 

6 jW ( JW - cos 1) (JRHR-^-** 4- cos 1) 

In determining m from this expression there is an ambiguity to the extent of 180°, 
for in defining m Sissingh requires that it shall not be altered when Oo changes sign. 
Examining his paper, we see that his standard case corresponds to a negative. We shall 
also assume C negative; in what follows the consequences of the alternative assumption, 
viz. G positive, are obtained by adding 180° to the calculated values of m. We now find 

ra = 270° — o? + the sum of the vector angles of 

JW, (iW-cosi), and (jRJU2- a e-* a + cost) (xxxix), 

and, to get m accurately for any particular angle of incidence, these three vector angles 
must be calculated from formula (xxxii), using the known values of R and a for the 
particular metal considered. 

* Zeeman, "MeBures relatives au phenomena de Kerr," Archives NterlandaUes, vol. xxvii. p. 262. 
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The following table shews the results of Sissingh's observations on the phase 
for various angles of incidence, and the theoretical values of the phase for the same 
incidences, calculated from the present theory. 

Equatorial Reflexion from Iron. Yellow Light er = — 1400 cg.s. 



Angle of incidence 


Calculated value of m 


Sissingh's observed 
value of m 


Excess of to (observed) 
over to (calculated) 


86° C 


109° 55' -0 


209° 26' 


9° 31' + x 


82° 30' 


192° 39' - x 


204° 22' 


11° 43' + a? 


76° 3<y 


183° 51' - x 


194° 49' 


10° 58' + x 


71° 25' 


178° 33' - x 


190° 3' 


11° 30' + * 


61° 30' 


171° 38' -x 


181° 49' 


10° 11' + * 


51° 22' 


167° 8'-x 


179° 0' 


11° 52' + x 


36° 10' 


162° 47' -x 


174° 9' 


11° 22' + x 



In order that there should be agreement of theory with experiment it is necessary 
that the value of x for iron should be about —11°; if this be so the agreement is 
extremely good. 

21. When the reflexion is polar we see from (xxxviii) that 

360° — nu, = vector angle of t~* ° l v , ~ n 7* , x . 

* 8 (JW - cos %) (JfflR- a «r** + cos i) 

Taking y positive in the standard case, and still assuming C negative, we find that 

m p =3 270° - x - vector angle of JBl 8 

+ the sum of the vector angles of (J|W— cost) and ($SU£-*e~* a + cos i) (xl) ; 

and rtii differs from this by 180°. 

Observations of the amplitude and phase of the magneto-optic component, in the 
case of polar reflexion from an iron mirror, have been made by Zeeman. An account 
of these experiments will be found in the paper which we have already referred to ; 
he confines himself to one angle of incidence, viz. t=51°22'. His result as regards 
phase compares with theory as follows — 

Polar Reflexion from Iron. Yellow Light *y = + 850 C.G.s. 



Angle of incidence 


Calculated value of to< 


Zeeman's observed 
value of to 


Excess of to (observed) 
over mi (calculated) 


51° 22' 


151° 14' - X 


229° 55' 


78° 41' + x 



Thus the agreement of ra* with Zeeman's m requires that # = — 78° 41'. The same 
value of x would correspond to agreement between mp and Zeeman's m if C were 
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assumed positive; both results are at variance with that of the preceding paragraph. 
Values of x numerically greater than 90° are excluded by the definition in § 16, and 
so, of course, need not be discussed. 

22. In considering the amplitude of the magneto-optic component, it is to be 
noticed that, when the incident light is polarised in the plane of incidence, the incident 
ray is — A seci and the magneto-optic component is — B\ when the incident light is 
polarised perpendicularly to the plane of incidence, the incident ray is — B and the 
magneto-optic component is — A sec i. Hence 



/i< = mod( °° 8 * ) , /ip = mod( p . ) (xli). 

\ A J B .**o vd cos */a,=q 



Thus, for equatorial reflexion, we readily derive from (xxxiv) 

16ir*Ctf*i,V- 1 \- 1 a 1i sin' i cos i 



* " m0d i» ( JW + cos i) ( JBUi-*-*- + cos i) ' 

Up — the same ; 

and therefore /*»• = fip — /a (say), which agrees with Sissingh's result. 

If for brevity we put 167^(7, F-'V^se Z, then 

_ j • sin 3 i cos i 

M ~ m ^i«(i« + cos i)(i«LB-^-^-h cos iy 

and the latter factor may be calculated for any angle of incidence. 

In the following table the values of p derived from theory for various angles of 
incidence are compared with the values observed by Sissingh. 

Equatorial Reflexion from Iron. Yellow Light a = — 1400 a as. 



1 

Angle of ineidenoe 


Calculated value of 
l°gi./»-log„I. 


Sissingh's observed 
value of 10* x n 


/Caloolated value of nlL\ 
\ Observed value of p ) 


86° 0' 


21485 


-284 


49-57 


82° 30' 


23438 


•530 


4164 


76° 30' 


24673 


•715 


4102 


71° 25' 


2-4932 


•815 


38-20 


61° 30' 


24512 


•820 


34-46 


51° 22' 


2-3228 


•760 


27-67 


WW 


3-9724 


•630 


14-90 


24° 16' 


3-5853 


•430 


8-95 


12° C 


4-6192 


•260 


1-60 


6° 0' 


5-7233 


•125 


-423 



5—2 
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In order that the theory should agree with experiment it is necessary that all the 
numbers in the last column should be equal. Obviously this is not the case; and 
their inequality is so pronounced, and depends in such a regular manner upon the 
angle of incidence, that it cannot possibly be attributed to accidental errors of obser- 
vation. We must therefore conclude that here the theory is distinctly at variance with 
experiment. 



23. For polar reflexion, we derive from (xli) and (xxxiv) 

, - l&n*C ( flriV- l \- 1 fib'y cos i 

" CUl + cos i) (iflJLR- 2 e-* tt + cos t) 

= - m = fi (say). 



fh 



Comparing this with the amplitude in equatorial reflexion, we find 

fi (equatorial) _ , |~(— a ) sin* f\ 
-^(polar) "^L^M* 

If -a =1400, 7 = 850, i=51°22', the value of this ratio for iron, as calculated 
from theory, is '0122. But the values ascribed to a , 7 , and i correspond to the 
experiments of Sissingh and Zeeman ; and the latter found experimentally 

fi (Sissingh) = ^^ 
^ (Zeeman) ' 

so that here again there is a serious discrepancy between theory and experiment. 

Nickel. 

24. In the paper of Zeeman's already quoted there are given some measurements 
which he made upon polar reflexion from nickel. He also quotes experimental results of 
Kundt* and Drude"f, which he expresses in a form similar to his own. These I have 
used to form the following tables, wherein the theoretical values of the phase and 
amplitude have in all cases been calculated for yellow light. 



Equatorial Reflexion from Nickel. White Light. 



Angle of inddenoe 


Calculated value of m 


Kundt's observed 
value of «n< 


Excess of m (observed) 
~ over m (calculated) 


30° 6' 


146° 11' -x 


176° 10' 


29°59' + a> 


40° 0' 


148° 50' - x 


115° 42' 


-33° 8'+x 


50° <y 


152° 13' - x 


115° 14' 


-36° 59'+ x 


61° 3V 


158° 17' - x 


127° 39' 


- 30° 38' + x 


65° 18' 


161° l'-x 


126° 42' 


-34° 19' + x 


75° 0' 


170° 45' - x 


130° 6' 


-40° 39' + x 



* Wied. Ann, vol. xxiu. 



t Wied. Ann. vol. xlvi. 
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The value of x indicated by the figures in the last column is about +35°; this 
would give fairly good agreement except in the case of the first angle of incidence. 



Equatorial Reflexion from Nickel White Light 



Angle of incidence 


Calculated value of to 


Drude's observed 
value of m 


Excess of m (observed) 
over m (calculated) 


60° 


157°19'-<c 


131° 38' 


-25° 41'+ x 


65° 


160° 48' - x 


133° 57' 


- 26° 51' + x 


75° 


170° 45' - x 


191° 41' 


20° 56' + x 


80° 


178° 17'- x 171° 18' 


- 6° 59' + * 



If the third angle of incidence, for which Drude's result differs widely from that of 
Kundt, be left out of account the mean value indicated for x is about +17°. 



Equatorial Reflexion from Nickel. 



Angle of incidenoe 


Calculated value of 
log w M-log 10 i 


Kundt's observed 
value of 10 s x /a 


/'Calculated value of /i/L\ 
\ Observed value of /a J 


30° 6' 


38199 


•21 


3146 


40° V 


21366 


•77 


1779 


50° 0' 


23527 


T39 


16-21 


61° 30' 


25017 


•90 


35-28 


65° 18' 


2-5278 


•84 


4014 


75° 0' 


25334 


•23 


1451 



The inequality of the numbers in the last column shews that the theory does not 
here agree with experiment. 



Polar Reflexion from Nickel. Yellow Light. 



Angle of incidence 


Calculated value of m< 


Zeeman's observed 
value of m 


Excess of m (observed) 
over m* (calculated) 


50° 


160° 19' - x 


191° 40' 


32° 21' + a? 



so that the value of x required for agreement is — 32° 21'. 
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The experimental results used in the following table are due to Dr C. H. Wind*. 



Polar Reflexion from Nickel. Yellow Light 



Angle of inoidenoe 


Calculated value of tn< 


Observed value of m* 


Excess of mi (observed) 
over nt< (calculated) 


39° 4' 


155° 35' - x 


14° 32' 


- 141° 3' + x 


55° 0' 


163° V-x 


17° 47' 


- 145° 3' + x 


75° 0' 


180° 30 7 - x 


32° 25' 


- 148° 5' + x 



As the value of x here indicated, viz. about +145°, is inadmissible, it appears that 
this set of experiments requires C to be positive ; the value of x then indicated is 



-35°. 



Cobalt 



25. Experiments made by Zeeman and by Drude on mirrors of cobalt are used in 
the following tables. 

Polar Reflexion from Cobalt White Light. 



Angle of inoidenoe 


Calculated value of mi 


Zeeman's observed 
value of m 


Excess of m (observed) 
over m* (calculated) 


45° 


157° 55' -a; 


200° 34' 


42° 39' + x 


60° 


165° &-x 


207° W 


42° 34' + x 


73° 


175° 54' - x 


217° 55' 


42° l'+x 



Here the value indicated for x is — 42° approximately. 



Polar Reflexion from Cobalt 



Angle of inoidenoe 


Calculated value of m< 


Zeeman's observed 
value of m 


Excess of m (observed) 
over rat (calculated) 


50° 


159° 55' - x 


205° 9' 


45° 14' + x 


60° 


165° 6'- x 


212° 30' 


47° 24' + x 


72° 


174° 47' _ m 


225° 51' 


51° *' + x 



The indicated value of a; is about — 47°. 



* Communieationt from the Leiden Laboratory of Physics, No. 9. 
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Equatorial Reflexion from Cobalt 



— •• • 

Angle of incidence 


Calculated value of m 


Drode's observed 
▼aloe of m 


Excess of m (observed) 
over m (calculated) 


35° 


146° 49' - * 


102° 36' 


-44°13' + « 


60° 


155 c 48'-« 


154° 33' 


- 1°15' + * 


75° 168° 29' - x 


167° 4' 


- 1°25' + * 


83° 


182° 19' - x 


167° 3' 


-15° 16'+ * 



No value of x will make the theory agree with this series of experiments; the 
mean of the indicated values is about +15° 30'. 

The experiments used in the following table are described in the Communications 
from the Leiden Laboratory of Physics, No. 5. 



Polar Reflexion from Cobalt White Light 7 = 430 C.G.S. 



Angle of incidence 


Calculated value of 
l°gioMi>- lo 8io 1 '' 


Zeeman's observed 
value of 10 s x /a 


/Calculated value of /Jp/I/\ 
\ Observed value of /* / 


45° 


•5559 


1-58 


2276 


60° 


•5349 


1*50 


2284 


73° 


•4690 


117 


2516 



In this, L' is an abbreviation for — lGir^C^V^X"^. The approximate equality of 
the numbers in the last column indicates a very good agreement of the theory with this 
set of experiments. 



Conclusion. 

26. On comparing with one another the results of the last six paragraphs it is 
readily seen that, while it is possible to assign to the x of any one of the metals 
considered such a value as will bring the theory into a more or less rough agreement 
with the experiments on equatorial reflexion, or again such a value as will bring about 
agreement with the experiments on polar reflexion, yet these two values of x are so 
widely separated from one another that they cannot be reconciled even by the utmost 
allowances for errors of observation. The results as regards amplitude moreover, in the 
cases of nickel and iron, shew that no two of the experiments can be accounted for 
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by the same value of C . The discrepancies between the theory and the Kerr experi- 
ments are also very noticeable, though their importance is perhaps not so great on 
account of the extreme delicacy which is required in these experiments. On the whole 
then, it is clear that the theory which we have been considering does not account for 
the observed facts. A confirmation of this conclusion is afforded by the absence of /3 
from the formulae (xxxiv), which signifies that, according to the theory, the component 
of magnetisation perpendicular to the plane of incidence produces no effect ; but such 
an effect does exist, and has been measured by Zeeman*. 

* Communications from the Leiden Laboratory of Physics, No. 29. 



III. On the solutions of the equation (F a + /c 2 )i/f = in elliptic coordinates and 
their physical applications. By R. C. Maclaurin, St John's College. 

[Received and read 16 May, 1898.] 



It is well known that the solution of a very large number of physical problems 
depends almost entirely on the successful treatment of . the differential equation 
(F*+ /c*)ijr=0. The difficulty in any case is to obtain a solution in terms of coordinates 
that lend themselves readily to the symbolic expression of the " boundary conditions " 
of the problem. When the boundaries are either right circular cylinders or spheres all 
the analytical difficulties have been most successfully overcome, but comparatively little 
headway has been made with other forms of bounding surfaces. 

The present paper deals with problems relating to elliptic cylinders and spheroids. 

The two-dimensional problem seems first to have been attacked by Mathieu 
[M6moire sur le mouvement vibratoire d'une membrane de forme elliptique, Journal de 
Liouville, t. xiii., p. 137]. This was in 1868. In the following year H. Weber published 
a paper in the Math. Annalen (Bd. I.) dealing with the subject. Further references 
will be found in Heine [Handbuch der Kugelfunctionen, Bd. il, p. 208] and in a recent 
work by Pockels (1891) Ueber die partielle Differentialgleichung Aw + ac'm = 0. 

The three-dimensional problem is from an analytical point of view very similar to 
the one for two dimensions. It has been attacked by C. Niven in the Phil. Trans. 
1880, in a paper on the "Conduction of Heat in ellipsoids." 

The present essay will be found to contain very little in common with any of the 
above — except that the physical problem that occupied Prof. Niven in 1880 receives a 
brief mention here, although the method of treatment is quite different. Since this 
paper was written, my attention has been called to a short article by Lindemann, 
"Ueber die Differentialgleichung der Functionen des Elliptischen Cylinders" [Math. 
Annalen, Bd. 22, p. 117]. He uses independent variables practically the same as those 
of this essay (p. 43, et seq.) and obtains some of the results reached here, but is 
mainly occupied with proving some theorems about the product of two solutions of the 
differential equation. 
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In dealing with elliptic cylinders, we may define the position of any point by its 
distance z measured along the axis from some fixed normal section and by the semi- 
axes a and a! of the confocal ellipse and hyperbola that pass through the point. 
We may develope ^r (regarded as a function of z) in a Fourier series of the form 
5A n coa(ru; — € n ), where the coefficients A n are functions of a and a'. 'Since 

^ A n COS (nz - tn) = - TlM n COS (nZ - 6„), 

we see that the equation (F* + «*)^=0 reduces to (F 1 ' + /c / ')^r = 0, where tc'* = K? — n* and 

Fj'ss^ + g-^. Thus practically the whole difficulty is reduced to finding a suitable 

solution of the equation (Vf + * , )^r = 0. 

_ do? da a 
Now with the usual notation ^^TT + TT* 



we have 



w-«.[£(fc®*£fcg)]. 



Also x' = a'/h = -7> and x', being the reciprocal of the eccentricity of the hyperbola, 
is always less than unity. 



/ 

i. 



and if we take x = a/h; x^a'jh where 2A is the distance between the foci of the 
confocal system we get 

If then (Vf + K^yfr^O, we have, putting A*=X, 

Now put ^^y%f where y is a function of a? only and \f of #*, and we get 

s^) 1 say, where p 2 is some constant, j 
Hence we have (rf-l)^ + *^ + (XW-j*)y-0, 

and a similar equation for y in terms of of. 

i 

a \ 

We have # = t = -. Thus a? is the reciprocal of the eccentricity of the ellipse and / 

ft e 

so is always greater than unity. 



t 
i 

i 



i 
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We see then that everything now depends on the solution of the equation 

(a«- 1) y" + xy* + (W-2> J )y = 0. 

This equation has three critical points, a? = + l, # = — 1, #=oo. 

Hence we must endeavour to obtain suitable- solutions for the three domains corre- 
sponding to these critical points. 

To obtain a solution in the neighbourhood of # = 1 we make the substitution 
% = — z + l in the above equation, which becomes 

z(z-2)y" + (-z + l)y' + [\*(z-lY-p']y = 0. 

If we write this in the normal form (i.e. with the coefficient of y" unity) we see 
at once, by Fuch's Theorem, that its integrals are regular in the neighbourhood of 
* = 0. 

Hence y is of the form : — 

y a= do*" 1 + a 1 ;* m+l + + On2t m + n + , 

there being at the most only a finite number of negative powers of z. 

The indicia! equation proves to be ra(2ra — 1) = 0, so that we have two series corre- 
sponding to m = and msj. 

Equating the coefficient of < 8 m+fl to zero we get : — 

-(m + w + l)(2m + 2n + l) a*** + (m + n' + X» - p*) o» - 2X J a^ + X» a^ « . 

Thus for the series corresponding to ra = 0, we have 

-(n + l)(2n + l)c^ H .i + (w 1 + V-^)a n -2X 1 a fl . 1 + Va^ s =0 (1), 

and for that corresponding to m = £, 



-(n+l)(2n + 3)a^ 1 + (n + tf+\*-p*)a n -2\*a n - 1 + \*a n -*=0 (2). 

Now consider the first series (m = 0) and put »„+, = o^jon, 

r^V-p* 2X* X* 

Then we have v n +i = + • — . ^x /^ . -x - , „ . ^v /^ . -v + 7- 



(n + 1) (2n + 1) (n + 1) (2n + 1) v n (w + 1) (2n + 1) v n v, 



n— 1 



1 4w + -B 2X J X* 

— + « + 7 — . ix/fl — tt\ ~~ 7 — . , v /■» — r^ — + 



2 (n + l)(2n + l) (w + l)(2w + l)v n (n + l)(2n + l)v n v n ^ 

Thus when n is very large, either v n is indefinitely small or v n approaches the 
limit + J. 

The series is therefore convergent if |z|<2. 

It is easy to show that the series also converges if |*| — 2. 

6—2 
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For this purpose, put £= + 2^, then we have 

00 00 - 

<f> (z) = 1 a n s^ = 2& n s, n = <£, (*!> say, where b n = (+ 2) n a n , 

o o 

(n + 1) (2n + 1) b^ = 2 (n* + \» - p») b n - 8\ J (&„_, - &„_), 



, _ 2(w.»+\»-p') , «X» . . . 

° n+1 " (« + l)(2« + l) ° n " (2¥T l){n + 1) ( °"- 1 ~ °*-* h 



Thus when w is very great &»+, = &», so that a -" ' 1U " 3 f c is negligible and we 
may wnte 6 B+1 = ( -A_ J — 1£ bn . 

Lt n f t-^ — lj = - and as this is greater than unity it follows that the series 

n=oo \"n — l ^ 

00 

26 n = <£i(l) is convergent; so that 6 (+2) is convergent. 

o ... .... 

We can prove in exactly the same way that the other series (corresponding to 
m = J) is convergent if |#|^2. 

We have thus obtained two solutions of our differential equation appropriate to the 
neighbourhood of the critical point x = 1. These are : — 

00 

P = <f> (z) = 2a n z n [a n given by (1) p. 43, a = l], 
o 

<2 = * + (*) = Ia„*»+*[a» (2) a,-l]. 






The ' domain 1 of these functions P and Q is the interior of the circle, whose centre 
is z = Q and radius =2; i.e. the circle with centre at the critical point #=1, and 
passing through the next critical point # = — 1. We shall call this the domain D x . 
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P = 0(s) = 0(l — x) is a 'uniform' function, returning to its original value, when 
the argument z traces out any closed contour. On the other hand 

is 'multiform'. ty(z) is uniform, but z* changes sign if z makes a tour round the pole 
2 = 0. If p is the modulus and 8 the amplitude of z we may take 



= + v> C 



. . fr 

cos g + i sin ^ ) • 



Our fundamental equation is not changed if for x we write — a?. Hence following 
out the same argument as above we shall get two ' solutions in the neighbourhood of 
the critical point a? = — 1, viz.: ■ • 

F = <j>{l + x), # = (1+0)4^(1+*), 
where <f> and ijr are the functions already obtained. 

The domain of these functions P' and Q is the interior of the circle with centre 
at the critical point a? = — 1 and passing through the next critical point x = l. We 
shall refer to this as the domain ZLj. 




We must now turn to the consideration of the integrals in the neighbourhood of 
the third critical point x = oo . For this purpose we make the substitution x = - , a 

Xi 

substitution which is simply and elegantly represented in a geometrical form by the 
aid of Neumann's sphere — in the well-known manner. 

Our equation now becomes: — 

*i 4 (1 - *i 2 ) y" + */ (1 - 2^ 8 ) j/ + (V -pV) y = 0. 

The critical points of this equation are 

«i = 0, x l = ± 1, 
corresponding to # = oo , # = ± 1. 

We have to consider the solutions in the neighbourhood of x^ = 0. 
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Writing this equation in the normal form 

we see that x x = is a pole of p x of order 1 and of p* of order 4. It follows from 
Fuch's theorem that the integrals in the neighbourhood 0/^=0 are irregular. We must 
not then expect quite the same simplicity in the treatment here as that which 
characterised the earlier work. 

From the form of our equation we see that if y be expanded in powers of a\ 
the coefficients of even and odd powers will be quite independent so that we may 
assume two solutions in the forms: — 

y = x{ («o + <h®i +••• + On#i* n +... 
+ <*_,/#!« + ... + a_„/a4 2n + ...) 



n=w 



= X? 2 cW", 



n=-oo 
»— 00 



and y = x{ 2 a n 'ai wi+1 . 



n=-oa 

QO 

2 

-00 



Take the first series y = x x * 2 a n xf* and substitute in the equation 

-00 

a ?l *(i-^)y ,, +^ , a-2« 1 f )y'+(>''-i>V)y=o. 

We must have : — 

+ (* + 2w) (s + 2n - 1) (W»-> + ... 
r , (i-^i-ijiL! , (4>i)(5-<)(L, , , (2n-*)(2n+l -*)<*_» , ] 

+ fl? 1 , (l - 2^") ^ + (* + 2)a 1 ff 1 +(s + 4)a 8 1 , + ...+(* + 2fi)a«<B l * n - 1 + ... 

_ (2 — s) a_i (4 — *) a, (2n — s) a^n l 

*r* *• • " * " t 211+1 I 

+ (** —pin) «0 + 'W* + ••• + <*tfi 1 1 * + ••• 



X? xf* J 



Hence we must have : 

Veto + [(2-*) 9 -p a ]a_ 1 -(3-*)(4-s)a. Hl 

X*^ +[« a - < p J ]a - (2 -*)(! -*)<*_! =0, 



X'an+i + [2n + *» -p 8 ] On -(2n- 1 + *)(2n - 2 + *) gw= 0. 
The last equation holding also if for n we write — n. 
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Considering the ascending part of the series (for which n is +) we see at once 
from the last relation that in the general case (a unrestricted) the series On, a n+l ... 
will continually increase with n, so that the series formed in the way indicated on the last 
page will usually be divergent and so useless. But by properly choosing 8 it may be 
possible to make a n = for indefinitely large values of n, in which case as we shall 
prove our series will converge in the region | ^ | ^ 1. It is easy to see that if the 
ascending part of the series converges, the descending part will also converge. 

For we have (2n + 1 — a) (2n + 2 — s) a_ (n+1) — ( 2m — s* — jt) a_» — X^a- ( »_ 1) = 0. 
Let cL-n= n L _ . where II(«) is Gauss' function sT(a; + l) and we get 

XVn+i + [ 2n-«* - p»] c» - (2n - a) (2n - * - 1 ) c*-, - 0. 

Comparing this with the relation between On+i, a n and On- lt we see that for very 
large values of n, the relations are practically identical. It is easy to see that c n cannot 
be infinite for any finite value of n, hence it follows from what has just been said 

#\*» (— l) n On 

that for large values of n we may put a_»= n /L _^ where k is finite. 

If then the ascending part of the series converges, the descending part will do so 
with great rapidity for any finite value of the argument. 

We have said that c n cannot be infinite for any finite value of n. For, putting 



j? — 2n — «■ = — \*v n , 
(2n- 8) (2n - * - 1) = - X s Wn_„ 
we have c +1 + v n c» + Un-iCn-i = 0. Suppose we make 

Ci = 0, 

Co = l, 

then we have a system of equation to determine c,, Cs...c n ... 

C + VaO.^0, 

c 4 + w^s + u& = 0, 

c* + v 4 c 4 + t^Oi =0, 



ana so on. 










Solving we get 




* = - 


-Mo 




1 


= MoV a , 




-Uo 


1 


c 4 = 





1 u> 


> 







v 7 u % 




and so on; the determinant in the denom 


inator 


of 


Cn b€ 


ring 



-(-!)". 
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Thus as the denominators cannot vanish and the numerators cannot become infinite 
for finite values of n, we conclude that c n is necessarily finite when n is so. 

Returning now to p. 47, we have seen that 8 must be chosen so as to make a*, = 0, 
if the series is to converge. 

The condition a* ■■ is of course a necessary, but not a sufficient, condition for con- 
vergence. But it is easy to show that when this relation is satisfied the series does 

converge in the region 

| x x | < 1, {i.e. | x | >1}. 

The series we are considering is 

Xv n = xfXanXf 1 , 
where X*a n+l + [(2n + *)* - p*] a n - (2n + * - 1) (2w + * - 2) a rH . 1 = 0. 

For large values of n we have a n+1 very small, by hypothesis, and then the above 
relation gives 

Tf «n r .(2n + s -l)(2n + s-2) 

.\ Lt n = xf [we are considering the ascending powers of the series]. 
" ii— i 

Hence the ascending series is convergent if j ar, | < 1, and divergent if | Xi \ > 1. . 

When 1^1=1, we have Lt n = 1, so that the higher test Lt n — 1 must 

w »-i L w n+i J 

be used. This limit is f, so that the series converges on the circle | x^ | = 1. 

Thus we have proved that the ascending part of the series converges when 

| x x | > 1, i.e. | x | <t 1. 

But by p. 47 if a« is finite the descending part converges for all finite values of the 
argument. Of course when the ascending part converges a n is finite, so that the whole 
series converges in any region in which the ascending part is convergent. Clearly also, 
if the ascending part diverges the series as a whole is divergent. 

Summing up then, we find the necessary and sufficient condition for the convergence 
of the series we have obtained as a formal solution of our differential equation in the 
region | x x | > 1 is that * should be a root of the equation a x = 0. 

For brevity, put 

(2>i +*)*-;>* = \V M ; (2n + *- l)(2n +*- 2) = - X'a^, 

and we have <i„+i + u n a n + m h+1 o i% _ 1 = 0. 

Some of the constants are necessarily arbitrary. Taking ci =l, (^ = 0, we have 

a, + tf t Oi = - w«, 
<? 3 + r a a, + u x a x = 0, and so on. 
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Solving, we get 



Oi = -t;o; a * = 



a« = 



V V 1 


; <h 


= — 







1 


1 

«1 


= 


V 1 














... 


u v x 


l 











... 


Wj 


». 


1 








... 





«» 


v$ 


1 





... 








«» 


«4 


1 


... 











u t 


»» 


1 ... 


.. 

• 

















v 1 

Wo Vi 1 

t*i v t 



and « is determined as a root of a«, = 0. 

We proceed to show how 8 may be developed in a series of ascending powers of X*. 



Let 
then we have 



a'n^X^an, v» = p a -(2n + *) 8 , 
a' w+1 = v n a' n + X a (s + 2rc- 1) (*+ 2n - 2)a' JM ; a'i = v ; 

c^ = t^ + X J * (s + 1) = v v x 1 + X* . *'* + ; 

L ^o^i J 

[\ ^, {8.8+1 , »+2.«+3\"i 

a , = VoVM 1 + X J . + , 

and so on. The equation determining * is »'«, = 0. 
It is clear that this equation is equivalent to 

v v x v % ... I/* [1 + \*S 1 + VS, + V/S 3 ...] = 0, 

. „ S.S+1 (8 + 2)(8 + 3) 8+4.8+5 / j r r *• • U • \ 

where «& = h- — -H ... (mode of formation is obvious), 

V .V! v 1 .v* v 2 .v s 

> S a =sum of products of every two non-adjacent terms of the last series, 

>/Sf 8 = sum of products of every three non-adjacent terms of that series ; and so on. 

If X = we have v n = where n is zero or any positive integer, and this gives 

8 = ± p — 2n. 

To indicate the method of procedure let us obtain a few terms of the expansion 
of 8, corresponding to v = 0, as a first approximation. 



0' 
0' 



We have 



A- 



8.8 + 1 



+ l&. 



o$a = ~~ ~ — ~ — 2$i + i$i 5 i$a = ~ 8«1 + 1»2> 



A- 



V .Vi 

*.* + ! 



v . v x 
and so on. 
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Vl«2 

8 + 2 ; . s 4- 3 



gO a + 1O3, 
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1.6. 



Our equation to determine 8 is v [l + X , # 1 +X 4 /Sf 8 + ] = 0, 

8.8 + 1 



v + 



Vi 



First approximation: 
Second: 



Third : 



and so on. 



[\* + \\S 1 + \\S i + ] + v \*[ 1 S l + \\S t + ] = 0. 

v = 0, pP — *■ = (), * = p (taking + sign). 

*.* + 1 



tf + X a . 



V, 



= 0, 



* * X -4(0 + 1)-°' * * 8' 



Vo+ i<i±I) x » + *ii±2)^^ 



V + 



8(8+1) 
Vi 



.X a - 



Vi v l 

8.8 + 1.8+2.8 + 3 



Vi% 



X 4 = 0, 



'"^ 4 + 128.Q) + l)*' , 
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We have now shown how to obtain sis different solutions of our fundamental 
equation : — 

P = <f>(l-x); and Q = (l -xf^il-x), 

which are applicable to the domain D„ 

F = <f>(l+x), and Q' = (l +ar)*^<l + <c) i)_, 

P" = xf 2a„irt m = or* Sonar*" = x~* * (#), 
and Q" = ■/ So, V+ 1 = ar*' So,' ar"- 1 - x~" * <ar). 

The last two series are convergent for all finite values of x such that |*|>1. 
Thus the domain D„ is the ring bounded by the two circles |#| = 1, and |«| = «. 

If we draw these various domains we see that they overlap. 




The region common to two domains such as i>i and i>_! will be referred to as the 
domain D,_ t . 

In the domain Z),-i we have four solutions I', Q, P 1 , Q 1 , and there must conse- 
quently be a linear relation between any three of these. 

7—2 
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We proceed to determine the values of the various constants in these linear relations. 
In the domain D^i we have P'=AP + BQ, 
i.e. <f>(l+x) = A<f>(l-x) + B(l-x) h ilr(l-x). 

Make x approach the point x = l and we get <f> (2) = A<f> (0) = A. 

[We have proved, p. 44, that #(2) is finite.] 

Next, keeping x real let it approach the point x = — 1, so that the amplitude of 1 — x 
is 9r, then we get 

1 = <£ (0) = 4<f> (2) + 5iV2 ^(2). 

Thus we have A = 6(2); B = 4= . ~" 1 *t'/ 2 ) - 

rw ' V2 *( 2 ) 

Also we have in the same domain Q' = A'P + BQ, 
ie. (1 +x) k ifr(l + x) = A' <f>(l-x) + B* (1 - x) h ^(1 -x). 

Making m = lwe get Vl-f (2) = 4'<f>(0) = 4'. 

And making x move along the real axis to x = - 1, 
we get = A'<l> (2) + B'i V2 ^ (2). 

Hence we have 4' = V2^(2); F = + ty(2). 



We may note that 



A B 

a: B 



We have then, ~, A , n Jz., from which we deduce 

' Q' = A'P + BQ' 



F 


B 


Of 


B 


A 


B 


A' 


& 



P= Z Z -i{+Bq-BP\ 



and Q^ii-AV + A'I*). 

These relations having been found we can determine with what solution of the 
differential equation we shall reach any point /3 (say) in D x or ZL X when we start with 
a definite solution from a point a in A or D_ x and move along a given path to 
£, provided the path avoids the critical points 1, and — 1. 

As an example of this we shall work out a particular case that will afterwards 
be of service. Suppose we start at a on the real axis in the region D x and move 
along the dotted path in the figure so as to come back to a. 

The only poles of the functions involved are the points 1 and — 1, so that the 
effect of going along the dotted road is the same as going along the path a/3y$€, 
round the loop enclosing —1, then back along eSyfta, then along a^y^/a. 
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Suppose then we start at a with the solution P which is appropriate to D x . As 
soon as we get to 8 we can (if we choose) express P in the form i(BQ' - B,F) for 




we are now in the domain A-i- The functions Q'P' hold throughout the domain D_ x 
and so are suitable for use when we wish to make a tour round — 1. On making 
the circuit round — 1, P / will be unaffected, while Q' will change sign. Thus we get 
back to e with the solution — i(BQf + B'P'). We are again in the domain D^ so that 
we can express P and Q in terms of P and Q by the help of the relations just 
obtained. We have, in fact, 

-i(BV + &P') = -i[B(A'P + B'Q) + B'(AP + BQ)] 

= - % [(AR + A'B) P + 2BRQ]. 

P and Q hold all along the path e&yySa, so that we arrive at a with the solution 

-i[(A& + A'B)P + 2BB'.Ql 

Starting now with this solution and going along aftySy'fta we note that P and Q 
hold all along the path, and that on making the circuit round 1, P is unaltered 
while Q changes sign. We conclude then that if we start from a with the solution P 
and go along the dotted path we shall return to a with the solution 

- i [{AF + A'B) P - 2BRQ]. 

In exactly the same way we might show that if we had started with the solution 
Q we should have returned with -i[(AB! + A'B) Q-2AA'.P]. 

Next consider the various solutions that we have in the domain D lm . They are: — 

P =£(1-*); Q =(l-*)*t (!-*)) 
P" = or*® (*) ; Q" = ar** (x) 
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We must therefore have relations of the form 

x-® (x) = F' = aP + /3Q = a<f> (1 - x) + 0(1 -a?)** (1 -*), 
x^'V(x) = Q'' = aT + 0'Q = a'<l>(l-x) + P(l-x)tir(l-x). 

The work on the last page will enable us to get a relation between a and ft. 
For suppose we start with the function P" from a point such as a on p. 53 in the 
domain D l9> and describe a contour enclosing the points 1 and — 1 but entirely 
confined to the domain D m so that P" holds throughout this path. We shall return 
to a with the function (cos 2&ir — i sin 2stt) P". 

But in the region D lw , P" = aP + /3Q, and from page 53 we see that if we start 
with the function aP + &Q and describe a path such as the one we have just followed 
with P" we return to the starting point with the function 

- ia [(Aff + A'B) P - 2B&. Q] - ifi [(AR + A'B) Q - 2AA'. P]. 

This then must be identical with (cos 2stt — i sin 2sir) (aP + 0Q). Equating the coefficients 
of P and Q in these identities we get 

a(cos 2jwt-i sin 2sir) = - ia (AR + A'B) + i . 2AA\ ft 

(cos 2*tt - i sin 2sir) = - ifi (AB* + A'B) + i . 2BB . a. 

These two equations are really identical, they give us 

£ = 2iBR 

a cos 28v — i sin 2sir + i (AB' + A'B) ' 

Now we have ar*<I> (x) = a<f> (1 — x) + ft (1 - a?)* ^ (x). 

Putting x = 1 we get 4> (1) = a^ (0) = a, so that we have 

« = *,!)• p «Bg,»(l) 

^ w ' p co828ir-i9m28ir + i(AB' + A'B) m 

Similarly we can determine a' and 0'. 

We have now completed the formal solution of our differential equation. It is an 
equation of the second order with three critical points, and we have obtained two 
solutions in the domain of each critical point and determined the constants in the 
linear relations that connect different solutions in a common domain. There is no 
finite region of the plane for which we have not obtained an appropriate solution. 
But for dealing with physical problems which it is the main object of this paper to 
attack, the solutions in the vicinity of the origin are not in a very convenient form. 
In the domain | x \ < 1 we want solutions expressed in powers of x. It is easy to 
build up such solutions by taking proper linear functions of P.Q.P*.Qf 9 but we may as 
well attack the problem directly. 

Our equation is (#*— l)y" + xy r + (\ a # a — p)y = 0. Assuming a solution of the form 
y a= a^"* + e^tf" 1 " 1 + . . . we find, on equating the coefficient of the lowest power of x to 
zero, that we must have t?i(w — 1) = 0. 
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Thus we have two solutions of the forms : — 

y = a t) + a 1 <r 8 +... + a n x* n + ... 
y as Cffic + Cjfc 8 + . . . + c n « an+1 + . . , 

The equations connecting the coefficients are: — 

-2a 1 -p"a = 0; - 12a 2 + (4-p 9 )a 1 + X 2 a = 
' - (2n + 1) (2n + 2) On +1 + (4n 9 -p*) a n + X , a n - 1 = ' 

- 6d + (1 -p 2 )c - 0; - 20c, + (S 9 -/) 9 )* + X 9 c = 
I- (2n + 2) (2/1 + 3)0^ + [(2/i+ l^-^Cn + X^^i^O' 

[We may note here that if X = our equation reduces to (a 8 — 1) y" + xyf — p*y = 0, 
which is satisfied by y = A coapff + B&inpd where #=cos0; |a?|^l. For some purposes 
it is convenient to take z = \x as variable and then we have (z % — \*)y" + zy -*r(z*— p")y = 0, 
which, when X = 0, reduces to Bessel's equation and gives y = AJ P (z) + BK P (s).] 

Let us examine the convergence of these series. 

We have -(2n + l)(2n + 2)a w+1 + (47i a -p 2 )a n + X 9 a n _ 1 = 0. 

4w* — © 9 X 9 1 

Let fl^Won and we get Vo6T +l)(a»+a) + (2»> + l)(8n + 2) >- 



-1- 



6^+2 + ^ 



limit 



(2n + 1) (2n + 2) ' (2n + 1) (2 + 2) t*-, ' • 

Thus eiftAer ?> w is very small when n is large, in which case v n approaches the 

— X a 
/s> 1W9 . a\ i or v ft is not indefinitely small and approaches the limit 1. In 

the former case the series converges for all finite values of the argument. In the 
latter it converges when | x \ < 1, and also, as we can easily show by proceeding as on 
p. 44, when |a?| = l. Thus in the most unfavourable case the series converges when 
| x | ^ 1 and this quite independently of the value of p. Exactly similar reasoning 
applies to the odd series cvc-f.... Denoting these solutions by f{x) [two functions, 
one odd, and the other even] we have four solutions of our differential equation 
expressed as series of powers of x. Two solutions (/) are confined to the region 
!#|<1, the other two (P" and Q") to the region |a?|^l. All these series hold on the 
circle I x I = 1. 



If we start from A (see next page) and go with f x or f 2 along the real axis to C and 
back again to A, we must return to A with the same function with which we started if 
the functions involved are suitable for use in physical problems dealing with the 
complete cylinder. 

For a tour round the cylinder must bring us back to the same physical conditions 
from which we started. 

Now on the circle |*| = 1 we can express f x and f 2 as linear functions of P" and 
Q". And starting with / from A and going along A0C0A must bring us to the same 
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result as going along ABCDA. But along this latter path we can replace / by a 
linear function of P" and Q"; hence it follows that, in dealing with physical problems 
concerning the complete cylinder, P" and Q" must be such that they return to their 



P,"Q" 




original values when taken round the contour ABCDA. It is at once obvious that 
this requires that s and s' should be either zero, or positive integers (we can take them to 
be zero), 

But if s and s' are zero, the condition for the convergence of the series P" and 
Q" will restrict us to a particular set of values of p, viz. the roots of a. = 0, [p. 48]. 

Now a few pages back, in dealing with the convergence of the / functions, we 
saw that there were two alternatives — v n tends either to zero or unity in the limit. 
In the latter case the series is convergent in a certain region f whatever be the value 
of p. In the former the series is convergent for all finite values of the argument. 
If then we choose p as a root of v n = 0, we shall have series that are convergent for 
all portions of the x plane at a finite distance from the origin. 

Now if * = the relations connecting the coefficients on p. 46, are the same as 
those that connect the coefficients of the f functions. 

We see then that in this case the particular values of p to which we are confined 
for the convergence of our functions P" and Q" are identical with the roots of t/„ = 0. 
[To distinguish the odd and even series we shall refer to these as the roots of ^ = 
and c„ = respectively.] Thus the / functions are convergent for all finite values of the 
argument and our problem is to a certain extent simplified by the fact that we can 
use the same functions [an odd and even power series of x, respectively] for all 
finite values of x. However, this simplification is counterbalanced by the fact that the 
two solutions on p. 55, i.e. the odd and even series correspond to different values 
of p*, so that we are obliged to complete the solution of our differential equation by 
the aid of new functions. 
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As the determination of the appropriate values of p* is important for the physical 
applications, we must consider this part of the problem in some detail and obtain some 
numerical results. 

Considering the even series (the discussion of the odd series proceeds on exactly 
the same lines), we have seen that p 2 must be chosen so as to be a root of a m = 0. 

Putting Oo=sl, the various coefficients are given by the equations 

12o a = (4-p»)a 1 + X 8 , 
(2n + l)(2w + 2)on +1 = (4n a -p J ) On + XX-i. 

Before proceeding with the actual calculation of the roots of <&. = (), we shall notice 
some points as to the position of the various roots of a* = 0. 

The equation a n = considered as an equation in p 3 is clearly of the nth degree. 
Its roots are all positive, for it is obvious that when p* is negative o» is necessarily 
positive. For if this is true of a» and a,,^, then since 

(2n + 1) (2n + 2) Va w = (4n» -p*) a» + X'a^, 

it is true also of a n+1 . But it is clearly true of a^ and a* so that, by induction, it must 
be true for a». 

For some purposes it is rather more convenient to replace a» by (— l) n On'> so that 

we have: — 

2a/ = p*; 12a,' = (p 2 - 4) a/ + X*. 

(2n + 1) (2n + 2) a' fH . 1 = (p* - 4n 8 ) a*' + X J Ci. 

i 

It is now obvious that all the roots of a'n+i = are less than 4n a . For if we put 
p?=4n* or any greater quantity a^'a*' a'^+i are all positive. 

Again when ^> 2 = (2n — 2)*, ayC^ a»' are all positive and 

-8n + 4 X'o^ 
11+1 "" (2n + 1) (2rc + 2) ^ + (2n + 1) (2n + 2) w ' 

For large values of n the last term on the right is negligible compared with the 
first, and as a»' is positive it follows that for large values of n, a'^+x will be negative. 
[Our interest is centred mainly in the roots of a n = when n is large, and in what 
follows we shall suppose n large enough to make the right-hand side of (1) negative 
when On' is positive.] 

We have seen then that a' n+1 is positive when p 2 = (2n) 2 , and negative when 

p 2 = (2n - 2) a . 

Hence the equation a ' n+1 = has a root between (2ti — 2)" and (2n) a . 
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We have seen that all the roots of a»' = are less than (2n - 2)*. Let p n * be any 
such root. Then the expressions 

p n »-(2n)»; p tt »-(2n + 2)»; 

are all negative. 

Also since p?=zp n * satisfies ^ = we have these relations: — 

(2n + 3) (2n + 4) a' n+2 = [p n - (2n + 2)*] oVi , 
(2n + 5) (2n 4- 6) a'^s = |>n - (2n + 4)*] a' n+fl + W^. 



etc. 



etc. 



Thus when jP=p n * we see that a'^+j is of opposite sign to a'n+i; and a'n+j is of 
opposite sign to a'n+i And so on [n being large enough — see remark on last page]. 
If a'n-t is positive then a' n+1 is positive, a'n+a is negative, and so on. 

Now let p^ be the next root of On' = greater than p n \ 

Suppose the graph of a*' is as in the figure, the dotted line representing a'n+i. 
We have taken a*' to be negative when p? is a little less than p,?. For this value 




of p 9 , <&'„+! must be of opposite sign to a n ' and so positive. Next consider a value of p* 
slightly less than p n \ Here a n ' is positive and a' n+1 consequently negative. Thus a' n + 1 
has changed sign in the interval. Hence we see that a root of a' n+1 = lies between 
each 'pair of roots of an'^0. From what was said above this is true also of a' n+3 = 0, 
a'ft+B + 0; etc. Each of these equations has a root lying between any pair of roots of 



^_-j 
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• 



From the relation (2w + l)(2n+2)a / n +i = (p a — 4n a ) a*' + XVn-i we see that when 
a»' = 0, a' n+1 and a'^ have the same signs and that for large values of n, aVi-i is then 
but a small fraction of aVi- 

Thus if in the figure Pf*P w -i is finite, P n Pn+i is very small (for large values of n) — 
so that the roots of a n+1 = are very close to those of a*' = 0. 

We conclude then that as n increases the roots of a'» +1 = 0, approximate more and 
more closely to the roots of On'=0 and so in the limit when n = oo, the roots of 
a* = are definite in position and independent of n. 

We shall now proceed to calculate some of the roots of a„ =« and <?«, = 0. As 
on p. 49 we can express these quantities a w and (?«, as infinite determinants. But 
the second method there referred to is the practical one, i.e. we develope p* in a series 
of powers of X 2 , the series being rapidly convergent if X" is not too large. 

For brevity let v n = 4n* — p"; an== |2~» ^en we S 6 * 

Un+i = ^nfl n + X s . (2n - 1) 2n . ?*»_!. 
Taking «o=l we have 

r ,,/1.2 , 3.4 , 5.6\ 

^ = w 2V .[i + x>^— + — + — J 

w 1.2.5.61 

VqVMVi J 

and so on. 

We see then that the equation a* = is equivalent to 

tWfc ... •». [1 + VSi + V& + V& + -.] = 0, 

where & ~ — ~~ H r + ^ — IT + •••» 

fl .tfi Vi.Va v 2 .v z 

oS 2 = sum of products of every two non-adjacent terms ot the last series, and so on; 
as on p. 49. 

If X = we have v v, ... v m = 0, giving p" = (2n)», where n is zero or any integer 
and leading to Bessel's functions [/a/i...]. 

We shall denote the values of p* that correspond to roots of v = 0, t>i = 0, etc., by 

l>o a , i>a 8 , etc., respectively. 

8—2 
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p * (corresponding to t> = 0). 

12 3 4 3 4 

We have A = — '- 1 — '- — h...; A = — '- — h... (the same as A but beginning with 

second term) and similar notation for A> etc. 

12 12 12 

Clearly A =— 1 - r + A 5 A-r^A + A; A - ^r A + A and so on. 

Vq.Vi Vq.Vx Vq.Vj 

A - — — A + A ; A 3 *— — A+ A a^d so on. 
So that our equation v [l + X 9 A + ...] = may be written 

n, + -(x i + x*A+x i A+...)+«^ , GflTi + ^ , A+...)-0- 

-flVratf approximation : v = 0, .'. p a = 0. 

Second. v +-X , = 0. /. v = = ~-q> Po***-*- 

Third. ^+^*A\ A _?* A -0, 

2X* 2.3.4 W A 

v + r — X 4 = 0, 

4 -/l 



■ • jpa — =- 



X s _ X 4 
2 32' 



-* + ? + t w -* >+ t('*- a+ Is a ) 

2X" 2X 4 3.4 2X 6 3.4 /3.4 5.6\ 
= v + . + — . + 

Vi Vi ViV 2 V x V X V % \ VjV % V 2 V Z ) 

t 2X» 2X 4 .12 24X 6 / 12 30 \ 

" P$+ . X a X 4 / ^V/in X a \ + i6.16U.16 + i"6.36/ 
*~2 + 16 V~~2) V "27 

X a X 4 
= — l>o* + -9 — 09 (coefficient of X 8 vanish). 

Thus up to X 8 the expansion of pf in terms of X is 

P ° "2 32* 



J 
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p% (corresponding to root »i = 0). 

Our equation is * [1 + \*& + x«A + X«<& + ...] = 0. (1). 

a 1 • A o , 4 ,,, 

Vq.V Vt.Vt 

A-^A+^i.A + A 

(1) is equivalent to * + -j*.X«(l + X\$ + X«A + ...) + — .X»(l + X»A + X«A) 

+ *V(A + X i A + XV% + ...)-0. 
^V*$ approximation : v x = 0/ /. j^ 1 = 2* = 4. 



Second. 



* + »0ir*v)-* •••*- £*-*♦?• 






1 . 2 . 3 . 4\ _ 3.4 5.6 






¥i 



X s 5X 4 

ProceediDg as before this gives p» 9 =4+-5- + 



2 12x16* 



Fourth. o = , 1+ v(^4-^)^x^- 3 --^^x^ 3 'V^V^^^ 



= 4- 



Jtf + V ( i V 5\< + X' 5\< ) 

\ 2 + 16. 12 2 16.12/ 



. 4 3.4.5.6 



3.4.5.6 / 30 5.6 \ 

r + X- 12 >.32 U2.32 + 32.60/' 



Here again the coefficient of X 8 vanishes and we have up to X 8 , 

ft*-* +-5 + 



2^12x16* 

We shall turn next to the odd series. We have the general relation 

(2» + 2) (2ra + 3) c+x - [(2n + 1)P -p*\ c„ + XV-i- 

In this case put v n = (2n + l)" — p a ; c w = 9 1 , 

and we have ^n+i— v n w rk + X 9 .(2n + l)(2»)« n - 1 . 



62 Mr MACLAURIN, ON THE SOLUTIONS OP THE EQUATION (F a + ic t )^ = 
Taking w = l we get Mi = v , 



t^ = v v 1 l+X 9 . , 



L W«i Vj.Vj 

and so on. 

Just as before the equation to determine p* is 

tw a . ..*>«> [l+xy?! +xv? a + ...]=o, 

, 2. 8,4. 5,6. 7 
where o#i = 1 1 I- ••• 

tlj.tli t^J, tlj.tl, 

[Everything is exactly as before except that 

2 . 3 is associated with v Q v Y instead of 1 . 2, 

4.5 v x v 2 3.4, 

and so on.] 

pf (corresponding to root v = 0). 

First approximation: ^ = 0; .'. ^i s = l. 

2 3 3 3 

Second. v + X a .— — = 0; .\ v, = -tV; Pi* = 1 + t\ 8 . 

6X a 2.3.4.5X 4 



8»V 8 '- 24 

3 X 4 3 X 4 

4 + 128 ; '"" Pl ~ 1+ 4 "128 



z* -ti a . 2 - 3 ^ 2.3.4.5.. , 2.3.4.5 Xil /4.5 , 6 . 7\ 
Fourth. « v + X 2 5 X 4 + X 6 [ 1 






2 . 3 . 4 . 5X' / 4.5 6.7 \ 
8 . 24 U . 24 + 24 . 48/ ' 



•'• P'~ 1 + 4 Xt i28 V 12^(327 x§ + •••■• 



IN ELLIPTIC COORDINATES AND THEIR PHYSICAL APPLICATIONS. 63 



p t * (root corresponding to ^ = 0). 

Our equation is v l [l + \* Q S 1 + \* S 2 + ...] = 

O Q 

and 



(i), 



A .^ + ^ + ^ + ..._«j + «d! +Af 



Vo-Va V^Va V^.V 



V a .V VrV, 



ivj 



A-^A + ^A + A; A-"A+^A+A. 



Vi 



v .v 2 



V t!, 



V,.fl 8 



2.3 



Hence (1) becomes = v x + -^- X 9 [1 + X 8 ^ + X 4 ^ + . . .] 



4.5 

v. 



x» [l + x«A + x* i flr i +...]+«iX i (A +VA + ...)• 



IVrrt approximation: ^=0; .\ p,*=9. 





Second. 






• -a'+y; •• p* 



9 + i x«. 



Z%»r& 



= «,+X* + + X 4 ,flf, + .,#, .y8, jiSf, 

V », » a / L "o v t v„ v, *^J 



4.5.6.7 






-9-jtf+X» 



6 



20 



8 + » 16-|" 



4.5.6.7 
16 J . 40 



x 4 ; 



.-. p,' = 



Fourth. 



1 17 

9+ 2 X,+ 16x32 V - 

2.3 4.5 



a ,l m/ 2 - 3 . 4 - 5 \ -n 4.5.6.7, .. 
0=»! + X*( + -X 4 . ; +X e . 



4.5.6.7/6.7 . 8.9 



-9-ft» + X« 



20 



t 



V 9 V 8 v,v 4 



) 



-x\. 



ao-^j. 17 y ifi v " T? " 
8+ 2 + 102 A ' lb "2"T6T32 

4.5.6.7/ 6.7 



X* 



4.5.6.7 4.5.6.7 / 6.7 8.9 \ 

/\* xr \'^A X«\ + 16«.40 U6.40 + 40.55/ ; 
(16- g j (40- j. j 



.-. p,* = 



y + 2* + 32x16 



X 4 + 



20287 



22 x 16* x 100 



A» "t~ • • • • 



We have seen if we proceed to solve one fundamental equation in a series of 
ascending powers of z (= \x) we get two separate series, one even and the other odd. 
But from what we have just done it is clear that these series correspond to different 
values of pP\ so that for any particular value of p? we have really only one solution. 
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4 

We shall denote this solution by f(z), using suffixes f (z), fi(z), etc. to indicate the 
values of p* (Po 8 i>i a ---) to be taken in the series. One equation is 

(z*-\*)f + zi/ + (z*-p*)y = (1), 

of which we have one solution y =f(z). To get another solution assume y = vf+ w. Sub- 
stitute in (1) and we get 

v K* 1 - V)f" + zf + (*■ -p*)f] +/[(* - X s ) «" + «f ] 

+ 2(4* -\*)vf + (z* -\*)u/' + zw + (z*-p*) w = 0, 

Since / satisfies equation (1) the coefficient of v in the first line of the last equation 
vanishes. 

Since v is quite at our disposal we may choose it so that 

/ o ^^<&v , dv - 

<* , -*>a? + '»- ' 

which is satisfied by v = log (s + V(2* — X 2 ). 

Thus our problem is reduced to finding a particular solution (the simpler the better) 
of the equation 

, • ^ .v cPw dw , . aV rt , . dv df ^ i df 

Let w = Jz*-\*.u. Substitute in (2) and divide by Jtf - X", and we get 

We shall obtain u in the form of an ascending series of powers of z. The form 
of the solution will be different for the odd and even series / / a . . . and f x f % .... 

Take first the even series for / 

f(z) = a +a 1 z?+... + o«* 2n + ..., 

Clearly u must be an odd series. 

Assume u = A z+A l z* + ... •\-A n z vn ^ 1 + .... 

(s* - X») [6A x z + 204 a s* + . . . + (2n + 1) (2n) .4ns**- 1 + . . .] 
+ 3*[4 + 34 1 s a +...+(2n + l)4 n **+...H^ 

= — 40!*+... -4wo n * an ^ 1 . 
Equating the coefficients of different powers of z, we get 

- 6A l \* + (4- r P)A, = -4a l (1), 

- 20A*\* + (16 -p*)A 1 + A =- 80*; 
-(Sn+2)(2n + 3M l * l X«+[(2n + 2)^^ 

which enable us to determine the coefficients successively. 
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As we require only a particular solution, we may give any values to A or A x 
we choose, consistently with (1). 

We must now examine the convergence of the series u. 

In the first place we may prove, by proceeding as on p. 47, that A n cannot be infinite 
for any finite value of n. 

The relation connecting successive coefficients in f(z) is 

-(2w + l)(2n + 2)a n+1 X a + (4n»-p 2 )a n + a w . l = (1). 

If t/n+x = On+i/on we have 

_ 1_ _ 671 + 2+^ 1 

Vn+i- v (2n+^)(2n + 2)X a + X a (2n + l)(2n + 2)t; n ' 

Hence when n is large we have 



^^ W " = -(2n+l)(2n + 2) (2) ' 

or v n is not indefinitely small, and approximates more and more nearly to — as n increases. 

But p a is chosen so as to make a* = 0, hence we are confined to the first case (2). 

Since then v n approximates to — j= -.-^ ^r and On to zero, we see that 

rr (2n + l)(2n + 2) 

— 4 (w + 1) a w+1 is indefinitely small for very large values of n. 

This being the case we see by comparing (1) above with (2) of p. 64, that 
when n is very large the coefficients of u are connected by the same xelation as 
the coefficients of the convergent series /. Hence as the coefficients of u are finite for 
finite values of n, it follows that the series u is convergent in the same domain as the 
series /. 

In exactly the same way we may proceed with the odd series for /, 

f(z) = CoZ + dZ* + ... + CtjF** 1 + ... , 

= - 2c - 6d* . .. - 2 (in + 1) c n 2P ... . 

In this case we take u=C + (7^ a + ... + C n ^ n + ... 
and get (z* - X 1 ) [2Ci + 12CJ + ... + 2n (2n - 1) C^ 1 "" + ... ] 

+ 3z [3d* + 4C*s* + ... + 2/iCn** 1 - 1 + ...] + (* a - p* + 1)[C + C x * + ... + C*** 1 + ... ] 
= - 2c - 6c,s* ... - 2 (2n + 1) Ctf™ + ... . 

This gives - 2C 1 X a + (1 -tf) C = - 2c 

- 12C a X a + (9 -p a ) C x + C = - 6d 

-(2n+l)(2n + 2)C n+ A a + [(2n+l) a -|) a ]C n + a n _ 1 = -2(2n + l)c n , 

from which, as before, the coefficients may be determined in succession, and the conver- 
gence of the series u established. 

Vol. XVII. Part I. 9 
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We have now obtained two independent solutions of our equation, viz. 

y-/W 0) 

y =f{z) log (Z + V> - X s ) + tt >Jz r -~\* 

-^W (2). 

The complete integral is therefore y = Af( z ) + BF{z). 

The two series are convergent for all /mite values of the argument. We shall now 
proceed to obtain two other solutions which represent y ' asymptotically ' (to use 
Poincar^s term) — i.e. we shall obtain two series which approximate more and more 
closely to solutions of our equation as the argument increases. These series will be 
very useful for numerical calculation when the argument is not small, and they will 
also help us to determine what linear function of / and F we must take if we are 
seeking a solution of our equation which is to vanish when z = oo — a problem that 
confronts us in many physical applications of our analysis. 

Our equation is (*■— X*)y" + £y' + (s» — p 9 )y = 0. 

Let y = wf where t = iz and the equation above becomes 

(* + X s ) i»" + (2P+ 1 + 2X») u' + (t-p? + X s ) u = 0. 

Assuming a serial solution in descending powers of t of the form 

we find that we must have 2n + l=0, therefore ra=s-£, and equating coefficients of 
the various powers of t to zero we get 

2 (n + 1) a n+1 = T^J^ + X s - jA a n - (2n - 1) X«a n „ 1 + (2/i- l)(2n+ .SJX 2 ^^, 

which enable us to determine the coefficients in succession in terms of a which is of 
course arbitrary. 

Now let us examine the convergence of the series just obtained. 
Let MfH-i = ^n+i/ a n' Then we have 

"+ 1 L n+l J n + l La, «„.«„_,] 

Hence when n is large, either u n is large, in which case u n+l = » nearly, or w„ is 

Ml 

small, in which case we have approximately when n is large 

o-iJ»ai-— »i. 

n + l [_v n w». W n _,J 
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This relation cannot be satisfied by a small value of u*, so that we conclude that 
when n is large Un is large, in other words the series is ultimately divergent. But, for 
large values of the argument, the series begins by converging rapidly, and so if we stop 
before the terms begin to diverge the series obtained will be quite well adapted for 
purposes of calculation. Suppose, for example, that in any numerical problem we agree 

to neglect terms of the order ^ and are dealing with values of the argument 

which make the nth term of the above series of the order 



10,000 ' 



If we stop at the nth term of our series and substitute in the differential equation, 
the equation will not be quite satisfied; but instead of having zero on one side of our 

equation we shall have a few terms of the order ^ . In other words, the series 

10,U0u 

we have taken (stopping at the nth term) satisfies our equation approximately, the 

error being of the order we agreed to neglect. 

The solution thus obtained is 

e** f a 2 Og 

£ I XCLt da 1 

= vjr~T-?--_r* +( * )8a y- 

Changing the sign of i we get another solution, viz. : 

€T~ i %a a* I 

y= ^r + ^"^~" , J = *" ( ' )8ay ' 

The complete integral is y = Cty + (z) + D$r (z) where C and D are arbitrary constants. 

By taking certain linear functions of ^> + and <f>~ we build up two solutions that 
will be of service afterwards. We shall denote these by x + ( z ) an< *- XT ( z )> where 

^ w .t<fi+£a_~«^.5 + ...) + *'g.3 + ...) 

= -_ [R cos z + Ssin z\ 

slz 

where R = a — - + ...; 8 = :? + •••> 

z* z z* 

These give <f> + = x + + i X~> <!>' = X~ ~ *X~> 

tf> + + if = (1 + t) ( X + + X~) - V 2e*' 4 (x + + X~)> 

<£+ - i<f>~ = (1 - i) (x+ + x~) = ^2e-<*/* (x + - X"). 

9—2 
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We proceed to consider the linear relations connecting the functions /, F, <j>+ and <f>~. 

Let /= a^> + + /3<fr and suppose we are dealing with the even series /. 

f(z) is a uniform and continuous function of z t so that if we make a circuit round 
the origin we shall return to our starting point with the same value of f This 
however is not the case with + and <jr~ which are multiform functions. It follows 
then that to insure the continuity of /, the constants a and ft in the above relation 
must be discontinuous. 

If we put z = r (cos + % sin 0), we shall find that a must change discontinuously 
as 8 goes through an odd multiple of ir and @ as goes through an even multiple. 

We have e ** = #-***' e*"** 9 , so that the modulus of e" is e~ r%in9 . 

But /=a^ + + ^- = ae- r8in «(...) + )8e r " in *(...) and, when lies between and ?r, 
sin is positive, so that <f>~ is (for large values of r to which we are confined 
when dealing with the functions <f>) exceedingly large compared with <f> + , and so is 
far more important than <£+. But when passes through it these relations are reversed. 
The term <f> + is now the all important one. Hence as passes through it the 
constant a must change discontinuously to insure the continuity of /. There is no 
possibility of another discontinuity till we get to = 2ir t <f>" must now become the 
important term so that ft must change abruptly, and so on. We conclude then that 
a changes discontinuously as passes through an odd multiple of 7r, and /3 when 
goes through an even multiple. 

We can obtain a relation between a and /3 by working on the same lines as on p. 52. 

B 



/ \ 



/ 



/ 



J o o O- 



A* -X X & 

If we start with any of our functions at A (for which = 0) and go along the 
circle of very great radius ABA' to A'{0=ir\ we must get to the same result as if 
we go along AOA' [avoiding the points X, 0-X by describing small semi-circles round 
them], for the space enclosed by these two paths contains no critical points of our 
functions. 

Suppose then we take / along AOA' and its equivalent QL<f>+ + fJ<fr along the great 
circle. 

Then / is valid all along its path and so is a<f>+ + j3<f>' t the functions <f> being 
defined only for very large values of the argument. 
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Starting from A and going to A' we increase by ir. f is even and so does 

not change sign. Hence we reach A' with /; but / at A' is not equal to a£ + + £</>" 

but to a 7 £ + + ££- (since a is discontinuous at = tt). For brevity we shall denote 
f(z) =/(r . ^T0 + tsin0) by f{0). 

Thus we get a<l>+(0) + j3<fr(0)=f(0)=f(ir) 

-«ty + (ir) + £$-(«■) 
= -w>-(0)-i/ty+(0). 

Hence a = -i£ and /3 = -ia'. 

We have found then that when ir>0>O, /= a (<£+ + i<£-), and in exactly the same 
way we see that for the odd function we have /= otj (<f> + — i<f>"). 

Now consider the other function 

F=u *lz* - V +/Iog (z + V^ - X 2 ). 

To make this definite we may take *Jz* — X* = + V/x- (cos = + ism ^ 1 where /* is the 

modulus and the amplitude of s* — X* ; and for log (s + V,? 8 - V) take its principal 
value. 

Suppose first / is even, then u is odd (see p. 64). 

Let F^A^ + Bifr and carry out the process of last page. On going round z=\, 

*J& — X s becomes iVs" — X s and so -P becomes mVs 1 — X*+/log(s + i V* a — X s ). Passing 
z = z becomes negative, and u being odd becomes — u; while / is unaffected. Thus 

F has become — iu Vs 1 — X* +/log (— z + % Vs* — X 2 ), where of course £ here means \z\. 

Then going round — X, F becomes u Vs" — X s +/log (— z — VFTx?) = -F + Trt/ 1 , where 
^ means the value with which we started. 

Just as before A must be a discontinuous constant, changing as goes through 
an odd multiple of ir and B as goes through an even multiple. 

If A becomes A' when — ir we then have : — 

A'$+ (tt) + J3£- (tt) = ^ (0) + wr/(0) 

= 4</>+ (0) + B4r (0) + iVa (£+ + ttfr); 
.-. - iA'f- (0) - i££ + (0) = A$+ (0) + B<f>~ (0) + iVa (£+ + i</r) ; 

/. — iA' == jB — Tra ; — ifi = A + Trta, 
and -P^^^ + i^-Tra^-, [tt>0>O]. 

Treating the odd series / in the same way we get 

F = A' (<f> + - i<f>') + Tra^-, [tt > > 0]. 
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We have now only two undetermined constants, and these can be easily found by 
calculating the different series for one value of the argument. But for a large and. 
important class of problems even this labour is not required. In these cases all that 
is wanted is the roots of f(z) = or /' (z) = 0, or something of this form. The larger 
roots in these cases necessitate the use of the functions <f>, but it is at once evident 
that the value of the constant a is not required. We shall now investigate the larger 
roots of the equation f(z) = 0. Taking the even series [/ , / 2 ...] we see from last 
page that our equation is <f> + (z) + ijr (z) = 0, or ^+ (z) + x~ ( z ) = 0» 



or 



Rc ™ (*- j) + S sin (*- \ ) = o. 



If tanf = S/R = Z — £ (1), 

z — -j- — yfr J = T and z — j — ^r = (2m + 1) 5- where ra is an 
integer, so that 

s = W7r + -j- +y (2). 

When s is very large we see from (1) that ^r = 0, and thus the very large roots 

Sir 
are given by z = mir + -7- . ^r diminishes as increases, so that the difference between 

two consecutive roots is more and more nearly equal to ir as the sign of the root increases. 

In the general case having got tan ^r from (1) in terms of z we use the expansion 
^r = tan^r — £tan 8 ^ + £tan B 4..., substitute in (2) and proceed by successive approximations. 

The treatment of the odd series [f l9 /»...] is of course precisely similar. Our 
equation is now £ + (z) — ufr (z) = 0, i.e. % + (z) — %~ (z) = 0, or 



R sin ( z — -r j — S cos ( z — r J = 0, 
in ( z — j — ^r j = 0, .\ s — j — ^r = mir, 



sin 
where m is an integer, so that 

£ = 7H7T + T + Y* 

In exactly the same way we may deal with the larger roots of /' (z) = 0. 

In most physical applications, the root of most importance is the lowest root; and 
it will sometimes happen that that root is too small to make the process just con- 
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sidered effective. In such a case there is no difficulty in finding the root directly from 
the ascending series, which converges rapidly (the argument being small). 

We shall illustrate this by finding the lowest root of/ (s) = 0. 

X s X 4 
We have p * = ~ - ^ - . . . (up to X 8 ) . . . and using this value of p? we get 

Oj 1 X 1 Uj 1 X* 

^~~4 + 6i + " ,; u. _ 64~ i3.64 + ,-; 

a, 1 7X" a t 1 

a„~ (678) 1 ' + 90x64x30 + ""' a„~ (2.4. fi.8)« + ••" 

Hence /.(,)- 1 -* [^-g + ...] + *< [ (2 ^- ^ + •••] 

"* |_(2.4.6)»~96.64.30 + " * * J + ** \&7\ '. ~6T8)» + -J + "" 
Now z=\x— Ka; \ = /cae, so that /,(.*) = is equivalent to 

'V* [(2.4)»^64j L(2.4.6r 12.C4J 

+ ^L(2.4.6.8) a " f 96.64.30j + (1) ' 

The series on the right of (1) is rapidly convergent, and the terms are alternately 
positive and negative. If we stop at the nth term we get an algebraic equation which 
(for different values of e) can be solved by Horner's process with very little difficulty 
if n is not very great. The root thus obtained will not of course be exactly a root 
of /e(*) = 0, but it will be a close approximation if n is not too small. Also it is 
clear that the roots of the equation corresponding to n and n + 1 will be the one 

greater and the other less than the root of f (z) = 0. Thus by solving the equations 
corresponding to n and n + 1 and taking z to lie between the two roots we shall get 
a close approximation to the real root. 

Retaining the first five terms of our series and putting y = — we have to solve : — 



= l-s ! 



z* 



y 4 - *25y* + J/ 8 [015625 + -0156256*] 
-y [000434 + '0013026*] 
+ [-000006781 + -0000386 3 ] = 0. 

For e = 0, the equation becomes 

yi _ .25y» + -015625^ - -000434y + 000006781 = 0. 
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Attacking this by Horner's process we get 



-25 
1 


1-5625 
-1-5 


- -434 
0625 


0678 ( -1728 
- 3715 


-1-5 
1 


•0625 
- -5 


- -3715 

- 4375 / 

/- 809 
112175 


/ - 3037 
2178-75 


- -5 
1 


- -4375 
'5 / 


/- 8582 500 
/ 5957 556 


•5 
1 / 


^ 625 
154 


311-25 / 
2542-75 / 


- 2624 944 


1-5 

7 


16025 
203 


/ 2854 000 
/ 124 778 




22 

7 


36325 / 
252 / 


' 2978 778 
126514 




29 

7 


/ 615 25 
/ 864 


3105292 




36 / 
7 / 


' 62389 
868 






430 
2 


63257 






432 
2 









434 

The equation y 8 - , 25y 1 + *015625y- '000434 = gives in the same way y = 1748. 
Thus the real root must lie between -1728 and '1748. If we go to a higher order we 
find y = '1730 as a very close approximation. 

Since y = — this makes z = 2*404. 

Treating the equation corresponding to other values of e in the same way we get 
these results : — 



For 



e = 0, z = 2-404 
6 = 0-1, s = 2-411 
e = 02, z = 2-429 
e = 0-3, z = 2-457 



e = 0-4, £r = 2-512. 
e = 0-5, z = 2-585. 
e = 0-6, z = 2-774. 
e = 0-7, z « 3092. 



For larger values of e t we should take in more terms of our series to get a close 
approximation to the root, which is getting too large to make our approximation very 
accurate. For these larger roots it is better to use the descending series, and the 
method of finding the roots from them, explained on p. 70. 

We shall proceed to consider briefly several physical problems that can be solved 
by the aid of the functions we have been considering. 

Vibrations of elliptic membranes : 

If T is the tension, p the density and w the small displacement normal to the 
plane of the membrane, the equation of motion is 

-— = - v?w = &Vfw where T = p&. 
or p 
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Taking w to vary as e***, we get (V x * + k*)w=0. Since w must be finite all over 
the membrane we are confined to the / functions — supposing the membrane to be a 
complete ellipse. 

Thus we take w^XA n f n (\x)f n {\x r )c iKet . 

k (on which the frequency depends) is determined by the boundary condition; which 
is w = when # = #<>. 

This gives /» (Xa? ) =* 0, or f n (tea) = 0, where a is the semi-major axis of the ellipse. 

The nodal system is composed of a series of confocal ellipses given by / n (^) = 0, 
and a series of confocal hyperbolas f n (X# ') = 0. 

To determine the frequencies corresponding to the various fundamental modes of 
vibration we have to find the lowest roots of / (z) = 0, f x (z) = 0, and so on, and we 
have already seen how to do this. 

Taking the values found for these roots in the case of f (z) = 0, we find that the 
ratios of the frequency of the fundamental note for e = 0, e =* 0'1, e = 0*2, e = 0*3, . . . 
e=0-7 to that for e = are 1; 1*003; 1-013; 1022; T045; 1*075; 1-154; 1286. Thus 
there is very little difference between the notes emitted in the different cases. The 
interval between the notes for e = and e = 0*1 is less than a comma ; between 
e = and e=0'2 just about a comma, between e = 0*6 and 6 = about a minor third; 
and between e = and e — 0*7 an interval between a minor third and a fourth. Of 
course the frequency rises as the eccentricity increases. 

The vibrations of an elliptic plate can also be determined. If E be Young's 

modulus for the material, p the density, 2t the thickness, and fi Poisson's ratio, then if 

w is the displacement normal to the plane of the plate the dynamical equation is 

Et* 

iv + ctVHu^O, where c 4 ^^— T - ^. If as usual we take w to vary as e** and put 

3p (1 - /*") 

h* =%?/<? our equation becomes (F 4 — **)«; = 0, or (F 2 + /^)(F* — k*)w = 0. This can be 

solved in terms of our functions, and as w must be finite all over the plate we are 

confined to the f functions. 

We may take then w = Ae*** [f(z) + tif(iz)] [/(*') + /&/(**)], where z = \x\ J = \x'. 

The nodal system consists of the series of confocal ellipses given hy f(z) + fi'f(iz) = r 
and the series of confocal hyperbolas given by /(/) + p'f(iz) = 0. 

If the plate is clamped at the edge (# = #<>), we must have w and -r- = at the edge, 

.■./(*) + */(*)-<>, 

Eliminating p! we get the frequency equation [z = *a] 

/(*o) /(**o) * 
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Vibration of air in elliptic cylinders. 

If ^ is the velocity potential we have as usual -^ = &Vfifr t and taking ^r to vary 

as e Uct we get (1=?+ *•) ^ = 0. 

As ^ must be finite at all points in the cylinder we take 

yfr = 24,/n (X*)/ n (W) e*". 

Since there is no normal displacement at the boundary we have ^ = when 

= a? o , so that corresponding to ^r = 4 n «* rt /»(X#)/»(\a0 we h ftve *^ e frequency equation 
/»' (X# ) = 0, or /»' (*a) = 0. We have already explained (p. 70) how the roots of this 
equation are to be obtained from the descending series. 

We shall write down the results for the lowest note of the modes whose velocity 
potentials are 

yfr = Af. (A*)/. (\a?) *", 

and yfr - AJ X (X*)/i 0^) *"• 

Any other mode may of course be discussed by the same method. 



Mode yfr = Af (\a?)/ (Xa?') ***. 
(c = 331,00 centimetres per second.) 



i 


xa 


a x frequenoy 


wave length/a 


Batioof 
frequency to 
that for «=0 





3832 


20156 


1-6400 


1 


01 


3-8432 


20221 


16346 


10033 


02 


3-8720 


20366 


1-6230 


1-0103 


0-3 


3*9259 


20650 


1-6007 


1-0245 


0*4 


40578 


21346 


1-5495 


10591 


0-5 


4-1874 


22025 


1-5008 


1-0927 


06 


4-3799 i 23036 


1-4348 


11430 


0-7 


4-7328 


24895 


1-3277 


1-2351 


0-8 


5-2923 


27835 


11875 


1-4132 



We see from the above that there is an interval of rather less than a comma 
between the notes emitted in the case 6 = and in 6 = 0*2. If e = gives out the 
note c then 6 = 0*8 will sound Ftf very nearly. 
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In order that e = may omit the middle c of a piano (264 vibrations a second) 
its radius must be 

a = 76*35 centimetres = 30*061 inches. 



Mode ^=4/\(XaO/i(X*V**. 

[The lowest roots of //(Xa?) is not very large and is best obtained by the method 
of p. 71.] 



e 


m 


a x frequency 


wave length/a 


Ratio of 
frequency to 
that for «=0 





1-8410 


9683 


34135 


1 


o-i 


1-8417 


9687 


34120 


1-0005 


0-2 


1-8421 


9690 


34112 


1-0007 


03 


1-8449 


9705 


3-4057 


10024 


04 


1-8494 


9728 


33979 


1-0047 


05 


1-8527 


9744 


3-3900 


10063 


0-6 


1-8576 


9772 


3-3823 


1-0093 


07 


1-8657 


9813 


3-3683 


10135 


0-8 


1-8758 


9867 


3-3496 


1-0191 


0-9 


1-8875 


9929 


3-3290 


1-0255 



This is the gravest of the normal modes. The influence of eccentricity on the 
frequency is exceedingly minute. 

If the motion is not the same in every transverse plane we can still solve the 
problem as indicated on p. 42. Thus suppose, for example, the cylinder is bounded by 
rigid transverse walls at z = and z — I, then we take 



ftvnz 



and get 

where 

so that we have finally 



yjr s= XA n cos — j 



:'» = « s - 



P ' 



7MTZ 



+ = 2£„ ./„ (\'a)/ n (X.V) coe — « 
where \' = hc' and k is given above. 



itet 



10—2 
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The lowest note corresponds to 7/1 = 1, and 



or 







(*a) a 


= (*o)»+ p 



(1). 



The lowest values of ic'a for the different cases have just been written down for the 
case n = 0, and the corresponding frequencies are thus obtainable with the aid of (I). 

Another problem that is readily solved by the help of our functions is the deter- 
minations .of the tidal waves in a cylindrical vessel of elliptical boundary. 

If £ be the elevation of the free surface above the undisturbed level then it is 
well known that 'the equation of continuity' and the dynamical equatious lead at once 

to -jt, = c"TV? where & = gh, (h being the depth). 

Thus we have £ = '2A n f n (Kx)f n (\af)d KCt , the boundary equation being -^ = or 

fn (Xa? ) = 0. This is the frequency equation, giving the admissible values of #, and the 
corresponding ' speeds ' of the oscillations are then kc—k *Jgh. 

Another hydrodynamical problem that naturally presents itself here is the consider- 
ation of certain possible forms of steady vortex motion in an elliptic cylinder. In steady 
motion in two dimensions the angular velocity (a>) is constant along each stream line. 
But if ^r be the stream function we have P r 1 *^r = 2o>, so that every possible form of 
steady motion is included in V\^ = xW) where x(^) ^ an arbitrary function of ^r. 
If we put x 0^) = ~" K *^ where k is a constant we get our equation (V? + k*) yfr = 0, 
and as yfr must be finite at all points within the cylinder we have 

f = 24 n / n (X*)/ n (W). 

As yfr must be constant along the boundary, we get for the case corresponding to 
^r 3= Af n (Kx)f n (\a/), ./»(X#o) = oi"/ n (tea) = 0, the roots of which determine the admissible 
values of k. We have already shown how to obtain these roots and have written down 
the lowest root for n = 0, corresponding to various values of the eccentricity, (p. 72). 

The periods of vibration of electricity in a cylindrical cavity of elliptic cross-section 
inside a conductor are readily obtained. 

Since everything is independent of z (measured along the axis) we have, with 

usual notation 5- + 5- = ; thus there is a stream function sir, from which u and v 

ex dy 

are got by differentiation w = ^-; v = — -3-\ By applying the circuital laws of Amp&re 

and Faraday in the usual way we get ^- = V 2 ( Vty) in the dielectric, where V is the 
velocity of propagation of electro-dynamic action through the dielectric. 
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Putting ^.oce uvt we get (F 1 * + « 2 )V rs= 0> an d since yfr must be finite everywhere 
in the cavity, we thus get 

*=ZA n f n Qw)f n QsJxf)e™ 

Now the wave length will clearly be comparable in magnitude with the diameter 
of the cylinder, so that for ordinary sized cylinders the frequency is enormously high. 
But in such cases the currents are confined to a mere ' skin ' on the surface of the 
conductor. Inside this skin (i.e. in the conductor) there is no E.M.F. ; and the tangential 
E.M.F. is continuous on crossing the skin. Thus the tangential E.M.F. must vanish at 
the surface of the dielectric. Since the tangential e.m.f. vanishes, the tangential current 

also vanishes, therefore ^ = 0, at the boundary, or in our notation ^- = 0, when x = x . 

Thus if ^ = -4./ n (Xa?X/n(X# / )e <,cFt , the admissible values of ic(\ = h/c) are given by 
the roots of f n ' (Xa? ) = 0. The roots of this are given (for n = and n=l) on pp. 74, 75; 
the wave lengths there determined apply also to the electrical problem. 

If we are dealing with the problem of electric waves in the dielectric surround- 
ing an elliptic cylinder then we must replace / W (X#) above by <f> n "(\x) and take 
i/r = 2^ n £ n - (X#)^ (W) e** F * in the dielectric. In this case the admissible values of k 
are given by the roots the equation £»'-(*») = 0. 

If we wish to estimate the decay of magnetic force in a metal cylinder, the lines 
of magnetic force being parallel to the axis we have (neglecting polarisation currents) 

F^c-^^or, if c.oc<r«* (F x » + ^)c-0 where ** = *?^. 

<T (it <T 

The appropriate solution is c — 2-4»/ n (Xa?)/ n (\af) 0-™*. Now we are neglecting polar- 
isation, currents so that c is constant in the dielectric. Taking this constant value as 
J, and noting that the tangential component of the magnetic force is continuous, we 
have at the boundary (# = # ) 

In the case of free currents 1=0 and the admissible values of k are given by the 
roots of f n (\x ) = 0, or f n (ko) = 0. 

The ' modulus of decay ' is — » -^ = — r^r. . The decay is slowest for the smallest 

J m etc* <r(Ka)* 

values of (tea), the slowest of all corresponding to the least root of / (*a) = 0. We shall 

write down the modulus for a copper rod semi-major axis 1cm, for which o-=1600; 

and for an iron rod of same size for which fi = 1000, and a = 10*. 
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« 


xa 


Modalas : Copper 
(seconds) 


Modulus: Iron 
(seconds) 


Bktio to ease 
«=0 
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•001359 
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1 


01 


2411 


•001351 


•2162 


09942 


02 


2429 


•001331 


•2130 


0-9793 


03 


2-457 


001301 


•2082 


0-9573 


04 


2-512 


•001245 


1991 


0-9158 


05 


2585 


001175 


1881 


0-8649 


06 


2-774 


•001021 


1633 


0-7510 


07 


3092 


•000803 


•1284 


0-5907 



In dealing with the case where the currents are longitvdinal and the magnetic 
force transversal, we may express everything in terms of R the e.m.f. along the axis. 
Adopting the usual notation we have : — 

da BR db dR 
In the cylinder we have (F 1 2 + ^ 1 8 )iJ 1 = where k x * = cJi^ and ^ the dielectric 



(7V+* a )U = where * »=(£j\ 



Thus 



R l = XA n f n (\x)f n {\x') &\ 
R = 25 n *«- Mfn M 4*. 



The E.M.F. parallel to the axis is continuous at the surface of the cylinder, 
/. R 1 = R when # = # , .\ A n f n (X 1 x ) = B n <f> n " (\f/c ). R is a 'stream function* for a and 

b t so that the magnetic induction parallel to the bounding ellipse is proportional to -^ . 

ox 

But the tangential magnetic force is continuous; so that we get another boundary 
equation -^—/ n f (\a ) = B^fa'- (V>o). 



Eliminating the ratio of A n to B H we get : — 

/*/»(*i*o) <k~(*o#o) 

Since the currents will decay slowly p/V (and therefore Ao) is very small. 



(i). 



A 



\ 
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Now if \*=0, the equation for 4>n~Qw) is ** jrf+ z j^ + (^ — w 8 )y = 0. 

CbU n.iL 

Let y-uef where t= — iz and we get P ^ + (2* 2 + *W + ($--n 2 )tt:= 0. 

Solving this in an ascending series of the form ^ + 7^+..., we get as the "in- 
dicial" equation m 2 — n % = 0. 

Thus we have £~(X#)= 7C3£ approximately when \ is small. 
Making use of this we find that (1), of p. 78, becomes 

/*/»(x,*.) " ^' 

or X,/,,' (X,«fc) + n\,/*/ n (\j<E,) = 0, 

which determines the admissible values of p. If, as in case of iron, /* is large we 
have f n (\Xq) = 0, which has just been considered for the case n = on p. 78. 

Section II. Spheroids. 

We shall proceed now to the more interesting problem of finding solutions of the 
equation ( V % + k 2 ) -fy = that will enable us to deal with a variety of questions relating 
to spheroids. 

Generally if a lt cr S) a, form a system of orthogonal coordinates so that the line 

element ds is given by ds 2 = -t4 + -tj + -rj , it is well known that 



^-*«.|s(a2) + ~ + "]- 



Also if a u Oa, «j satisfy ^^=0, we have the simpler relation 

We shall be dealing with prolate spheroids, and shall define the position of a 
point by the semi-axes a and a' of the ellipse and hyperbola confocal with some given 
one that pass through the point, and by the azimuth <f>. 

f 00 dK 

We mav take cu = — £ I , (with the usual notation). 

J *J* V(oo 2 -hX)(6 2 + \) 



= -j ^, so that da^-p, 

pdp = ada, ^-^-^-^-^^VS^S*' 



• 
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In this way we get K*y= ,_ ,, 



PdaS + VdaJ + l a? o» ) 90» 

\ A* A*/ 



where a: = ajh and a?' = a'/A. 

If we take >|r to vary as sin (n4> + y) we have ^ = — n 2 ^, 
and hence if ( V* + k*) yfr — we get 

As before assume ^ — yy' where y is a function of a? only and j/ of a?' only. 
We then get (putting A* = X) 

= — p say (where p is an arbitrary constant). 

Thus y and t/ both satisfy an equation of the form 



dx 



dy 



n a 



a-^^+Cp-^^y-T-riy-o- 



cfo 



l-o 8 



In case of symmetry about the axis we have n = and 



Consider 



(l-Oy-^+Cp-X^y-j^y-O 



(!)• 



Let y = (1 - a?) n '' . s. Substitute in (1) and divide by (1 — a:)"'*. 

This leads to the equation 

(l-a?)z"-2(n + l)xz' + [p-n(n + l)-\ l a?*]z = 



(2). 



Everything now depends on the solution of this equation which we may therefore 
regard as the fundamental one of our problem. It corresponds to the equation of p. 43 
in our former work. 

This equation has the same critical points as that just referred to, viz. 1, — 1, 
and x. Its solution in the neighbourhood of these critical points might be investigated 
on exactly the same lines as before. The work however would be so nearly identical 
with our earlier work that it is hardly worth repeating it here. 

We shall proceed at once to obtain solutions in a form convenient for physical 
applications, i.e. in a series of powers of x. 
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Assuming z = a^x m + OxX™* 1 + . . . and substituting in (2) of last page we find that 
we must have m (m — 1) = 0. Thus we get two independent serial solutions, one even 
and the other odd. 

Taking the even series first we have: — 

s = a + 0!^*+ ... +a wl fl tm + .... 

Substituting in the differential equation and equating coefficients of different powers 
to zero we get 

2d! +i/oo = ; (2m + 1) (2m + 2) a m+1 + [p' - 2m (2m + n - 1)] a^ - X 9 ^^ = 0, 

where p' = p — n (n + 1). 

t* / £ j , 4(n— l)m— 2 — ©' , V 

If «w, = a»W«« we find v m+1 = 1 + ( - 2m - ^-(g^^iy + (2m + 2 ) (2m + 1) v m ' 

Thus when m is Zargre, either v m is small in which case v m tends to the limit 

X 9 
-"To TTFa — T"S\ » <w v *» * s not small and then v m approaches the limit 1, when m 

is very large. In the former case the ultimate convergence is the same as that of 
the series for cos \x, and the series is convergent for all finite values of the argument. 

We must consider more particularly the other case which is more unfavourable to 
the convergence of our series. In the first place we note that the series converges for 
all values of the argument whose modulus is less than unity. It is important to 
examine the convergence in the extreme case when |a?| = l. 

The series is a + a l + ... + a m + ... to oo, 
where (2m + 1) (2m + 2) a m+1 = [2m (2m + 2n + 1) - p'] a™ + Xto.,-1. 

As we have already seen Lt — -si, 

, , . , dm+x 2m(2m+2n + l) — p' 

and when m is very large we have — — = — ^ — , lx/0 — ro\ appro*-; 

J s am (2m + 1) (2m + 2) rr 

f a m _ \ (2m + 1) (2m + 2) - 2m (2m + 2n + 1) +p' 

\a m+1 / 2m (2m + 2n + 1) — p 

= 1 — n in the limit when m = 00 . 

For all cases except n = 0, this is less than 1, so that this test of convergence 
shows that all the series (corresponding to different values of n, except n = 0) diverge 
when x = 1. 

For the case of n = we must use a higher test of convergence. 
We have in this case: — 

a£ . — &— ultimately = ^- . - ultimately = 0, 

4 m * 4 m * 

so that for this case also the series diverges when x=\. 
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Now x = 1 on the axis of the spheroid, so that if we are dealing with physical 
problems that require the dependent variable to be expressed in terms of x and x 
throughout a region from which the axis of the spheroid is not excluded, we cannot 
make use of the series just considered. For such problems we are confined to the first 
case mentioned on p. 81. In other words we must have v 9 = 0, and then the series 
we obtain converge for all finite values of the argument. As before this limits us to 
particular values of p. 

The series just considered are the even series: but of course precisely similar results 
are obtained from a treatment of the odd series. 

The cases that will prove most useful to us in the discussion of physical problems 
are those corresponding U> n = and n = 1, and we shall therefore consider these more 
in detail. 

For the case of symmetry w = we have -r- (1 — a?) -^ + (p — W) y — 0. It will be 

rather more convenient to solve this in powers of \x, and taking 

y = a + a 1 (Xa?) a + ... + a n (X#) 8n + ... 
we get 2a 1 V+ptt = 0; 12a a X 2 — (6— p)ai — Oo = 0, 

v (2n + 1) (2n + 2) On+iV - [2n (2n + 1) -p] On - a nr _ l = 0. 

We have seen that for most physical applications p is confined to the roots of 
a» = 0. The determination of these roots proceeds exactly as on p. 60, et seq., the 
only difference is that in the present case we take v» = 2n (2n + 1)— p instead of (2/i) a — p a . 
Thus we can use our former work to give us the values of p with comparatively 
very little trouble. 

p {corresponding to v = 0), see p. 60. 

First approximation : v = v, .\ p Q = 0. 

Second. v + — — X* = 0, .\ v = - -=- ; p = -~ . 

Third. = «, + — - 2 -4;- - 4 \«, 



giving ft _ x«. 



•\ 



» ., A 2V 2V 3.4 2X* 3.4/3.4 5.6\ 
Fourth. = v + . + — . — h , 



*" 2 % , 4 ,„ 



3 135 ' 3 B .5.7 

2X* 2X 4 3.4 2X 6 /8.4\/3.4 5 . 6' 



km a . 2X * 2X* 3.4 , 2X 6 /3.4\/3.4 5 . 6\ 

_2X £ 3 . 4 T3 . 4 /3 . 4 5 . 6\ 5.6/3.4 5.6 7^8\1 

V, ' ViV 8 |_V,t; 9 \VjV 2 V 2 V 9 ) fl a V 8 VVjVa V 2 V 3 V3V4/J 



& 
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Hence up to X 10 we nave p = g - ^ V + y g y X 6 + ^ 7 — -y 8 .... 

p % (corresponding to ^ = 0) see p. 61. 

First approximation : v x = 0, .*. p 2 = 6. 

Second. 



Third. Vl + V r 1 ^ 2 + 3 -^) - V (^ . ^ = 0, 



Fourth. 



11 94 

1% ,/1 2 3.4\ w 3.4.5.6 , ,,3.4.5.6/5.6 , 7.8\ 

«, + X* I — - + - X 4 - h X* r + . 

\ », v, J «,*», vfv t \v t v t «,««/ 

o iL x « 11.. 9* « 21388,. 

So that JB2=6 + 2 r X« + ^ I y,V-- 9 -g ir7 ,X«.... 

Pi {corresponding to v t = 0). 

First approximation : », = 0, .*. p A = 20. 

Second. v t + \* f— +— ) =0, .-. p 4 = 20 + ^X». 

™. . .,,8.4, 5. 6\ ,,["1.2.3.4,5.6.7.81 . 

mrd - t,,+x (t~ + ir)~ x „■ + ~^~r 0, 

-on 39 ^« 62644 

..p 4 -^ + ^\ + 5."7T~lPTl3 A ' H '-- 

Similarly with the odd series let 

y = c Xz + Ci (Xa?) 8 + ... + c n (Xa?)* 1 * 1 + ... 
and we get (1 - a?) [Qc^x + 20cJSx* + . . . + 2n (2n + 1) c n X^x*"' 1 + . . .] 

- 2x [CoX + 3CHXW-I- 5C2XW + ... + (2n + l)/? n X 2n+1 aw + ...] 
+ (p-XW)[c Xa? + c 1 (>uc) , + ... + c n (>uc) n+1 +...] = 0, 
.-. -6c 1 X a + (2-p)c = 0; -20c 8 X a + (12-p)c 1 + c = 

- (2n + 2)(2n + 3) X^ w+1 + [(2n + l)(2n + 2) -p] c» + c^ = 0. 

In this case we take v n = (2n + l)(2r&+2) — p and proceed on exactly the same 
lines as before. 

p 1 (corresponding to root v Q = 0). 

First approximation : v = 0, .'. p 1 = 2, 



2 3 3 

Secmd. v + X a — ^- = 0, .\ p, = 2 + i X 2 . 



11—2 
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Third. v + W — -V 2 ' 3 ^ 4 ' 5 = 0. 

Thus ft ., + | x .- f J| g5 x« + .... 

p 9 (corresponding to Vi = 0). 

First approximation : v x = 0, .". p 9 = 12. 

Second. ^4-X'f— +—) = <), /. p, = 12 + |?X«. 

\ t; v 2 J r 45 

TO . j >,/2.3 4.5\ ^ 4. 5.6.7 A 
Third. Vi + X* + ) - X 4 r- = 0, 

23 7229 

•'■ ftxal2 + 46 Xi+ 2.8 i .6«.ll V+ " # ' 

p 5 (corresponding to v a = 0). 

First approximation : v 9 = 0, .\ p 9 = 30. 



Second. 



^ +v (¥ +6 t')- ' •••*-*»♦&»• 



raw. ^W'J+LVW^t'i^-* 

OA 59 % , 63338 w 

giving ft- M nffi x,+ y.5.y,i» x<+ 



. . • . 



Turning now from the case of symmetry (n = 0) to the case n=], our equation 
becomes (l-« s )^-4a?^ + (p- 2- XV)y = 0. 

If y = o + o 1 (>uc) 8 +...+a w (Xr) jn H-... 

we have 2o 1 X 9 + (p-2)a = 0; 12a 1 X 1 + (p-12)a i -a D «0, 

- (2n + 1) (2n + 2) On +1 X a + [(2rc + 1) (2n + 2) -p] a n + a^ = 0, 

and in the determination of p we proceed as before, the only difference being that 
now we have v n = (2n+ l)(2n + 2)— p. In this way we get 

14 8 

OA 19^, 1108 w 
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For the odd series y=c<>Xa? + c 1 (Xr) s + ... + c n (X#)* n+1 + ... , 
we have 6dX s + (p-6)c = 0; 20c a X a + (p-20)c l -c = 

-.(27H-2)(2n + 3)c n+1 X 9 + [(2n + 2)(2n + 3)-p]c n + c w _ 1 = 0, 

giving by the usual method 

3 4 8 

Ps = 20+ 77 V+ 7Tlim3 X4 + '" ' 

27 
#,= 42 + — X a + .... 

Just as on p. 63 the odd and even series obtained as solutions of our differential 
equation correspond to different values of p and so are really solutions of different 
equations. But having obtained one solution of our equation there is no difficulty in 
finding another. In the case of symmetry our equation is 



£.Q-*)i+(p-™)y = o. 



dx x dx 

Take y=uf+w where / is the solution already found. 
We then have 

£o--»£ + <,-**. + /.-£<i-*£+i<i-*££-a 

Choose u so that -7- (1 — #") t- = 0, which is satisfied by u = J log — — . 

Our equation then reduces to -»-(l — «^)-r- + (|> — XW) w = — 2 -J- , and we want a 

particular value of w (the sinipler the better) to satisfy this. 

If y=a o -j-a 1 0a+ ... (even), we assume w = -4 # + -4 1 d!* + ... (odd). 

Substituting in the differential equation and equating coefficients we get 

6A l + (p-2)A,**-4a l ; 20At + (p-12)A 1 -\*A = -8a i , 

(2n + 2)(2n + 3)A+i+b-( 2w + 1 )( 2w + 2 )]^»- x2 ^n-i s " 4 ( w + 1 ) a n+i» 
firom which we can determine the coefficients, in succession A (or A^ being chosen at 
pleasure. 

With the aid of these relations we can show just as on p. 65 that the series for 
w is convergent in the same domain as /. m 

Thus we have two independent solutions of our equation . 

y = f(x) and y = £log|— ^ xf(x) + w = F(x), 
the complete integral being y = Af(x) + BF(x). 
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The series defining / is convergent for all finite values of the argument; but F 
becomes infinite when x = ± 1, and so must not be used in regions where x can have 
either of these values. 

We proceed to find some series that approach 'asymptotically' to solutions of our 
equation and that will prove useful for numerical calculation for large values of the 
argument. 

Putting z=*ikx and y = u&, the equation 
^(l-^)^ + (p_\20») y= *O becomes (** + \*)^ + 2(*? + z + \*)?£ + (2z-p + \*)u = 0. 

Assume w = -° + 5 + ••• :^b + ••• an( ^ we £ et 

Z Zr fr** 

(z»+X')| — + — + -- + ... + »(» + 1)^35+. ..J 
-l(^ + * + X«)[^+^+...+^+...] 

+<*-p+v) [£+£ + ...+ J^+...]-a 

Hence +26, + (|>- V)6, = 0; 4&, + (p-2-X ,, )6 1 + X*&, = 0, 



2n&„ = [n (n - 1) + X* - p] &„_, - X« (n - 1) [26^_ - n - 2 VJ. 
So that if Mn = bn/bn-x we have 

2w „ =n _ 1+ Mz J ?_v^- i r-?-. (n _ 2) _L^l. 

__ i 

Thus when n is large, either u* is large and equal to 9 approximately, or if 

A, 8 T 2 B _2 1 
tin is small we have when n is larefe = 1 . and as this cannot be 

satisfied by a small value of u n , we see that u n is ultimately large, so that the series 
is ultimately divergent. But as before it is useful for arithmetical purposes if we confine 
ourselves to the convergent part, the argument being large. 

The solution thus obtained is (if z = \x), 

Changing the sign of * we get another solution 
and the complete integral is y = G£+ (z) + Zty- (s) where C and 2) are arbitrary constants. 
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As on p. 67 we shall take x + (,) - £M+£(*> ; % - (s) _ t - . djH!W , 
giving j^ (*) = - [ jR cos * + S sin A 

%- (z) = - [iJ sin s - flf cos *], 
z 

where J2 = & _^+ ... ; S-^-^+.... 

By proceeding very much as on p. 68 we can obtain some relations between the 
various solutions of our equation. Take s=r(cos0 + isin 0), obviously we have 

£+(-*) — $-(*); *-(-*)a-0+(j) or <£+(0 + 7r) = -<fr(0); jr (0 + *■) = - £+ (0). 
Also we have .?(*) = } log zf(z) + w(z) where w(z) is odd if / is even and 

Z — A> 

even if/ is odd. 

Taking / even, we have .F(- s) = £ log %-/("" *) + w (— *) 

" ~ [* log j^ fit) + w (z) ] " " F(z)> 

and if /is odd we get similarly F(— *) = + F(z). 

Then proceeding as on p. 69 we find these relations : — 
if f is even, /= a' (<f>+ - <f>~) = ajf", 

and iff is odd, /= «/ (<£+ 4- £-) = a^, 

The larger roots of /($) can be got from these results by the same process as 
on p. 70. 

For the even series (/<>/»••.) we require the roots of #~ (s)=0, 
i.e. R sin z — Scos * = 0. 

As before, putting 

. S z z> 

^*=R = —T % ■ 

o ~ - 8 + ••• 

our equation becomes tan (z — yfr) = 0, so that 2? = mir + ^r where m is an integer. 

Similarly with the odd series; and with the roots of /'(^) = 0. The smaller roots 
may be got by Horner's method as already illustrated on p. 72 directly from the 
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ascending series. For example, I find that the equation to determine the roots of fi(z) = 

is = 1 - -3^ + (-017857 + -0034285^) ** 

- (00059524 + -00031747^ - -00003047*) s 6 

+ (-00006764 + 0000111e»- -0000010885*) **+ ..., 

and the lowest root for e = 0, e = 01; e = 0'2; e = 03..., e = 0'9 is 2-0815; 20825; 20848; 
20865; 20902; 20961; 21035; 21124; 21233; 2-1364. 

The treatment of the equation corresponding to n = l instead of n = of our 
fundamental equation proceeds on quite similar lines. We have already seen that on 

putting y = Vl — a?.y l9 the equation becomes (1 — a?) -r£ — 4a?-^ + (p — 2 - W)y x = and 

we have obtained solutions of this in the form of ascending series of x. To obtain a 
solution corresponding to that on p. 86 we put z — ikx and y x = ue*, and the equation 
becomes 

. 6 h\ bo b n 

Assume w= -+-+-+ ... + — 4 -,+ ..., 

and we get 2^ = (X» - p) b ; 46, = (X* + 2 - p) ^ - 4V&, 

2(n + l)6 n+1 = [X» + n(n + 1) -p] b n +(n+ 1)X« [-rib*-, - 26„_,]. 

As before the series is ultimately divergent, but is none the less useful for pur- 
poses of calculation. The work on p. 87 is, with very slight and obvious modifications, 
applicable to these functions. 

If y and y x are two solutions of our fundamental equation corresponding to different 
, values of *, then y and y x have a " conjugate " property, which will be of use to us. 

We have ^(1 -^) J+ (P - XV) V = «> 

Hence /^-^-(V-M^yy^^m^d-^l'-y^a-^IJcte 



--[^-^-^-^ d £]>°- 



By aid of this property we can determine the coefficients in the expansion of any 
function of a/ in a series of terms like / n (#') by a process similar to that used when 
dealing with Legendre's or Bessel's functions. 

In the case where X»Xj but p^Pi the conjugate property takes the simpler form 
J yy Y dx^0. 
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The expansion of the function e***' in terms of our functions is interesting in 
itself and leads to some results of importance. 

If #j be the ordinary Cartesian coordinate of a point (the axis of x Y being the 
axis of the spheroid) we have x x *=hxx' in our notation. Now e***« obviously satisfies 
(V* + K*)yfr=*0, and is finite when #= ± 1, so that it must be expressible in a series of / 
functions. 

Assume then e**** = 2A n f n (\x)f n (\x). 

By p. 88 we have in this case 

Hence J* e***f n (W) dx' = A n f n (\x) f* j^x 7 )]' daf, 

a relation which must hold for all values of \x, (=z say). 

Now e ,Aaw = £«* = 1+1**?'--^ io" + — 

If l£ 

and fn (*) = «o + (h* H- ... if n is even, 

and = CoZ + <h& + ... if w is odd. 

Hence, if n is even, 

^Jl+izx'-^Jl^^ ...)/«(W)4/ 

= M„J Jj^f daf 1(00 + 0^ + 0^ + ...)- 

Equating the coefficients of different powers of z we see that I a/* r+l f n (\a/)dx'=Q, 
as is otherwise evident since /» (Xe') is an even function. 



We also get P /„ (W) dx' = a„il n J /„ (x^)!' das', 



which determines .A„, see p. 90, 

and -\f +A 0*0 <**' = | /' /» (V) <**'> 

I f * *V. (X-0 ^ = ? f fn (W) d*', 

and so on. 

Similarly if n is odd we have 

H / . , z*x'* iz*x* \ /A , w/ 

J ^l+utf--^-- .j + ...Jfni^dx' 

= \ A nj /„ (W)i a <&' KV + Ci«» + c^ 4- . . . J • 

Vol. XVII. Part I. 12 
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This gives I x fvn f n Que') dx' = 0, as is obvious, since /» is an odd function. 
j —i 

Also if 1 af/ n (\a/)da/ = c t A n j Jj£Jj\>dx', 

which determines A n , see below. 

And - |i j l _+f»<**0M-*f l _/A (**') <**'> 

1 J^*V» (W) <W - * J 1 ^'/n (W) <&', 

tg/>'— /»(X*W4;/_>n(A*')<**'. 

Now when w is even /»(X#) = ao + ... c^ (X# )" + a a (X# )* + ..., 

•'• P /n(^)| t(irs=a <>P fnQ^)dx + <hK % \ a?f n (\x)dx+... 

= -[ao 2 -a 1 a X t [2 + a a s X 4 |4...]/" f n (Xx)dx 9 
by p. 89. 

Similarly, when n is odd, we have f n (Xx) = cjuc + c x (Xa?) 8 + . . ., 

•"• f /n (>^)r ^ = - [Co'X ~ cA 8 ^ + c/X»|5 + ...][ ^n Qw) dx, 

J —1 VQ J —J 

by means of the relations above. 

Since / f n (Xx) dx and / xf n (Xx) dx are easily determined by direct integration 

of the series, we can thus determine I / n (Xa?)|* d^« 

The above gives us the value of the constant A n of this and the last page. When 
n is even we have 

j f n (Xx)dx 



aoJ^/ntX*)! 1 



dx- 



so that in this case -4 n =l/(a s -a 1 a X 9 |2 + aa 8 X 4 |4 + ...), 

and similarly, when n is odd, we get 

A n = i/co'X 8 - cA 8 13 + cA 8 [5 + ...). 

We shall proceed to discuss some physical problems, involving the use of the 
functions now under consideration. 
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Vibrations of spheroidal sheets of air. 

If c be the velocity of sound in air and ^r the velocity potential our characteristic 

equation is ~- = c l FY' Taking ^r to vary as &** 1 we get (V* + tcf)ylr = Q. As we are 

confined to a thin layer we may regard x as a constant, and so our fundamental 

d dyjt 

equation reduces to -r-,0> — #'*) -t 1 ? + (**«' — XV ! )faO. This is the same form as before 

with p = n?a\ 

If the layer is complete the series for yjr must be convergent for all possible 
values of of (i.e. from #' = — 1 to x' = l, inclusive), and so we have Tp* = Af(x'); \F{af) 
becomes infinite at the poles x = + 1] and the necessity of convergence at the poles 
determines the hitherto arbitrary constant tc, or rather confines it to certain definite 
values. See p. 82. 

If the layer of air instead of being complete is bounded by two parallels of latitude, 
then our solution is ^ = -4/ (a?') + J3/i(a?') where f and f are the odd and even series 
of p. 81. p is not now restricted by conditions of convergence, the series f(x') being 
convergent (whatever p be) provided x' < 1, which is the case in the present problem. 

At the bounding walls we must have -^l=0; so that if a/ = a, a/ = £ are the 

boundaries, we have 

Afi (a) + jy/(a)-O f 

Eliminating A : B we get the frequency equation 



/.'(£), /i'(/3) 
which determines the admissible values of k. 



= 0, 



If one of the boundaries (/9) is the equator, then the frequency equation takes 
the simple form fi (a) = 0. 

Returning to the case of the complete spheroid we shall determine the frequency 
corresponding to some of the simpler modes of vibration. 

Corresponding to p : (p. 82), 

12 4 
we have *'a a = Po = 3 v ~ 135 x '+ 35 5.7 X< + W» 

a 

and \=zhK = tcae t so that (1) becomes 

K*a* \l - l^ 2 + 1I5 *W + ••• 1 -fl- 
it follows from this that for our problem we must have *a = 0. The expression 
in brackets [ ] cannot vanish for real values of xa, to which we are confined in 
the present case. 

12—2 
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k being zero, ifr is independent of the time— so that there is really no vibration 
at all, and this so called 'mode' is without physical interest. 

Corresponding to p Y . This is the slowest periodic movement for the case of symmetry 
round the axis. The vibration is wnsymmetrical with respect to the ends of the 
spheroid. 



We have 



giving 



■W-j^+fv-g^V- 



4 



3.5 8 .7 



A» T • * • 



= 2 +-= «We»- ==■=, KWe* + ... , 

O o/O 

**<&».= 2 + 1 . 2e 2 + 692e 4 + '38eP + ... . 



e 


k*o* 


a x frequenoy 


wave length/a 





2 


7439 


4-450 


01 


20121 


7461 


4436 


0-2 

i 


20491 


7528 


4-396 


03 


21136 


7647 


4-328 


0-4 


2209 


7818 


4-234 


05 


2-3491 


8061 


4106 


0-6 


2-5397 


8383 


3-948 


0-7 


2-7892 


8786 


3-767 


0-8 


31497 


9335 


3-546 


0-9 i 


3-6181 ' 10,000 


3-310 



The ratios of the frequencies for e = 0'l ... e = 0*9 to that for the sphere (e = 0) 
are 1-003; 1012; 1028; 1051; 1083; T126; 1181; 1214; 1330. 

The interval between successive cases is rather more than a comma, that between 
e = 0*8 and e = is rather more than a minor third, and between e = 0*9 and e = is 
just about a fourth. 

If then the sphere gives out the note c (or Do) 



the spheroid e = ^ „ 



» 



» 



n 



» 






» 



» 



*> 



« » 



>i » 



m t> 



d (or Re) very nearly, 
e (or Mi) fairly nearly, 
/ (or Fa) very nearly. 
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For the sphere to Bound the middle c of a piano (c'; frequency 264) it must have 
a radius a = 28 centimetres =11 inches. 

If the eccentricity is -fa then a = 31 centimetres (12£ inches). 

a =37 „ (14$ inches). 



>i nr >» 



The accompanying rough sketch will illustrate to the eye the influence of size and 
eccentricity on the note emitted. 




6 = 



6 = 0-6 






e = 0'9 




6 = 




6 = 0-56 




e = 083 



6 = 0-83 



94 Mk MACLAURIN, ON THE SOLUTIONS OF THE EQUATION (F' + ^)^=0 

Corresponding to p» (the slowest symmetrical vibration), 

/. 11., 9* .. 21388 _ , 00 . 
««a» =^ = 6 + 2j X» + (21) , X« - 99-^71^ ». (P- 83) 

„ 11 . , . 94 A _ 21388 . . . , 

■ 8+ n AV V^"7 r 5ni9 + '"' 



so that 



/Ai 8 = 6 + 314e 9 + 2** - 146 6 + ... 



• 

e 


irW 


a x frequency 


wave length/a 


Ratio of 
frequency to 
that for «=0 





6 


12883 


2569 


1 


01 


60314 


12918 


2563 


1003 


02 


61286 


13020 


2-544 


1-010 


03 


6-2978 


13201 


2-507 


1024 


04 


65459 


13461 


2-459 


1045 


05 


69136 


13830 


2393 


1073 


06 


7-3238 


14234 


2-325 


1105 


07 


7-8456 


14734 


2-247 


1143 


08 


8-4620 


15301 


2163 


1186 


0-9 


9-3266 


16063 


2061 


1-247 



The interval between the notes corresponding to e = and £ = ■& is just about a 
comma: between those for 6 = and e = -& about a major third. 

We shall now turn to the case of non-symmetry about the axis. Taking ^r to vary 
as sin <f> (where <f> is the azimuth) we have n = 1 in the equation of p. 80. 

Corresponding to p (the gravest note we can get), 

14 8 



giving 



= 2+^aV-^(«a)^ + 2^ 5 («a)^+..., 
* 8 a* = 2 + 0'4e 8 + 0-062e* + 0-006^ + . . . . 



The values are tabulated on the next page. The lowest note in the series (that 
for the sphere) is the same as that in the mode discussed on p. 92. But for the 
same eccentricity (except e = 0) the notes in this mode are rather lower than in the 
mode on p. 92. In the present case if the sphere gives the note Do (c), then the 
spheroid £ = ■& gives out a note slightly lower than Re (d), while the note corresponding 
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to = -^ in the mode of p. 92 is Fa(f). The spheroid e = -& gives in the mode of 
p. 92 about the same note as e = -& in the present mode. 



e 


«V 


a x frequency 


wave length/a 





i 2 


7439 


4*450 


01 


2004 


7446 


4*445 


02 


1 2016 


7468 


4*432 


03 


2037 1 7508 


4-409 


04 


2066 


7561 


4 377 


05 


2104 1 7630 


4-338 


06 


2152 


7716 


4289 


07 


2211 


7822 


4231 


08 


2282 


7944 


4167 


09 


2367 


8093 


4090 



Corresponding to pi 



/rt^ 



Q At ft 

p, = 6 + ^ X«- ^ \« + 3377-, V + •• 



6 + ?*W- 



8 



so that 



7— 1029W + 337i>W + -> 
*»a» = 6 + 2-57e» + 0-96e« + 033c 4 + . . . . 



e 


«W 


a x frequency 


wave length/a 





6 


12883 


2569 


01 


60257 


12916 


2562 


0-2 


61032 


12996 


2-546 


0-3 


6-2393 


13141 


2-519 


0-4 


6-4375 


13347 


2-480 


05 


6-6067 


13528 


2-446 


0-6 


70632 


13980 


2-366 


0-7 


7-5226 


14427 


2-294 


08 


81242 


14994 


2-207 


0-9 


8-8902 


15686 


2110 
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The notes of this mode are rather lower than in the corresponding cases on p. 94; 
e s- ^ of this mode nearly corresponding with e =• -ft of the former. 

Vibrations in a hemi-spheroidal sheet 

The symmetrical vibrations (corresponding to p 2i p 4 ...) make the equator nodal, 
so that we may at once adopt the above results to vibrations in a hemispheroid closed 
at the edge. The notes are given on p. 94. 

The unsymmetrical type (corresponding to p l9 p 9 ...) make ^r = and therefore ^ = 
at the equator (#' = 0). Thus in these modes there is no pressure variation at the 
equator, so that there is a loop there. If we make the rough assumption usually 
adopted in the elementary treatment of open ends — viz. that there is a loop at the 
end, we can thus apply our results to the determination of the notes in a hemi- 
spheroidal layer with an open end (open at the equator). The notes are given on pp. 
92 and 95. 

The case discussed on last page (n = l) gives us the gravest note in a quadrant of 
a spheroid, closed at the sides and open at the equator. 

A problem that is analytically closely analogous to the one just discussed is the 
investigation of the modes of vibration for the electrical oscillations in a thin homceoidal 
layer of dielectric between two conducting spheroidal surfaces. There are clearly two 
perfectly distinct types of oscillation. In one the wave surges backwards and forwards 
between the bounding surfaces, the magnetic force being normal to the ellipsoid and so 
the electric force tangential. In this type the wave length will be comparable with the 
thickness t of the layer, and the frequency will be consequently excessively great. The 
longest wave will be that which crosses the layer and gets back again in a period, so 
that its wave length is 2t and there will be harmonics of wave lengths t, §t, etc. 
For the other type— which we are now to examine — the waves advance along the 
ellipsoidal surface, the electric force being normal to the ellipsoid and the magnetic 
force tangential. 

The electric force R is normal to the spheroid. Let the line element on the 
spheroid be given by da* = -ry + tY . 





Then, on applying the fundamental circuital laws of Faraday and Ampfere to the 

( K dR) 

elements ABEF and ABCD, we get -J with help of relation Ws= ~a~ ~&\ > 

j-VR _ . , f 3 (h x 1 d(rR)\ , _3 /*. 1 MrR)\\ 

* K w~*' ni ^lM\h 2 '^~W~) + d<i>[h 1 '^ d$ )y 
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Owing to the symmetry about the axis rR is independent of (f> and our equation 
becomes 



„9lR , , d /A, 1 ZtR\ 



, . d /*,18(tJI)\ ... 



A, 
if m is constant, as we shall suppose. 

"Now A« — P* _, * "" a? * . lj_ * 



and for a homosoid t = op where a is a constant, or t = a . — , . 

v a 3 - a?' 8 

Substituting in (1) we get 

or if +-&/</*=&, /i ZA , (^-^)^ = ^(l-^*)^- 

Putting o= .—-. so that c is the velocity of propagation and taking -^r to vary 
as e 4 "* we get 

where \ = A#. 

This is exactly the same equation as we had to deal with in considering the 
vibrations of spheroidal layers of air. The solution is of course the same as before: 
p = W = K*a* being determined in the case of a complete spheroid by the condition of 
convergence at the poles. The only difference is that c, the velocity of propagation, is 
different for the two problems. The wave lengths are the same in both cases; and have 
been determined in some of the more important cases on p. 92 et seq. 

m 

If the surface is not complete, but is bounded by a parallel of latitude x y we must 
consider the condition at the edge. The layer of dielectric being supposed very thin, 
it is clear that the current (i) at the edge will be almost entirely tangential (along 
the parallel of latitude). Thus the boundary condition may be taken to be the vanishing 

op 

of the component of the magnetic force along the parallel of latitude or o~> = at the 
edge. 
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Since B = Va? — x'* . fy the boundary condition becomes 

(x*-x*)^-x'^=0. 

At the equator of = 0, and the boundary equation is then ^ = 0, so that the 
conditions are exactly the same as in the sound problem with a closed edge. See p. 96. 

Vibrations of air contained in a spheroidal envelope. 

If ^ is the velocity potential our characteristic equation is ~5a ^^N^ ^° fl °l ve 

which we take tfr to vary as e** rt and proceed as on p. 79. 

If we are dealing with a complete spheroidal surface we must confine ourselves to 
the / functions, and take 

1r = XA n Mx)f n (x')e>«*. 

At a rigid boundary -jt- = 0, so that the boundary condition is /*/(#<>) — 0> which 

determines the admissible values of k. 

We have already shown p. 87 how the roots of this equation can be obtained in 
any case. The gravest note will be the fundamental one of the type y—/i(x)f 1 (a/)e^ et 9 
the values of k being determined by roots of // (x Q ) = 0. 

On p. 88 we have given the lowest root of this equation for different values of 
the eccentricity of the bounding spheroid. We thus get these results : — 



e 


KOL 


ax frequency 


wave length/a 


Ratio of 

frequency to 

oasee=0 





20815 


10950 


30186 


1 


01 


2-0825 


10955 


30172 


10005 


0-2 

i 


20848 


10960 


30158 


1-0010 


0*3 


20865 


10975 


3-0117 


10024 


0-4 | 


20902 


10993 


3-0061 


1-0042 


0-5 

1 


2-0961 


11026 


2-9978 


10070 


06 ! 


21035 


11064 


29876 


10104 


07 ! 

1 


21124 


11113 


2-9745 


10150 


0*8 


21233 


11170 


2-9594 


1-020 


0-9 , 


21364 


11240 


2-9411 


1.0264 
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The moat striking thing about these results is the exceedingly small influence of 
moderate eccentricity on the frequency. 

The interval between the fundamental notes for a sphere and a spheroid of eccen- 
tricity ^y is less than a comma. 

For the sphere to sound the middle c of a piano (c') its radius must be 

a = 41487 centimetres = 16 J inches. 

If the eccentricity is \ then a = 41 # 764 centimetres = 16'444 inches. 

A ,, a = 42-57 „ =16-761 „ 

If we wish to find the motion of the enclosed air due to a given normal motion of 
the bounding spheroid, we have 

-x~ = a ./(#'*) e Uct (say) when # = #<»; 
and so we assume ^r =Af(af)f(x) e****, the boundary condition being Af(x Q )=a f .*. A =^- 



and our solution becomes -dr = a^~— r/^) c ** ct ' 

To determine the motion of air contained between two confocal spheroids, we must 
use two independent solutions of our fundamental equation, neither of which become 
infinite anywhere between the spheroids. 

We may take ^ - [Af( x ) + B <t> (*)]/(*') &*- 

When x = 8i and &=#,, we must have ^±- = 0. Hence 

4/"(^)+5f(^) = 0, 4/' / (^) + J B0 / (^) = O. 
Eliminating A :B we get v 

which is the frequency equation to determine k. 

On the communication of vibrations from a spheroid to the surrounding gas. 

We shall suppose the disturbance due to a periodic normal motion of the surface 
a? = a? . If the normal displacement is ^>{x')e Uct we can expand <f>(x) in a series of 
f{x) functions, so that at the surface a? = a? w e have to deal with a boundary condition 

of the form ^=f(\x f )e Uet . 

ox 

To represent the motion in the surrounding gas we want a solution appropriate to 
divergent waves; and so take yfr=^A<lr(z)f(z / )e iKet > where z = \x, at = \x'. 

The boundary condition gives 1 = \A<f>'-(z ) so that 



+-&&"*'. 



13—2 
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g— it 

At a great distance from the spheroid z is very large, so that <fr(z) = b — 

z 

approximately. 

Hence at a great distance from the spheroid we may take 

h & (jcet-*) 



\<f> (z ) J /ea 

where a is the semi-major axis of the confocal ellipse through the point in question. 

In estimating the energy emitted by the vibrating spheroid we may note that 
since there can be on the whole no accumulation of energy between two spheroidal 
surfaces, the energy transmitted across any of the confocal surfaces must be independent 
of z. Thus we may if we choose take the particular case when z is very great for 
estimating the transmission of energy across any one of the confocal spheroidal surfaces. 

g* {met— t) 

Now we have just seen that when z is very large we may take ^ = Af(z) 

z 

where A = b /\4r 1 (z ). 

The energy transmitted across a spheroid z up to time t is 

T- f* jj -*%* 

With the usual notation pdp = ada = h*xdx ; p'dp = h*x'dx\ 

ii' 

dS = 2iry. dp' = 2ir -j- dp'=2-!rh V(^ - 1) (1 -a?'») . dp 1 . 

But Ml.^; /-W^m, ., i-^g, 

«2irA(rf-l)|J<fc'. 



.-. W^fdtj 1 -p^2rA(^-l)|£<2^. 



As already explained, we may take the expressions for ^ and £ corresponding to 
large values of x. 

A i irtet—z) 

This gives ^ = iiccAf(z') , 

z 

when z is large. 

Hence TT= fdt J* P KC\A*f(?t ^y~ ' 2vh (£ " *) dx '' 



IN ELLIPTIC COORDINATES AND THEIR PHYSICAL APPLICATIONS. 101 



If we integrate cos m/c (ct — a) {m an integer} with respect to t over any number 
of periods we get zero: while the integral of cos*#(c£ — a) or sin* /c(ct — a) is $t, where 
t is the time. Thus integrating over a long range of time— or rather over a range 
including a number of periods — we have 

W = ±.t. P KC\\A\*2Trh(±-^^ {f{\x')Yda/ 9 
where \A\ is the modulus of J. = mod. 



X^" 1 (z ) 



Also since we are supposing z very large - may be neglected and we get (re- 



membering that X = h/c) 



W=irpc\A\*[ l jQ^fdx, 



Scattering of waves by an obstructing spheroid. 

Suppose a series of plane waves with their fronts perpendicular to the axis of a 




Y 



spheroid move towards the spheroid and are scattered by it. The velocity potential of 

the impinging wave is 

^ = j* «*+*>) = jKct e xto* t 8ee p< 89, 

= e<*«%A n f n (\x)M\a/) f 
where the coefficients A n are determined as on p. 90. 

For the scattered wave we take ^r = e*** I,B n <f> n - (Xa?)/ n (Xa?'). 
At the surface a? = *r we must have 

3a? dx ' 
.'. A n f n ' (\x ) + B n 4> f r'(\x ) = > 
which determines B nt so that the velocity potential of the scattered wave is known. 

At a distance from the spheroid we may take <f> n " (Xa?) = b -^- giving 



yip = 



\X 



2B n f n (\x'). 



We shall now turn to a brief discussion of the electrical oscillations over the 
surface of a spheroid. 
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Consider the case where the currents are in meridian planes through the axis of 
the spheroid and the magnetic force in parallels of latitude. If a, 6, c denote the com- 
ponents of the magnetic induction parallel to rectangular fixed axes, c being along the 
axis of the spheroid, we have c = 0, and 

a = sin <j> . x (*w0» 
b = — cos <f> . x («a0- 

If as usual we take all variables proportional to e 1 * 1 we have (F 8 + **)a = in a 
dielectric, where /c=*p/V, V being the velocity of propagation in the dielectric; and 
(V* + /c'')a = in a conductor, where tc' % = - 47r/np/<r, the conductor being of specific 
resistance a and magnetic permeability ji. 

Since in the present case a = sin <f> . x (*of)> we see th ftt X * 9 a solution of the equation 
on p. 80 for the case n = l. 

Thus inside the spheroid we have 

a = A sin <f> ./(X'ff)/(XV) 4* % 
b = - A cos <f> ./(X'a?)/ (XV) e*«, 
c = 0. 

And outet'cte (in the dielectric) 

a = B sin </> . 4>- Quc)f(Xx) e<** t 
b = - £ cos <£ . <£- (Xa?)/(Xa') «*«, 
c=0. 

Since the tangential magnetic force is continuous we have 

-/(V*.) = .B<£-(W. 

a? = #o being the bounding spheroid. 

Another surface condition is got from the consideration that the electromotive intensity 
parallel to the spheroidal surface is continuous. Now the oscillations of the surface 
distribution of electricity are very rapid for ordinarily sized spheroids — the wave length 
being comparable with a diameter of the spheroid, and the velocity of propagation very 
great. 

But we know that in the case of very rapid oscillations the disturbance is confined to 
a very thin 'skin*. 

Inside this skin there is no e.m.f. [or there would be an electrical disturbance, which 
does not occur]. Hence for continuity of E.M.F. we see that the tangential e.m.f. vanishes 
at the surface of the dielectric. 

To get an expression for the e.m.f. we make use of the circuital relation of Amp&re, 
that the line integral of the magnetic force round a circuit = 4ir x current through the 
circuit. 
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Apply this to the ring-shaped circuit in the figure and we find, if H is the 
resultant magnetic force and C the intensity of the current, 

4nrC . 27ry . dp = -5- (2iry . H) dx. 




Air 
Now the E.M.F. parallel to C in the dielectric is -r-jfC, and we have seen that 

this vanishes, so that our surface condition is 



when x = x , and 



y=AV(tf»--l)(l-a/"), 



(V^o 11 - 1 •" ( W] - 0. 



Now from p. 88 we see that 

<f>- (\x) = 



Va?- 1 






so putting z = \x 09 the frequency equation becomes 

£-[(»-S)(«^--M-* 

In the case of the sphere, X = and the series for ^ n ~(Xa?) are finite, so that 
the problem is very easy. The most important case corresponds to n = 0, giving p = 2, 

6 l = -6 , b % and all other 6's vanish, so that ^ fl -^r*=»0, *•-**- 1 =0, and 



z = \x = /ca = 



vt ,ijlr 



Thus € fr* = e i * vt = e~** e t ~to~\ Thus the frequency is 



FV3 

47ra 



and the modulus of 



2a 



decay is -p, so that for ordinary sized spheres the vibrations are almost "dead beat." 

For values of X other than zero the question is not so easily answered. The 
modulus of z for the case of the sphere just considered is unity, and in the general 

case the series b -\ — - + . . . converges only for large values of the argument. For small 

z 



104 Mr MACLAURIN, ON THE SOLUTIONS OF THE EQUATION (P + O^O 

values of the eccentricity we can get z from this series sufficiently accurately, as 
the coefficients &,, 6,... will be very small; but for larger values of e it will be 
necessary to replace this descending series by the ascending ones / and F, in the 
manner indicated on p. 87. 

If we wish to consider the oscillations between two confocal spheroids (conductors) 
we must take, in the dielectric between the conductors, 

a = sin 4> .f(Xx') e*< [Cx + (\x) + Dx" (Ml 
6 = — cos0... ; c = 0. 

By the same argument as before we must have -r-(ylf) = when x=*x x and x = x 2 
(the bounding surfaces), 

•• • ^ {[Cx + (**.) + IhC (**0] V^^I} = ; A {[0 X + (3UV) + D x ~ <X-%)] V ^ IT } - °. 

and eliminating C:D from these two equations we get an equation to determine the 
frequency and modulus of decay. The case of a thin homoeoid has already been discussed 
on p. 96. 

On the decay of electric currents in conducting spheroids. 

First take the case when the lines of magnetic force are parallels of latitude. 
Then just as on p. 102 the tangential magnetic force in the conductor is Af(X , x)f(\ / x , )e i P t , 

where ip = — - — . This must be continuous at the surface of the conductor, and if we 

neglect displacement currents it is zero in the dielectric. Thus the admissible values 
of k are given by f(\'x ) = 0, where x = x is the surface of the conductor. 

We have already shown how the roots of this equation are to be found. The 



«.* 



tangential magnetic force is 2,A i f(\ i 'x)f(\ i 'x')e *** , where the summation extends to 
the different values of k 9 given by the roots of / n (V# ) = 0. The constants A, are 
determined in terms of their initial values by the usual process (see p. 88). 

Next take the case when the currents are in parallels of latitude. If P, Q, R denote 
the components of E.M.F. (corresponding to a, 6, c of last problem) we have: — 

Inside the spheroid P = A sin ^/(X«)/(XV) $***, 

Q = — A cos(f> ... ; i£ = 0. 

Outside the spheroid (in the dielectric) 

P = B sin <f><&- (\x)f(\x f ) &\ 
Q = — i? cos <£...; i2 = 0. 

The continuity of the e.m.f. parallel to the spheroidal surface gives 

Af(\'x,) = B<ir(Xxt). 
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Another " boundary equation " is got by considering the fact that the magnetic 
induction tangential to a meridian is also continuoua By making use of the circuital 
relation of Faraday and proceeding just as on p. 103 we get in this way 

Eliminating the ratio A : B from the two boundary equations we get 

This equation can be considerably simplified by noting that the currents will decay 
so slowly that p/V must be a very small quantity. Thus X is in this case exceed- 
ingly small. 

When X = the equation on p. 88 becomes „ 

*^ + *(*+*f)J+(4»-p + *)»-0, 

while p = n (n + 1). 

If we solve this in ascending series in the form tt = a TO *" -B * + a TO+1 #~ n+1 + ..., we have as 

the indicial equation m 8 — 3m + 2 — w(n + 1)=0, so that wi«w + 2, and we have yi = a v . w+a 
approximately when X is very small. 

Hence when X is very small we have 



<*>n~ (Xtf) = a Vs* - 1 



■"* *v^ = -V^T' 

So that the frequency equation becomes 

(1 + np) x f n (\\) + X' ( V - l)/ n ' (X'* ) - 0, 
and when /a is very great this is practically equivalent to f n (X'o? ) = 0. 

Various problems on the conduction of heat in spheroids may be discussed on the 
same lines as above. 

For an isotropic solid of specific heat c, density p, and uniform conductivity tc l9 
the equation of conduction is xr = - 1 V*v t where t; is the temperature. 

Suppose we have a spheroid with its surface w = x kept at uniform temperature v 
and wish to ascertain how the heat diffuses into the interior. We take v — v to vary 

as 6 _cp and so get (V 9 + **) (v - v ) = 0, 

.-. »-»,-24»/«(X*)/.(W)r* , 
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which represents a temperature gradually approaching v everywhere. The surface con- 
dition gives f n (X# ) = 0, and so determines the admissible values of k. 

Initially (when £ = 0) we have v = v + 2,A n f n (\x)f n (\x'), and to determine the 
constants A n we should require to expand the initial temperature in a series of this 
form. (See p. 88.) 

For example suppose that initially v = v + Af (\x)f (\x), then at time t we should 

have v = v + -4/ o (Xa?)/ o (W)e cp . The 'modulus of decay* is -^= — -, — ^. The values 

•" x vov ' * k x k* «! . (icaf 

of /ca are the different roots of f o (/ca) = 0. The decay is slowest for the smallest root. 

Calculating this by the method of p. 87, and taking — = ri3 for copper and = 0*22 

cp 

for iron, we are led to these results: — 



e 


xa 


MoJUns/a s 
in Beconds 
for Copper 


Modulus/a* 

in seconds 

for Iron 


Batio to case 

« 





31416 


08964 


•4615 1 


01 


31538 


08853 


•4547 


9877 


02 


31902 


08696 


■4467 


09701 


03 


3-2528 


08381 


•4295 


09328 


04 


3-3476 


•07898 


•4057 


0-8810 


05 


3-4785 


•07319 


•3760 


08166 



If the surface temperature is a given harmonic function of the time, say v e i<rt , we 
take v to vary as &* and get (F 8 + **)i/ = 0, where « a = — io-. — . 

To represent waves of heat travelling inwards from the surface we take 

v = XA n <f> n + (X*)/ n (X*0 0". 

The constants A n are determined from the surface condition which makes 

v = XA n <l> n +(\x )f n (Xx'). 

Suppose the surface temperature is v f (W) e*"*, where v is a constant. [We know 
that when X = 0, /« (Xa?') = P n (of), so that for small values of \ fo(\x) differs very 
little from a constant.] 

Then the temperature at any point of the spheroid is given by 
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We have **= — ia — = — iam say, 

•'• ^y igrO-*); * = Xa? = *a = y ^(l-i)a; X = a 6/y/y (1-t), 

Now V(V)-4^.«-7(l-y-^...)-7«^»y, 

and <D + (Xx ) = — J8/*. 

^0 



So 



This represents a wave moving inwards from the surface with velocity 

/2a _ j %ric x 
V m V cp 

The phase is not the same throughout, the change at the surface a from that at a^ 
being yfr — ^r . The amplitude also diminishes as we go inwards, its ratio at a to that 



at the surface «, being g . r^ M . 



Making use of the relations connecting the coefficients b t , 6] ... on p. 86, and 
using the value of p on p. 82 we easily get, 



^ * UVT 12a>) a >* 135VI.« ° " 

. OoV /w |~, / 8 V2m<r\ a ■«* , 2mW ) 4 e' 

-• toV -fL 1 -r*+— — j^5- + -3V5T7-- 

and of course -R^ is got from this by writing Oq for a. 
Thus tanifr = -. 



»-['-(k^-ib)*--*J ,+ ^t[ , -< >••* 

The quantity — is the "thermal diffusivity " of the substance. For copper we may 
take — = 113 and for iron — = 0*22. We have seen that the velocity with which the 



m m 



1 
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wave travels inwards along the axis is a/ - . If the period were ten minutes, this 

would give a velocity of '02367 centimetres per second for copper and "004609 for iron. 

The following table gives the change of phase and amplitude on the spheroid a = 20, 
the surface a = 30 being exposed to a fluctuating temperature, the period 10 minutes. 



Eooen- 
trioity 


B/B„ 

1 


Batio of amplitude 

at a=20 to that 

ata,=80 


Differenoeofphaee 

(fo~f) between 
a=30 and a, =80 





1 


0-91074 





01 


0-9999 


091064 


4' 


0-2 


0-99954 


0-91032 


14' 


0-3 


0-99826 


0*90915 


28' 


0-4 


0-99761 


0-90856 


42' 


05 


0-99529 


090644 


50' , 



1 
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1. The object of this paper is to discuss the Theory of quadratic complex numbers 
from the point of view indicated by Prof. Klein in his Lectures on Mathematics (1894), 
Lecture VIII. on "Ideal Numbers." 

A quantity <f> which is a root of an equation 

at" + cwf*- 1 + ... + On = 0, 

the coefficients o^, a*, ... On being rational numbers, is called an "algebraic number/ 9 
(See Weber's Lehrbuch der Algebra, Vol. n., Chapters 16 and foil.) In particular, if the 
degree of the equation of lowest degree satisfied by <f> is 2, <f> is "an algebraic number 
of the second order," or more briefly, a "quadratic number." I do not propose to 
discuss non-integral quadratic numbers, and I shall therefore speak of " quadratic numbers/' 
meaning thereby " quadratic integers." [<f> is an " integral algebraic number " when 
Oj, Os, ... On are all integers.] 

Every quadratic number is then a root of an equation 

a? + a x x + a, = 0, 

where Oi and Oj are integers. Solving this equation, we obtain 

' - d! + VV - 4«a 
+ 2 

Let Oj 2 — 4os = e*d, where d does not contain a square ; then 

, — Oi + eVS 
* 2 

Note that d = 1, 2, or 3 (mod. 4), for if d were = (mod. 4) it would contain a 
square, contrary to hypothesis. 
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There are now two cases to be considered: — 

(1) <*! even: then e is even, and (2 = 1 or 2 or 3 (mod 4), and therefore <f> is 
of the form x + yfd, where x and y are integers. 

(2) Ox odd : then e is odd, and d = 1 (mod. 4), and therefore <f> is of the form 

x + y *Jd 
2 ' 

where x and y are odd integers ; this may also be written 

. - ,1 + Vd 
<f> = x +tf—2— f 

a' and yf being integers, and y' being odd. (In the volume above cited, pp. 601 and 
folL, Weber discusses these systems of quadratic numbers and obtains the above results.) 

I shall only consider the case d negative; the resulting quadratic numbers are 
"complex, 1 ' in the usual sense of the term. And I shall call numbers of the forms 

« + y V3 and x + y — r — numbers of the first and second "type" respectively. It will 

be convenient to use the symbol in lieu of s/d, or of — ^ — , so that for any 

assigned value of d, and whichever type is being considered, the general form of the 
numbers of the system is 

x"+ yd. 

In the first type, 0* — d = 0; 

■i j 

in the second, 6* — H — - A — = 0. 

4 

By a "system," I mean the totality of numbers of the form x + y0 of a given type, 
for a given value. of d. 

2. The product of any two numbers of a system is a third number of the system; 
in fact, for a system of the first type, 

(x + yff) (x 1 + yf0) = {xaf + dyt/) + (xy' + x'y) 0, 

and for one of the second type, 

(x + y0)(x'+y'0) = (xx' -l^y?/^ +(xy' +x'y + yy')0. 
Each system is therefore, for multiplication, complete in itselt 

When however the question of factorisation is considered, a system is not necessarily 
complete in itself. E.g. 

6 = 2x3 = (m- V^~5) (1 - V^~5). 

Thus in the system of the first type, given by d = — 5, the number 6 can be 
decomposed in two distinct ways into prime factors. In face of this difficulty, Dedekind 
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invented his theory of " ideals " (Supplement XI. to Dirichlet's Zahlentheorie) ; and Weber, 
in his Algebra, follows the same method. This theory, owing partly to its generality 
and partly to the novelty of the conceptions introduced, is difficult; Kleins treatment 
introduces clearness and simplicity. Gauss' Composition Theory in the Theory of Binary 
Quadratic Forms is in fact the key to the factorisation of quadratic numbers. The 
connection between the Theory of Binary Quadratic Forms and the Theory of Quadratic 
Numbers is due to the fact that every principal form of a given determinant is the 
product of two conjugate quadratic numbers. 

When D = (mod. 4) = — 4d, the principal form of determinant D* is a? — -j y", which 

is equal to {x + y \^— d){x — y V— d). 

And when D = 1 (mod. 4) = 1 — 48, the principal form of determinant D is 

a? + xy + Sy», 

/ 1 + VB\ / l - V2)\ 

which is equal to ( a? + y ~ — ) I x + V — 5 — ) * 

Since D is to be taken negative in this paper, d and 8 will henceforth denote 
positive integers. 

The product of a quadratic number and its conjugate will be called the " norm " 
of that quadratic number. The norm is evidently a real positive integer. 

The following notation will be convenient: — 

a, 6, c, ... denote quadratic numbers, a', b\ c', ... their respective conjugates, and 
A, B, C, ... their respective norms, and 

A = aa=N{a) = N(a'). 

If then a = bc, 

it follows that A = BC, 

so that to every multiplication of quadratic numbers, corresponds a composition of 
quadratic forms. 

Now Gauss' law of Composition asserts, that if / and /' are two quadratic forms 
of the same determinant, then the product of any two integers representable by / and 
/' respectively is representable by a definite form F (which according to circumstances may 
belong to the same class as either / or /', or may belong to a different class to either). 
If A is an integer representable by the principal form, and if B and C are factors of 
A representable by forms belonging to classes other than the principal class, and if 
A = BC it is evident that there corresponds the factorisations a = bc and a 7 = b'c\ where 
b and b' are the linear factors of B regarded as a quadratic form, and similarly c and 
c' of a 

* As suggested by Klein, I write a quadratic form ax 2 +bxy + cy 2 : its determinant is D=& a -4ac. 

15—2 
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To complete a system of quadratic numbers, it is therefore necessary to introduce as 
"numbers" of the system the linear factors of the representative forms of each class 
for the given determinant: the numbers thus introduced will be called "secondary," in 
contradistinction to the "principal" numbers originally defined: they will be denoted by 
x\ + yp, where x and y are any real integers. 

3. It is clear from what precedes that the properties of a system of quadratic 
numbers are very intimately connected with the number of classes of Quadratic Forms 
of the corresponding determinant D. Where there is only one such class, the corre- 
sponding system of quadratic numbers of the form x + yd is complete, not only for 
multiplication but also for factorisation. The negative values of D for which this is 
the case are 

_3, -4, -7, _8, -11, -12, -16, -19, -27, -28, -43, -67, -163 

(see table in Gauss' Werlce, Bd. II. p. 450). 

The first two of these cases are well known ; D = — 3 gives the numbers x + yp, 
where p is a cube root of unity, and D = — 4 gives the numbers x + yi, i being a fourth 
root of unity. 

As my object is to consider the character of the secondary numbers, in the form in 
which Klein has presented them, I shall set aside the systems of quadratic numbers for 
the values of D above given, and shall devote the remainder of this paper to the con- 
sideration of the case which comes next in simplicity, when there are two classes only of 
quadratic forms. 

The negative values of D for which this is the case are given by — D = 15, 20, 24, 32, 
35, 36, 40, 48, 51, 52, 60, 64, 72, 75, 88, 91, 99, 100, 112, 115, 123, 147, 148, 187, 232, 
235, 267, 403, 427. (Gauss, loc cit.) 

When D = — 15, the forms representing the two classes are 

x* + xy + 4y», 
and 2x* + xy+2y*. 

The former is equal to 

/ 1 + V^l5\ / 1 - V^15\ 

(*+y — 2 — ){ x+y — 2 — j ; 

the latter may be written 
and hence it is 

(' — 2 — + y — 2 — )\ x — 2 — + y — % — )' 

and therefore X » = , fx = 5 . 
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The object of expressing the linear factors in this particular form is to ensure that 
the product of two secondary numbers should be a number of the system: this is now 
the case; for 

V5 + V^3V l + V-H^ 



/V5 + V-3Y l+V-15 a 
X ={ 2 ) = 2 -*' 

_ /Vo" + V^3\ / V5 - V^3\ a 



a » /V6-y-3y l-V-15 , l+V-15 , - 
and M ««( - j. g = 1 _ _i_fc 

Also we have X0 = \— 2/a, /m0=2\. 

If, however, we took 



we should find that neither of these factors behaves as an integral number; for 



/ l-fV-15 \'_ -7+V-15 _ 1/ ~ 



which is a non-integral quadratic number. 

In the Lecture VIII. before referred to, Klein discusses generally this question of the 
proper factorisation to obtain the secondary numbers, and states that "it is always possible 
to bring about the important result that the product of any two complex numbers" of the 
system of the principal and secondary numbers "will again be a complex number of the 
system, so that the totality of these complex numbers forms, likewise, for multiplication 
a complete system." 

When D = — 20, the forms representing the two classes are 

and 2a 8 + 2xy + 3y*. 

The principal numbers are given by x + ysl— 5, 



the secondary numbers by #V2 + y j= — . 

Therefore in this case 

\* = 2, \/i = l+0, m 8 = -2 + 0, \0 = -X+2/u, /a0 = -3\ + /*; 

the number conjugate to fi is -p — , 

ie. X— /*, and N(f*)=*fi(\ — /a) = 3. 
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This furnishes a full explanation of the paradox 6 = 2 x 3 = (1 +0)(1 — 0) mentioned 
above (§ 2). Neither 2, 3, 1 + 0, nor 1—0 are primes, but 

2=V, 3 = /*(\-/*), 

l + 0=\/a, 1-0=\(X-/a). 

In like manner the values of X and fi may be determined for the other values of D 
given above ; it is, however, unnecessary to do so here, as the general theory of any of these 
systems of quadratic numbers is to a large extent independent of the particular numerical 
value of D ; where this is not the case, I shall confine myself to the system D = — 20. It 
should be observed that in general secondary numbers are not quadratic numbers as defined 
in § 1 : the latter are those which have in § 2 been given the name of principal quadratic 
numbers. In the case £> = — 20, the only exceptions to this statement are the numbers x\, 
whose square is 2a 8 , and xkO = x (— X + 2/a), whose square is 10#", x being a real integer. 

4. A number whose norm is 1 is called a "unity"; a secondary number cannot 
be a unity, for 1 is representable only by forms of the principal class. 

.If Oo+o^d is a unity of a system of the first type, then a a +da 1 8 =l. 

Since d is positive, and >1, the only solutions of this are Oo=±l, 0^ = 0. 

Similarly for systems of the second type, we get 

Since 8>1, this gives only a =±l, 0^ = 0. 

Therefore the unities of the systems now being considered are simply +1, and 
— 1, just as in the theory of real numbers. 

There are three kinds of primes in any of the systems : 

(i) principal primes, which will be denoted by p, and whose norms P are prime 
numbers in the ordinary sense; 

(ii) secondary primes, denoted by q, whose norms Q are also ordinary prime 
numbers; and 

(iii) real primes, denoted by r, which are ordinary prime numbers not represent- 
able by either form of the determinant- D. The norm of r is r 1 . 

The primes, as thus defined, are evidently indivisible into actual factors belonging 

to their system. It will now be proved that they are primes in the full sense, so that 

any number can be expressed as the product of these primes in one and only one 
way. 

Let m be a quadratic number, principal or secondary, M its norm, m being such 
that M is odd, M x a prime factor (in the ordinary sense) of M\ and let M=M 1 M i . 
Then M being a norm is representable by a quadratic form of determinant Z), corre- 
sponding to the given system of quadratic numbers. It follows from the ordinary Theory 
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of Numbers that all the factors of M are also representable by forms of the same 
determinant. 

Let H, H u and H 2 be forms respectively representing M, M u and Jf 2 . Then the 
theory of Composition supplies the algebraical identity 

H(X, Y) = H 1 (x, y)xH % {af > jO, 

where X and Y are lineo-linear functions of x 9 y, a/, y. 

Each linear factor of H x (x y y) therefore divides H(X, Y), and therefore must divide 
one or other of the linear factors of S(X, Y). 

Each linear factor of H(X, Y) is therefore the product of a linear factor of 
Hi ( x > y) an d a linear factor of H 2 (&', y) \ each side of this equation may then, if 
necessary, be multiplied by the numerical factor required to bring the linear factors of 
H, H u and H 2 to the correct forms (see § 3); lastly, if X, Y, x, y, x\ y be given the 
values for which the forms H, H u and H 2 respectively represent the integers M, M lf 
and M % , the algebraic equation becomes numerical, and gives the factorisation of m in 
the form m^m*. If m 9 is not prime, it can be similarly treated. 

Thus finally we obtain a unique expression for m as a product of prime factors. 
A method is given later for actually carrying out the process of factorisation. The proof 
above given is not applicable to the factorisation of the determinant itself in quadratic 
numbers; in most cases the determinant has a unique factorisation, but when \D (D 
being even) or D (if D is odd) contains a square, this is not the case ; e.g. D = — 36 : 
then 9 = 3 a = - 



Nor is it applicable to the factorisation of 2, though as a matter of fact, in most 
cases no exception to the general law of unique factorisation arises in connection with 

2. Besides the cases where -r is a multiple of 4 (a particular case of -r- containing 

a square) there is only one exception, which arises in the case D = — 60 ; the quadratic 
numbers are then of the forms x + y V- 15, and #V3 + yV — 5, and so 

and therefore the number 8 can be factorised in two distinct ways, 2x2x2, and 
(\ + fi)(\—fi). In these anomalous cases Klein's method breaks down; it fails to give 
the ultimate prime factors. Apparently these cases can only be dealt with by Dedekind's 
method. Putting aside those values of D with which we cannot deal, the following 
values of -7) remain to be studied: 15, 20, 24, 35, 40, 51, 52, 88, 91, 115, 123, 148, 
187, 232, 235, 267, 403, 427. 

The systems arising from the latter values of D can be divided into three sets: 

(i) Those in which 2= X s ; these are given by -D = 20, 24, 40, 52, 88, 148, 
and 232. 

(ii) That in which 2 = X/a, being the case D = — 15. 
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(iii) Those in which 2 is a prime; these are given by — D=35, 51, 91, 115, 
123, 187, 235, 267, 403, 427. 

The numerical values of 0, X, and fi, and of their norms, and the values of \0 t p0, 
etc., are given for these 18 values of D in Tables I. and II., at the end of the 
paper. 

5. All the elementary theorems of the ordinary Theory of Numbers in regard to 
prime numbers and divisibility are true for the 18 systems to which I now confine 
myself, since for each of them the law of unique factorisation exists. I shall therefore 
freely adopt, without definition, the technical terms, such as "modulus," "residue," 
"congruence," of the ordinary Theory of Numbers, and the usual notation connected 
therewith. 

The operation of multiplication can be applied to any numbers of a system, whether 
secondary or principal. It follows at once from the theory of composition, applied to 
the case of determinants with two classes, that the product of two principal numbers, 
or of two secondary numbers, is a principal number, and that the product of a principal 
and a secondary number is a secondary number. Examples of these laws are given in 
§ 3, for the cases D = — 15, and — 20. On the other hand addition only operates 
between two numbers of the same class, either both principal or both secondary. For 
the quantity obtained by adding together a principal and a secondary number does not 
belong to and has no necessary connection with the system of principal and secondary 
numbers, and must therefore be considered as irrelevant to the present subject. 

6. Residues. — In accordance with the principle above stated, a principal number 
cannot be congruent to a secondary number. Complete sets of principal residues and 
of secondary residues to a given modulus are required : the most convenient complete 
sets are given by the following formulae, which relate to the case D = — 20 ; the 
method of obtaining them is the same for each system, but the actual results differ 
slightly from each other. 

I. Principal modulus, n=g(x + yd), where x is prime to y\ let M be <c" + 5y J , the 
norm of x + yd. 

(1) Principal residues: — A complete set is given by 8 + tO, where 

* = 0, 1, (%-l), 

* = 0, 1, (£-1). 

(2) Secondary residues: — A complete set is given by s\ + tfi, where 



* = 0, 1, 



(?'->). 



< = 0, 1, (kg -I), 

k being 1 or 2, according as x + y is odd or even, i.e. according as if is odd or even. 
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IL Secondary modulus, n=g(x\. + y/t), where x is prime to y. M » 2a? + 2xy + Sy*, 
the norm of x\ + yy.. 

(1) Principal residues : — A complete set is given by a+tO, where 

« = 0, 1, (Mg-l), 

t = 0, 1 (jr-1). 

(2) Secondary residues: — A complete set is given by t\+tfi, where 

M 



•-* 1 (f^ 1 )' 



< = 0, 1, (kg -I), 

k being 1 or 2, according as y is odd or even, i.e. according as if is odd or even. 

It should be noticed that in all cases, the number of residues in a complete set 
is Mff*, which is the norm of the modulus. 

The proof of I. (2) will be given as a specimen. If 8\ + tp is a multiple of 

n, then 

8\ + tji = g (x + y ) ( uK + vp). 

Now X0 = — \ + 2/a, fi0=-3\ + fi, so equating coefficients of p on each side, we get 

t = g{v(x + y) + 2uy}; 

so, k being 1 or 2, according as x + y is odd or even, 

t = (mod. kg) (i). 

Also, ($\ + tfi) (x — yd) = gM (u\ + t;/x), 

therefore * (x + y ) + 1 (Sy) = (mod. gM), 

*(- 2y) +t (x - y) = (mod. gM). 

Find f and 17, so that (# + y)i7 — 2yf = Ar; then we get 

** + t(Syy + a?f - yf) = 0(mod. jrlO- 

Now M = x* + 5y*, where a? and y are not both even, for they are coprime : if one 
is odd, the other even, M is odd, and k = 1 ; if both x and y are odd, M is even, 
and Ar = 2; in either case Jf = (mod. A). 

Therefore, dividing the last congruence throughout by k, 

t f M\ 
* + j(3y i 7 + a? f-yf) = °( mod -^-jj (in- 
congruences (i) and (ii) are the necessary and sufficient conditions that 8\ + tf* 
should be a multiple of n. 

No two numbers of the set 8\ + tp t where 

M 



* = 0, 1, ^$r-l), 



* = 0, 1 (%-l), 

are therefore congruent for the modulus n, and every other secondary number is 
congruent to one of them : in other words, this set is complete. 

Vol. XVII. Part II. 16 
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In tbe important case of the modulus being prime, the results are simpler, and 
admit of being stated generally for all the systems. 

(i) Modulus n, a principal or secondary prime, whose norm is N. 

Principal residues: — 0, 1, 2, , JV- 1. 

Secondary residues: — 0, X, 2X, „ (i\T— 1)X, provided that n is not X. 

(ii) Modulus r, a real prime. 

Principal residues are given by 8 + t0, 
Secondary residues by 8\ + fyt, 

where * = 0, 1, 2, . , r-1, 

* = 0, 1, 2, , r-1. 

7. Factorisation of numbers. — Each real prime factor of a real number can either 
be represented by one of the quadratic forms connected with the system, in which case 
it is the product of two conjugate prime factors, or it is a real prime of the system. 

To factorise n=x + y0, or x\ + yp, where x and y are coprime. Express N, the 

norm of n, as the product of real prime factors A y B, Each of these numbers 

is representable by one of the quadratic forms connected with the system; therefore 
A = aa\ B = hb' y ..., where a, a', ... are primes of the system. 

By the method shewn in the previous section, calculate the residue of n (mod. a) ; 

. • . ; e • • .tit • 

if this residue is 0, a is a factor of n; if it is not 0, a' must be a factor of n. 
Similarly the other factors of n are determined. 

Example, in the system D = — 20. 

55 (61 + 2d). 
5 = — s , 11 is a prime. 

The norm of 61 + 20 is 61* + 5 . 2» = 3741 - 3.29.43. 

3 = m(*-/0, . 
29 - 3* + 5 . 2* » (3 + 20) (3 - 20), 

43«2.4 8 + 2.4.1+3.1 a = (4X + ^)(5X-/i). 

If ... .. . = x (mod. 3 + 20), 

(0-aO(3-20) = O (mod. 29); 
hence (3x - 10 = (mod. 29) 

\2x + 3 = (mod. 29), 

and so x = 13 (mod. 29). 

Then 61 + 20 = 61 + 2* = 87 = (mod. 3 + 20). 

Similarly 61+20 is a multiple of \ - //., and of 4X + /u. 

Therefore the number 55(61+20) is - 110*(X-At)(4X + /Lt)(3 + 20). 
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8. Congruences. — Precisely as in the ordinary Theory of Numbers, Lagrange's theorem 
as to congruences may be proved: — a congruence of the nth degree, the modulus being 
prime, cannot have more than n incongruent roots. 

And if such a congruence appears to have more than n incongruent roots, it is an 
identical congruence. 

The linear congruence 

ea?=/(mod. n), 

n being any number, and e being prime to n, has one and only one root. 

E and N being the respective norms of e and n, real integers £ and 17 can be found 
such that 

Then since Etf = 1 (mod. n), 

eeV=/(mod. ri), 
where e' is the conjugate of e. 

The solution is therefore x = ^/(mod. n). 

9. Fermat's Theorem. — I. For powers of a principal number h, prime to the 
modulus n, which is a prime of any one of the three kinds. 

Let K u K tt ... K N -i denote a complete set (except 0) of principal residues to the 
modulus n. Then hK l9 hK i9 ... hK N - x is also a complete set. 

Therefore h*' 1 (K X K^ . . . -K>-i) = K X K % . . . K N ^ (mod. n), 

and so h N ' x = 1 (mod. n). 

II. For powers of a secondary number j, prime to the modulus n. 

In any system, a secondary number j can be found whose square is a real integer, 
and which is prime to n. 

In systems of the first type, provided n is odd, j may be taken to be X, and 
then j * = 2. 

In systems of the second type, j = X+f*> or X — /*, one or other of which is prime 
to n. 

Then j 8 =/> where / may be found for each system from Table I. 
Then jK l9 jK 9 , . . . jK N ^ Xt 

and jJtu joK*> ••• i©^Tar-i» 

are two complete sets of secondary residues to the modulus n. 

And therefore j N ~ x = j Q K ~ x (mod. n). 

16—2 
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For systems of the first type, we get 
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= ( W 

= (-1) • 
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(mod. 
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systems 
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type, 














j*-t 




(mod. 


n) 



= (f/N) (mod n). 

When a particular system is specified, the expression of Fermat's theorem can be 
simplified. Thus for the system 2) = — ,20, the theory of generic characters shews that 
P (the norm of an odd principal prime p), being an odd integer representable by the 
principal form, satisfies the congruence 

P s 1 (mod. 4) ; 

and that Q (the norm of an odd secondary prime q) satisfies Q = — 1 (mod. 4). 

Applying the general theorem that has just been proved 

* « • • 

first to the case of n=p, we obtain 

j p ~ l s + 1 or — 1 (moid p), 
according as P = 1 or 5 (mod. 8), 



And therefore 


jP-i = (- 1) « ( m od. ;>). 


Similarly 


jQ-l = (-1)4 (mod# q)> 


and 


jR-i = J (mod. r\ 


since 


i2 = r»=l (mod. 8). 



10. In the theory of real numbers, if a is an odd number 

a f = l (mod. 8). 

I propose to consider the analogue of this for quadratic numbers, but here and in 
the sequel, whenever the properties of 2 are in question, I shall confine the discussion 

to the seven systems mentioned in § 4, for which 2 = \\ In these cases 6 = *f^~d 

where <J= -;—. 

4 
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Numbers will be called odd, semi-even or even, according as they are prime to X, 
a multiple of \ but not of 2, or a multiple of 2. As above h denotes a principal 
number, j a secondary number. 

If A is odd, h = 1 (mod. X), 

that is h mm 1 + \k ; 

therefore A 8 = 1 + 2XJfe + 24* 

= 1 (mod. 2). 

To proceed further, with higher powers of X for moduli, it is necessary to distin- 
guish the cases where d is odd, from those where it is even. 

First, the case d odd ; then 6 = V— d is odd. 

So, A being odd = 1 or 6 (mod. 2), 

that is A = 1 + 2£, or + 2& ; 

therefore A 8 = 1 + 46 + 4JP, or -d + 40ife + 4A». 

Now, if h is odd, so are Ok and A?; and if & is a multiple of X, so are 6k and A 8 : 
in either case fr + k and k? + 0k are multiples of X. 

And so h* = 1 or — d (mod. 4X), 

according as A = 1 or 6 (mod. 2), 

Similarly when d is even, and, as before, A is odd, 

A 8 = l or l-d + 20 (mod. 4X), 
according as A = 1 or 1 + (mod. 2). 

Similar results hold for squares of odd secondary numbers. First, the case d odd. 



Then /* = — j= — , so /** = — g-+& 

As before we get ^s/** (mod. 4X), if j=/*(mod. 2), and f = (X-/*) f (mod, 4X), if 
j = X — /* (mod. 2), 

And so j* = !^+0, or ^-^-0 (mod. 4X), 

according as j = /* or X — /a (mod. 2). 

Secondly, in the case d even /* = a/ — 5 > 

and so i*=-| or 2-g-20 (mod. 4X), 

according as j = /a or X — /a (mod. 2). 

It is worthy of notice that the squares of odd numbers (principal or secondary) 
in any one of these quadratic systems can be congruent only to 4 out of the 16 odd 
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residues to the modulus X 5 , i.e. 4\ ; a result remarkably similar to the corresponding 
fact in the system of real numbers, viz. that all odd squares are congruent to 1 out 
of the 4 odd residues to the modulus 2*, i.e. 8. 

It will be convenient for future use to gather up in tabular form these results 
and some other similar ones, for the particular system i) = — 20. 



Principal 
numbers 



Secondary 
numbers 



< 



Residue of Number . 


Residue of Square 


Beeidae of Square 


to mod. 2 


to mod. 4 


to mod. 4X 





_ 


or 4 


1 + 


20 


±20 


1 

* 


1 


1 


e 


-1 


3 








• 

or 4 


\ 


2 


±2 


/* ' 


2 + 


-2 + 


X+ fi 

• 


-2-0 


-2-0 



11. Quadratic Congruences to a prime modulus. — Since the square of either a principal 
or a secondary number is a principal number, the general form of congruence to be 
considered is 

a? = h (mod. n), 

k being a principal number prime to n, and n an odd prime of any of the three 
kinds. According to circumstances, this congruence may have either principal solutions 
only, or secondary solutions only, or neither, or both. " 

(i) Principal solutions : — the necessary and sufficient condition for solubility is 



£-1 
h * = L (mod. n). 



This condition is necessary, for 



n-i 



h ,« s.**-* = 1 (mod. n) ; (§ 9, I.) 

and also sufficient, for taking the complete set of principal residues to the modulus n 
in the form 

± Ki, ± K i9 • ± 2Ty-i > 
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N-l 
and squaring each, we obtain — = — different residues of squares of principal numbers; 

r 

y-i 



each of them satisfies h 2 =1 (mod. n), a congruence (in h as unknown) which cannot 

jV-1 *=? 

have more than — ~~ roots; therefore every value of h such that h 2 = 1 (mod. n) 

is congruent to the squares of two of the principal residues of n. 

N-l 

Further the — ~ — residues which are not congruent to squares of principal numbers 

it 

are the roots of 

h * = — 1 (mod. n). 
The symbol {h/n) will be used to denote the least residue (either + 1, or —1) of 

h 2 (mod. n). This must be distinguished from the analogous symbol (A/B) in the 
ordinary Theory of Numbers. It should be noticed that {h/n) has no meaning, unless 
& is a principal number, and n is a prime number. 

(ii) Secondary solutions of a? = h (mod. n). 

Then h * =«*-*= ±1 (mod. n), 

the ambiguous sign depending on the system of numbers and the value of n (see 

As before it may be proved that the condition h * = ± 1 (mod. n), (as the case 
may be) is sufficient as well as necessary for the existence of secondary roots of the 
congruence. 

For systems of the first type, this ambiguous sign may be expressed as (—1) 8 
(§ 9, ii.). Accordingly if N = ± 1 (mod. 8), the congruence «■ = h (mod. n) is soluble both 
in principal and in secondary numbers, provided that {h/n) = + 1 ; but it is soluble in 
neither, if (A/w) = — 1. On the other hand, if J\T=+3 (mod. 8) the congruence is soluble 
in principal numbers only if {h/n)=* + l 9 and in secondary numbers only if (A/n) = — 1. 

12. The value of the symbol (h/n) can always be expressed in terms of the cor- 
responding symbol in the ordinary theory of numbers, and so, when h and n are given, 
its actual value, +1 or — 1, can easily be determined. The proof of this statement differs 
according as n is a real prime or not. 

First, let n be a principal or secondary prime. Then (§ 6) a real number A© may be 

found congruent to h (mod. n). Hence ifi/n) = h * = Aq * (mod. n) ; but 

k,~=(hJN) (mod N), 
and so, since N is a multiple of n, 

ho a = (h Q /N) (mod. n) ; 
therefore (h/n) = (h /n) = ( h^/N). 
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Secondly, let A = r, a real prime. 

Let h = x + yd, and its conjugate h' = x+y0'. 

If the system is of the first type, 6 = V— d t and so 

fr - (- d)V e = (- d/r) (mod. r). 

Now (-d/?') = — 1, for r is not representable by any form of determinant — 4d; and 
— 6 = ff ; therefore r =ff (mod. r). 

The same result holds for systems of the second type : then 

20 = 1 + V2>, 2^ = 1 -Vi): 

_ £rl _ 

so ^(^(I + VD^eeI+D 2 VD (mod. r) 

= 1 - VZ) (mod. r) 

= 20* (mod. r) ; 

also, 2 r = 2 (mod. r), 

and hence d r = 0' (mod. r). 

Then, in either case, h r =* (x + yd) r = a? + y r d r (mod. r). 

But a? = x, y = y, and fr^ff (mod. r), 

so h r = x + yff = h! (mod. r); 

therefore A*" 4-1 = hli' = H (mod. r). 

r 8 ^ r-l 

And so finally, (A/r)=A * =H * = (#/?•) (mod. r). 

It should be observed that, if both the numbers a and 6 in the symbol (a/6) are real, 
the symbol is still different firom (a/6). For in that case, 

6*-l 6+1 

(a/6) = a « = (a 6 " 1 ) 2 = 1 (mod. 6), 
while (a/6) of course may be either ± 1. 

It is evident that (hjij^ ...fn) = (A,/n) (kjn) (h,/n) .... 

13. Laws of Quadratic Reciprocity between two principal (including real) primes 
exist for all systems of principal quadratic numbers; these laws are analogous to, and 
indeed are deduced from, the Law of Quadratic Reciprocity in the ordinary Theory of 
Numbers. In determining these laws, systems of the first and second types must be 
separately considered, and the former will have to be subdivided according as 

d = — - = 1 (mod. 2), or 2 (mod. 4). 
For the reason appearing in § 4, systems for which d = (mod. 4) are omitted. 
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The following notation will be used, in discussing the laws of reciprocity for 
systems of the first type : p = x ■+• yd, and p' = x' + y'0 denote two (non-conjugate) principal 
primes; P = a? + dy % and P / = a?'" + dy' 8 are their respective norms. 

Then PP , ^(x i ^ dy*) (x> + dy'*) = Z* + dY\ 

where Z = xx' + dyy\ Y=a/y — xtf. 

Now we have identically 

x (x' + y'O) = xx' + dyy f + y'0 (x + y0\ 
that is xp = X (mod. p), 

and so (a/p) (p'/jp) = {X/p). 

Since a? and X are real numbers, (a?/p) = (x/P), and (Z/p) *={X/P). 

Therefore {pip) - (*/P) (Z/P). 

Similarly (p/;/) = (*/>) (Z/P), 

and so ip/p*) (p'lp) = (*/P) (^/P) (Z/PP> 

This formula is true for all systems of the first type: in order to evaluate the right- 
hand side of the last equation, we must consider separately the cases when d is even 
or odd. 

14. First, let d be odd. Then since P = a? + dtf*, either x is even and y odd, or 
vice-versa. If p = 1 (mod. 2), then y = (mod. 2), and P = & = 1 (mod. 4) ; but if p = 6 
(mod. 2), then <c = (mod. 2), and P = d (mod. 4). 

In order to evaluate (x/P) t three cases must be treated : 

(i) x odd, and y even. 

(ii) x = 2£ , where f is odd, and y odd. 

(iii) a«2»£, where f is odd, and fi> 1, and y odd. 

(i) Here p = l (mod. 2): then {xjP) = (Pjx\ since P=l (mod. 4) 

= (of + dy'/*) = (dy*/*) - (djx) 

x-l rf-1 
= (-1) 2 ' 2 (ff/d). 

(ii) x = 2£ , where f is odd, and y odd. 

Then P = 4£» + dy* = 4 + d (mod. 8), 

and so (x/P) = (2/P) (f /P) = (2/P) (- l/i 4 • *T (P/f ). 

Now (2/P) = (2/4 + d) = - (2/d), 

P-l d-1 / , , 
and - 9 = -y- (mod. 2), 

and (P/f ) = (rf/f )• 

Vol. XVII. Part II. 17 
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Therefore 



*-l d-l 



(x/P) = - (2/d) (- 1) * • * (d/f) 
— (2/d) (£/<*) = -(*/<*). 



(iii) #=2*£ where /*>1, and f is odd: also y is odd. 
Then P == <J (mod. 8), 



therefore 



*-i p-i 



<*/P) = (2i py (f/P) - (2/py (- 1) * ■ t- (p/f) 



= (2*/d) tf/d) - (*/d). 
Cases (ii) and (iii) can be summed up in one theorem : if x is even, then 

(*/p)=(-i)i(*/d). 

15. While continuing to treat the case of d odd, we are now in a position to evaluate 
(p/p*) (p7p)« Since PP' — X* + dY*, the results of the last paragraph give the value of 
(X/PP^, as well as of (x/P) and (x/P). 

Three cases must be separately considered: 

(i) jpsj/sl (mod. 2); 

(ii) p s 1 (mod. 2), p 1 = (mod. 2) ; 

(iii) p=p =0 (mod. 2). 

It will suffice to give the detailed working in the first of these cases only. In this x 
and x' are odd, y and \f are even. So X = xx + dyy 7 = aac' (mod. 4), and therefore X is 
odd, and Y is even. Hence the result of § 14 (i) gives 

(x/P)^(^iy^ J T(x/d) t 

(x*/P) = (-\yir d ir(x'ld\ 



and 



X-l d-l 



Therefore 



(X/PP-) - <- 1) v ■ • (Z/d), 

- (- 1) ~*~ ' "«" (aacyd). 
{pip 1 ) ip'/p) = (*/P) (or'/P) (X/PP-) 

d-l / x-l+z'-l+zx'-^ 

= (- 1)1" • v 2 ; 



Now *-1H-j/-1 + xaf- l=(<r + l)(a/ + l)-4 = (mod. 4). 

And so the index of —1 on the right side of the last equation is even, and therefore, 
when p = p' = 1 (mod. 2), 

{ P /p) (p'/p) =r 1. 

The result when p = 1 (mod. 2), p' = (mod. 2) is similarly found to be 
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that is, if d=l (mod. 4), (-1) 8 , 

but if d = 3 (mod. 4), (-1) * . 

z+x* d-1 y+tf 

And when p=p' = (mod. 2), (p/p*) (p/p) = (- 1) 2 + 2 • 2 ; 

x+x* 

that is, if d = 1 (mod. 4), (- 1) * , 

x+a'+y+y 1 

but if d = 3 (mod. 4), (-1) 2 

Finally, the Laws of Quadratic Reciprocity for systems of the first type, for which 
d= 1 (mod. 4), can be summed in the following simple and beautiful shape: — 

If either p or p' = 1 (mod. 2), then (p/p*) (p'/p) = (- 1) 2 . 

If both p and p' = (mod. 2), then (p/p*) (p'/p) = (- 1) a . 

This law holds for the systems D = — 20, —52, —148 (for which <J = 5, 13, 37 respec- 
tively); but it also holds for all other systems of principal quadratic numbers of the first 
type for which d = 1 (mod. 4), as the existence of secondary numbers is irrelevant to its 
proof. 

In the case d = 3 (mod. 4) we similarly have : — 

x (g- 1) *'+** (a/-l) y+tf 

If either p or p' = 1 (mod. 2), (p/p') (p'/p) = (- 1) * 

g+ gM-y+y * 

If both p and p' = (mod. 2), (p/p) (p'jp) = (- 1) 2 ". 

16. The case (2=2 (mod. 4) remains to be treated, in order to complete the discussion 
as regards systems of the first type. 

The procedure is similar to what has been given, so that there is no need to set out 
the working, which is somewhat lengthy, owing to the number of different cases. 

(g-l)y / +(*'-l)y+yy' 

If either p or p = 1 (mod. 2), (p/p') (p'/p) = (— 1) * 

If both p and p = 1 + (mod. 2), (p/p) (p'/p) = (- 1) * . 

17. It is a remarkable fact that the laws of reciprocity between a principal prime 
and a real prime, or between two real primes, are the same as would be obtained from 
the law between two principal primes by making one or both of them become real primes. 
That is to say, if in the formulae for (p/p*) (p'/p) we write x =r, y' = 0, we obtain the true 
expression for (p/r) (r/p). 

For, in every system of the first type, (p/r) = (P/r) and (r/p) =a(r/P), (§ 12); and so 

(p/r) (r/p) = (P/r) (r/P) = (- 1)^ T . 

Now if d= 1 (mod. 4), P = 1 (mod. 4), (§ 14), and hence 

(p/r) (r/p) - + 1. 

17—2 
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This is what is obtained from 

(p/rtip'/A-i-i)* 

when we put r for of, for y ; but it need hardly be said that this substitution of r for p' 
does not prove the result. 

Next, in the cases d = 2 or 3 (mod. 4), P = 1 or 3 (mod. 4) according as y = 
or 1 (mod. 2): that is 

P-l 

— g— = y (mod. 2). 

r-l 

And so we get (p/r) (rjp) = (— 1) * . 

And this is what we get from the formulae for <J = 3 (mod. 4) (§ 15), and for d = 2 (mod. 4) 
(§ 16) on putting r for af 9 for y'. 

In the case of two real primes, r and r', since (r/r)=+l, and (r'/r)= + l, we get 
(rjr') (r'/^ = + l, which agrees with the formulae for {p/p*) (p'/p)- 

18. Similar but more complicated laws hold for systems of the second type. Here, if 

p=*x + yd, p' = x' + i/d 9 

then ' P«tf» + ajy + 8y*, F = a!* + x'y' + 8y* 

Also, pi being the conjugate of p\ pi = af + yff = x + y' — tfO ; 
and so pp ' = X + F0, 

where X = xx +xy' + 8yi/, and Y=afy — xtf\ 

and so PP^X' + XF+SF'. 

The identities on which the theorem depends are 

x (x' + i/0) = xx' 4- xy' + 8yy' -j/ff{x + y0), 

and (a?' + ^) (a? + yfl) = xx + xy' + Syy + yfl (a/ + y'0), 

the latter being obtained from the former by changing x to x' + y\ x to x + y, y to — y*, 
\f to — y, and to &. 

These identities may be written 

x.p = X (mod. p), 

and (<e + y*) . p = X (mod. p') ; 

and therefore (p'/rf (i>/pO - (*/P) (^ + y'IP')(XIPP). 

Finally, we obtain the following results, in which for brevity I write 

(p'/pXpM-i-m 

* 

I. 8 even : here P = a? + xy (mod. 2), and so x must be odd, and y even, if P is odd ; 
and therefore p = p' = 1 (mod. 2). Then 

%£ x + y-1 a? ; -fy-l x - 1 a?'-l 
2 ' 2 2 ' 2 ' 



Mb WESTERN, CERTAIN SYSTEMS OF QUADRATIC COMPLEX NUMBERS. 129 

II. B = l (mod. 4). Here an odd prime p may be = 1, or $, or 1 + (mod 2), so 
that there are six different cases: 

(i) p = p' = l (mod. 2), 

M _ x+y— 1 af + y'—l x- 1 af — 1 
2 2 + 2 ' ~2~ ] 



(ii) p = l,p' = 6 (mod. 2), 



*-l a' y y' + l . 
2 '22' 2 ' 



(iii) p = p' = e (mod. 2), 



s + y+J «jjY+l j + 1 y'+l . 
2 ' 2 2 2 ' 



(iv) p = 1, p' = 1 + 6 (mod. 2), 



M _x+y-\ af + y y y 1 -! 
2 ' 2 + S" 2 ' 

(v) p = 6, p' = l + 6 (mod. 2), 

„_« + y+_l a;' + y' x x'+l 
2 ' 2 2 ' 2 ' 

(vi) p =/>' = 1 + 6 (mod. 2), 

£+1 x' + l y+1 y' + l 
~ 2 ' 22 2 

III. 8=3 (mod. 4). As before, there are six different cases : 

(i) p = p' = l (mod. 2), 

„_« + y — 1 x' + y' — l x—1 x'—l 
M 2 ' 2 + ~2~ ' ~~2~' 

(ii)j>sl, p's0(mod. 2), 

M - x - 1 af+2 ■ y y ,+1 - 

2 2 2' 2 ' 

(iii)p=|>'=0 (mod. 2), 

« + y_l a' + y'-l y-1 y'-l . 
^~ 2 2 + 2 ' 2 ' 

(iv) psl, p' = l + $ (mod. 2), 

„ ai + y-1 x' + l/ + 2 , y y'-l . 
2 2 + 2 ' 2 ' 

(v) p b 0, p' = 1 + 6 (mod. 2), 

„ x + y — 1 x' + y' + 2 x + 2 x' — l 
2 ' 2 + ~2~ ' 2 ' 

(vi) p=p' = l+0 (mod. 2), 

M _x-\ af-l y + 1 y' + l.. 
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It is remarkable that for all values of 8, when p = p' = 1 (mod. 2), the expression for 
M is the same. 

As in the case of systems of the first type, it may be proved that these laws remain 
true when for p is written r, or (and) for p' is written /. 

19. Just as in the ordinary Theory of Numbers, the Legendrian symbol was generalised 
by Jacobi, so the analogous symbol (h/n) may be generalised. In § 11, the symbol was 
only defined to exist when n is a prime number. 

Now let n = w 1 w a ns...., where ?h. w a , w »> ••• are °dd P" rae numbers, all prime to h: then 
we define (h/n) thus 

(h/n) = vV w i) vV 7 ^ •••• 

It follows at once from this definition that 

(h/m) (h/n) = (h/mn), m and n being any odd numbers prime to h ; 

that (hjn) (/h/n) ... = (^A,... /n) t hi, A,... being prime to the odd number n; 

that if h = k (mod. n), then (h/n) = (fc/n) ; 

and lastly, that if h Q is real, n being as before any odd number, whose norm is N, 

(K/n) - {K/N). 

Now let p and p' denote any two odd principal numbers in one of the systems which 
are specially considered in this paper (§ 4) ; then the prime factors of p or p f are a certain 
number of odd principal or real primes, together with an even number of odd secondary 
primes. 

Then the laws of reciprocity for the product of the generalised symbols (p/p f ) and 
(p'/p) are the same in form as those already proved when p and p' denote odd principal 
primes. The reason for this is simply that throughout §§ 13 — 18 no use is made of the 
supposition that p and p are primes 5 all that is assumed about them is that they are 
odd principal numbers. 

20. To complete the Laws of Reciprocity, we must evaluate (X?/p) (p/q) for systems 
of the first type, in which V s= 2. 

Let p^x' + y'Of q^xk + yii* Then the following results may be proved: 

I. For the systems d=*5, 13, 37, for each of which d = 5 (mod. 8). 

(i) p = 1 (mod. 2), then (Kq/p) (pjq) = (- 1)~*> ; 

(ii) p s 6, q = /* (mod. 2), then (Kq/p) {pjq) = (- l) l+ T'tf, ; 

(iii) p s e, q s \ + /* (mod. 2), then (kq/p) (p/q) = (- 1 ) 1+ * 4> ; 
where * = (- 1) *^«'-W+ir'-» # 
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II. For the systems d = 6, and 22, for which d = 6 (mod. 8). 

as'-l 

(i) p = 1, q = fi (mod. 2), then (Kq/p) (p/q) = (-l)*>; 

(ii) p = l, j = \ + /*(mod. 2), then (Atf/p) (p/q) = (- 1)*<£; 
(iii) p=l + 0, 5 = /* (mod. 2), then (\?/p) (p/ 9 ) = (- 1) * 0; 
(iv) p = 1 +0, q = \+/a (mod. 2), then (Xg/p) (p/g) = (- 1) * ; 

where <f> = (— 1 ) 8 . 

III. For the systems d = 10, and 58, for which d = 2 (mod. 8). 

(i) p = 1 (mod. 2), then (\q/p) (p/q) = (- 1) * ^ ; 

aH-y+as'+y'-l 

(ii) p = l + 0, j = /*(mod. 2), then (ty/p) (p/?)=(-l) * 4>\ 

x+z* 

(iii) p = 1 + 0, g =X+/& (mod. 2), then (Xg/p) (p/g) = (- 1) * ; 
where £ = (-1) « . 

Binary Quadratic Forms. 

21. In this branch of the subject the analogy with the ordinary Theory of Numbers 
is not so complete as in the earlier portions of this paper. As in the ordinary Theory, 
the quadratic form ax* + bxy + cy* will be denoted by (a, 6, c) ; a, b, c, x and y denote 
quadratic numbers. A binary quadratic form with quadratic numbers for coefficients will 
be called throughout the paper briefly a "form." The number m is represented by the 
form (a, 6, c) when m = aa? + bxy + cy*, x and y being numbers: it will always be supposed 
that x is prime to y, and that a, 6, and c have no common factor. The determinant of 
this form is A = 6* — 4oc. 

A is therefore always a principal number. 

As there is no distinction in the systems here considered between positive and 
negative numbers, there is nothing corresponding to the division of forms into definite 
and indefinite forms which occurs in the ordinary Theory. 

Forms may be divided into sets, according to whether their coefficients and variables 
are principal or secondary numbers. 

Remembering that a principal and a secondary number may not be added, the 
following kinds of forms exist : — 

(1) a, 6, and c principal numbers. 

(2) a, b, and c secondary numbers; in this and the former case, 

either (a) x and y principal numbers, 
or (/9) x and y secondary numbers. 
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(3) a and c principal, b secondary. 

(4) a and c secondary, b principal; in this and in case (3) 

either (a) x principal, y secondary, 
or (&) x secondary, y principal. 

These will be called the 1st, 2nd, 3rd and 4th kinds of forms. 

22. A different classification of forms can be made according to the residue of 
A (mod. 4), since A = 6 s (mod. 4). 

For the system D = — 20, d = 5, the table in § 10 furnishes the following results : — 

(1) 6 = 0(mod. 2), the form (a, 6, c) being of any of the four kinds; then 

A = (mod. 4). 

The form f 1, 0, — -t-j is an example of this case. 

(2) 6=1 + (mod. 2), the form being of the first or fourth kinds ; then 

A = 20 (mod. 4). 

(3) 6 = 1 (mod. \), the form being of the first or fourth kinds ; then 

A = + 1 (mod. 4). 

(4) b = X (mod. 2), the form being of the second or third kinds ; then 

A = 2 (mod. 4). 

(5) b = p (mod. \), the form being of the second or third kinds; then 

A = 2 ± (mod. 4). 

And conversely for any value of A satisfying one of the above congruences forms 
exist of the corresponding kinds; for ac = J(6 8 — A); the number on the right can always 
be split into the principal factors 1 and £(6* — A), and it is fairly evident that out of 
the infinity of possible values of 6, \ (6 s — A) will often split into the product of two 
secondary factors. 



23. Forms are said to be equivalent when the substitution 

fa? = our' + #/, 

\y = 7a?' + By', where aS — £7 = 1 

transforms one of them into the other. 



I; 



Then the inverse substitution 



^a/^Bx-fiy, 
\y'=-yx + ay 

transforms the latter into the former, so that the relation of equivalence is a mutual one. 
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There are four " kinds " of such substitutions : 

(i) a, /3, 7, 8 all principal; then x and y are both of the same kind, Le. both 
principal, or both secondary. 

(ii) a, /9, 7, 8 all secondary ; x and y are both of the same kind. 

(iii) a and 8 principal, /3 and 7 secondary; x and y are of different kinds. 

(iv) a and 8 secondary, ft and 7 principal ; x and y are of different kinds. 

The first and second kinds of substitutions alone are applicable to forms of the first 
or second kind; and the third and fourth kinds of substitutions alone to forms of the 
third or fourth kind. 

If the form (a, b\ c') is equivalent to (a, b, c), being obtained from the latter by 

the substitution f £], then 

a' = aa* + bay + of, 

V = 2aa£ + b (aS + £7) + 207S, 

c' = a/8* + b/38 + c$*. 

Therefore a form is necessarily transformed into another of the same kind. 

Since &'* — 4aV = («8 — £7)* (£* — 4oc) *= 6* — 4oc, equivalent forms have the same de- 
terminant. 



Let 8 



-C8- *-£?)• 



then the substitution arising from their composition in this order is 

<?<?'_ (** +#/ «P+PV\ 

Now let <r K denote a substitution of the /tth kind. 
Then a? and cr, 9 are of the first kind, 

OiOg and a^ are of the second kind. 

Therefore the substitutions of the first and second kinds together form a group, of 
which those of the first kind form a sub-group. So also the substitutions of the third 
and fourth kinds form a group, of which those of the third kind form a sub-group. 
Other compositions of substitutions, e.g. o-jcr,, are impossible, for they would necessitate 
the addition of principal and secondary numbers. 

We can now give a more precise definition of "equivalence"; it is an essential 
part of the notion of equivalence, that forms that are equivalent to the same form 
should be equivalent to one another. 

In other words the set of substitutions, assumed to exist by the definition of 
"equivalence," must form a group. 
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a$ — £y = 1 (§ 8), then the substitution ( vT) converts the form (a, 6, c) into an 
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There are accordingly two kinds of equivalence, corresponding to the two groups of 
substitutions applicable to a given form. A form of the first or second kind will be 
called "narrowly equivalent" to any form obtained from it by a substitution of the first 
kind, but "widely equivalent" to a form obtained from it by a substitution of either 
the first or the second kind. Similar definitions of the terms "narrow" and "wide" 
equivalence apply to forms of the third and fourth kinds. 

Forms which are equivalent are said to belong to the same class, the class being 
narrow or wide, according to whether the equivalence is narrow or wide. 

A wide class obviously contains the whole of a narrow class, if it contains a single 
form belonging to the narrow class. 

Since all forms of a class are of the same kind, we can speak of the "kind" of 
the class. 

24. There is, as in the ordinary Theory, a close connection between any class of 
forms and the set of numbers representable by any form of the class. 

For, if a' = aa* + bay + &f 9 a being prime to 7, and £ and 8 be chosen so that 

'fit £> 

equivalent form (a', &', c'). 

Conversely, if (a', b', c') is equivalent to (a, 6, c), then the extreme coefficients a' 
and d are representable by (a, 6, c). Hence the following theorems: — 

The set of the extreme coefficients of all the forms of a narrow class of the first 
or second kind coincides with the set of all numbers representable by a form of the 
class, the variables x and y taking coprime principal values. 

The set of the extreme coefficients of all the forms of a wide class of the first or 
second kind coincides with the set of all numbers representable by a form of the class, 
the variables taking all possible coprime values. 

The set of first coefficients of all the forms of a narrow class of the third or 
fourth kind coincides with the set of all numbers representable by a form of the class, 
x taking principal and y taking secondary values ; and the set of third coefficients of 
the same to the set of numbers representable by a form of the class, x taking 
secondary and y principal coprime values. 

Lastly, the set of the extreme coefficients of all the forms of a wide class of the 
third and fourth kind coincides with the set of all numbers representable by a form of the 
class, the variables taking all possible coprime values. 

If a' is an odd number representable by (a, 6, c), and &', c' have the same meanings 
as before, then 

&'» - 4aV = A, 

and so 6' 9 = A (mod. a'). 
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Therefore, if a' is representable by a form of the first or fourth kind (in each of 
which the middle coefficient is a principal number), a must satisfy the condition 
(A/a-) = 1. 

And if a! is representable by a form of the second or third kind, the condition is 
(A/a 7 ) = 1, or — 1, according to the value of a' and the system considered. (§11 (ii).) 

Conversely, if V* = A (mod. a ) is soluble, then writing -, — = c', the form (a', b\ c') 

is of determinant A, and represents the number a'. 

25. In the ordinary Theory of Numbers, there is an elementary proof of the 
finiteness of the number of classes for a given determinant, which depends on the 
method of Reduction. This method of proof does not apply to the systems of numbers 
now being studied. 

It will be remembered that in the ordinary Theory the first step in the process 

is to apply to the form (a, 6, c) the substitution ( A, thus producing the form 
(c, b', a'), where 

a' = a + &8 + c$«; 
and 8 is then determined so that I b' I 5 c. 



In this way a reduced form (A, B, G) is obtained, such that 

0*A*\B\. 

Now, in any of the systems of numbers here considered the substitution f *] 

is either of the first or fourth kind, according as $ is principal or secondary. In either 
case, it is not always possible to find a residue V of — b to mod. 2c such that 
N (&') < N (2c), and the process of reduction therefore breaks down. If this were possible 
when b and c are any principal 'numbers, the Euclidean process f<?r finding their 
greatest common factor would work, and there would be no need of secondary numbers 
to complete the laws of factorisation. And it is easy to prove the impossibility of always 
finding a residue V such that N (&') < N (2c), where either b or c, or both, are secondary 
numbers. Possibly Dirichlet's analytical method of determining the class-number for a 
given determinant in the ordinary Theory would apply to these systems of quadratic 
numbers. 

Generic Characters. 

26. Just as in the ordinary Theory of Numbers, the classes for a given determinant 
may be divided into genera. Since the results mainly depend on the residues of 
squares to moduli consisting of powers of 2 or its factors, I shall confine the remainder 
of this paper to the case 2) = — 20, i.e. d = 5 ; and for brevity I shall only consider 
forms of the first kind. 

18—2 
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All the results of this nature are derived from the simple identity 

4nn' = x* — Ay*, 
where n = at/* + buv + cv*, 

n' = at*'* + buv' + cv'\ 
x = 2atzi*' + b (uv f + w't;) + 2cw\ 

y = uv' — u'v> 

A = 6* — 4ac. 

Three cases will need separate consideration, according as 6 is even, semi-even, or 
odd, Le. according as A = 0, 20, or ± 1 (mod. 4). (§ 22.) 

(1) When A = (mod. 4) = 48, the above identity may be divided by 4, giving 

nri = a? — Sy* , 
x here meaning half the expression above given for x. 

(2) When A s 20 (mod. 4) = 28, 

2nn = a* - 8y a , 

where \# = 2aW + b (uv + ti't;) + 2cw'. 

(3) When A = + 1 (mod. 4), 

4nw' = #* — Ay*. 

With regard to narrow classes, in any of these three cases, there exist quadratic 
characters precisely analogous to the quadratic characters in the ordinary theory. 

For if t be any odd prime factor of A, we have 4nn' = #* (mod. t\ where x is 
principal (since the form is of the first kind, and the numbers u, u, v t v are principal). 

Therefore (nn'/t) = + 1, 

that is (n/t) = (n'/1). 

27. There exist besides supplementary characters, which depend on theorems as to 
the residues of n and n' (being odd numbers) to moduli of the form \*. 

These characters may be defined as follows : n = w + n x is an odd number whose 

norm is N; then 

+ (n) - (- l)"s 

/ v / ,J(«o+*«i-i>("t-hP'»i-*> 
co (n) - (- l) 8 

Where no ambiguity is caused, I shall write yfr for ^(n), etc. 

Therefore ifr = + 1 or — 1, according as n = 1 or (mod. 2) ; 

when x = + l, n= ±1, or ±(2 + 0) (mod. 4), 

when x = -l, n==±(l + 20), or ± (mod. 4). 
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And the following table is easily deduced from the definitions just given. 



Residues of n to 
modulus X s , Le. 4X. 


* 


X 

1 


tt 


+ 1, +3 


+ 


1 

+ 


+ 


-1, -3 


+ 


+ 


— 


1 + 20, - 1 + 20 


+ 


— 


+ 


- 1 - 20, 1-20 


+ 


— 


— 


2 + 0, 2-0 




+ 


+ 


-2-0, -2 + 


i 

" i + 

i 


— 


-0, 4 + 




— 


+ 


0, 4-0 


— 


— 


— 



From the definitions or from this table it may be verified that 

yjr (nri) ^ifr(n)ifr (n'), % ( nn ') = X ( n ) X ( n ')» » ( m O =*»(*)• (*')• 

One specimen of the reasoning by which the existence of these supplementary 
characters is proved will be sufficient, and I shall then present a table shewing all 
the appropriate supplementary characters of narrow classes for the various values of A. 



In the case 



Then 



A = 48, and $ = ± (1 + 5) (mod. 4\). 
nn' = a 3 ± (1 + 5) y» (mod 4X), 



where x must be odd, but y may be odd, semi-even, or even, both x and y being 
principal; then (§ 10, table) 

#* = 1 or 3 (mod. 4\), 



and so 

Therefore 
that is 



f = ± 1, 25 or (mod. 4), 
nn '=2+0, -5, 4 + 5, 2-5, -1 + 25, 1+25, 1 or 3 (mod. 4\). 

a>(nw') = + l, 
© (n) = © (n'). 
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Supplementary Characters of Narrow Classes. 

L A = 48. 



Odd Residues of 
d to mod. 4X. 


Characters. 


Even Residues of 
& to mod. 4X. 


Characters. 


±1 


* 





*> X> » 


±3 


* 


4 


+* X 


± (1 + 20) 


* 


±2 


^ X 


± (l - 20) 


* 


±20 


♦ 


±0 


V'x 


2+20 


^, x» 


±(4 + 0) 


irx 


2-20 


^r, (0 


±(2 + 0) 


X 


± (1 + *) 


ft) 


±(2-0) 


X 


±(1-0) 


x» 






± (3 + 0) 


+%• 






±(3-«) 


yfrto 



II. A = 2S = 20 (mod. 4). 



Residues of d to mod. 4. 


Characters. 


±0 

±(2 + 0) 


none 



III. A = ± 1 (mod. 4) ; there are no supplementary characters in this case. 

28. Two classes of a given determinant are said to belong to the same " genus," 
when all their generic characters have the same values. 

Half the assignable genera of narrow classes of the first kind for a given deter- 
minant are impossible; this result is obtained (as in the ordinary Theory) by applying 
the Law of Quadratic Reciprocity to the equation (A/n) = + 1 (§ 24), n being here any 
odd number prime to A representable by 'some form of the first kind of determinant A. 

For example, let A = 4te*, * being principal and the largest square in A, and t also 

principal and =^...; and suppose t = ±0 (mod. 4). Then n being n^^nfi, the law 

of reciprocity (§ 15) gives 

(A/n) . (tjn) = e («/<), 

n, n, 

where e = (—!)', if th is odd, but (— 1)*, if n x is even. 
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That is, 



and 



Therefore 
so that the condition 
becomes 



6 
€ 

€ 



+ 1, if w= + 1 or ± (mod. 4), 

-1, if n=±(l + 20) or ±(2 + 0) (mod. 4). 

t%;and (n/t) - (n/^ (n/Q 

(A/n) = +l 

tx-WOWO - + i. 



Similar applications of the law of reciprocity (§§15 and 20) to the numerous cases 
furnish the facts set out in the table below, which is arranged in a similar manner to 
Dirichlet's table in the ordinary Theory (Mathews, Theory of Numbers, Pt. I. p. 135), 
and to H. J. S. Smith's table in his paper " On Complex Binary Quadratic Forms " 

(in the system of numbers # + yV— 1) (Collected Papers, Vol. I. p. 421). In the table 
4 s denotes the largest square dividing 8 in cases (I) and (II), or dividing A in case 

(III); tx, 4 are the different odd prime factors of t which is itself odd; s lf * 9 

are those odd prime factors of s which do not divide t\ and 7 is the index of the 
highest power of \ contained in *. In each line is the complete set of characters for 
the corresponding value of A, those characters to the left of the vertical line being 
subject to the condition that their product is + 1. 



Possible Generic Characters for Narrow Classes. 



(1) 8 = te» 



(2) 8 = k" 



(3) 8 = te» 



(4) 8 = ^ 





I. A = 48. 




(8 principal, and t = ± 1 (mod. 4), 

(or 8 secondary, and t = ± (2 + 0) (mod. 4), 


7 = or 1 


wo> 


^, WO, 


7=2 


wo, 


*, x, W*), 


7>2 


WO, 


^, x, »» WO, 


(s principal, and t = ± (1 + 20) (mod. 4), 
(or 8 secondary, and t = ± (mod. 4), 


7 = or 1 


*, WO, 


WO 


7=2 


*, WO, 


x, WO, 


7>2 


+, WO> 


x, *>, WO, 


is principal, and t=±0 (mod. 4), 

(or * secondary, and t = ± (1 + 20) (mod. 4), 


7 = 


v% wo, 


wo, 


7 = 1 or 2 


*, Xf WO, 


wo, 


7>2 


+. x> WO, 




(s principal, and t = ± (2 + 0) (mod. 4), 
(or * secondary, and t = ± 1 (mod. 4) r 


7 = 


x> WO, 


(n/s^, 


7 = 1 or 2 


x, WO, 


+> falsj> 


7>2 


x> WO, 
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(5) S = Xfe* 



(8 principal, and Xi = ± (1 + 0) (mod. 4X,), 
(or * secondary, and X^ = ± (1 — 0) (mod. 4\), 



7 = 
7=1 
7>1 



a>, WO, 
a), WO, 
o), WO, 



WO> 

i/r, (n/sj, ... 
^, X, WO, 



(6) 8 = Xfe* 



* principal, and Xi = ± (1 — 0) (mod. 4\), 

or * secondary, and Xi = ± (1 + 0) (mod. 4\), 



7 = 
7=1 
7>1 



x*>, WO, . 

X©, WO, . 
X, ft), WO, 



W*i)> .... 

^, WO, 

^, WO, 



(7) 8 = X^ 



( 



* principal, and \t = + (3 + 0) (mod. 4\), 
or * secondary, and Xi = + (3 — 0) (mod. 4\), 



7 = 
7 = 1 
7>1 



^x*>, WO, ... 
^, x*>, WO, . 
^, x, *>, WO, 



W*i)> 
WO> 
W*i)> 



,gv g _ x (s principal, and \t = ± (3 - 0) (mod. 4X.), 
* ' {or s secondary, and Xi = ± (3 + 0) (mod. 4\), 

7=0 ' +<o, WO, ' WO 



7=1 
7>1 



^r, 6), WO, 

^, 0), wo, 



WO> ••• 
x» W*)» 



II. A = 20 (mod. 4) = 28 = 2te«. 



8 
8 



± (mod. 4) 

± (2 + 0) (mod. 4) 



* WO, 

wo 



WO, 
WO, 



HI. A = ±l(mod. 4) = te». 

I wo, I wo, 



29. The generic characters of wide classes remain to be considered; we shall find 
that characters here occur of a kind which have no analogy in the ordinary Theory. 
Using the notation of § 26, if n is a number of the wide class represented by the form 
(a, 6, c) of the first kind, u and v are either both principal or both secondary (§ 24). 
Similarly for v! and v' \ and so x and y are both principal, or both secondary. Let 
t be any odd prime factor of A. 



Then 

If a? is principal, this gives 



4nn' = a? (mod. t). 
(nrijt) = + 1. 



If a? is secondary {nn'/1) = x 7 ' 1 = (- 1) 8 (mod. t). (§ 9, II.) 

Now either T = f 1 (mod. 8), in which case (nn'/$) = + l, whether x is principal or 
secondary, and we get the quadratic character (n/t) ; or T = ± 3 (mod. 8), in which case 
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(nn'/t) is +1 or — 1, according id a? is principal or .secondary. Let $/ and ti be two 
odd prime factors of A, both of whose norms are = ± 3 (mod. 8) ; then it follows that 
{nri/t 1 %') =s-fl, whether x is principal or secondary ; that is, (n/J/k') = (n'/^'O ; thus in 
the case of wide classes, there is a quadratic character corresponding to every pair of 
those odd prime factors of A, whose norms are = ± 3 (mod. 8). These however are not 

all independent, but it is evident that if £/, U, U' are the prime factors of A of 

this kind, then (n/tx'tj), (n]t 1 %') > (n/t l % / ) are all independent, and form a complete 

set, r — 1 in number ; for 

For certain values of A the supplementary characters %> w > e ^ c< occur; and there 
are also in some cases mixed characters, as yjr (n/t/), etc. 

The latter . arises when ^(nn') = + l, and (?m / /t 1 ') = + 1, if & is principal; but 
^(tm') = — 1, (nn'/t 1 / ) = — 1, if a is secondary. Then yft (nri) (nrijtl) = + 1, in either case: 
and so IW.WO^IM'WO- 

I now set out in a table the supplementary and mixed characters of wide classes 
for the various values of A; it will be observed that they are identical with the 
corresponding results for narrow classes, except that some of the supplementary characters 
are associated with (n/O- 

Supplementary and Mixed Characters of Wide Classes. 

I. A - 48. 



Odd Residues of 
8 to mod. 4X. 


Characters. 


Even Residues of 
& to mod. 4X. 


* 

Characters. 


±1 


* WO 





^ ( n M* x> i*> 


±3 • 


* wo 


4 


* (nfrl X 


± (1 + 20) 


* wo 


±2 


+ WO> x 


±(l-20) 


* wo 


±20 


* WO 


±0 


+x WO 


2 + 20 


^( n /Of inc* 


±(4 + 0) 


+x WO 


2-20 


yp> (n/O* yfw> 


±(2 + 0) 


X 


± (1 + 0) 


(O (w/O 


± (2 - 0) 


X 


±(1-0) 


x w ( n /*0 

■ 






± (3 + 0) 


ifae. 






±(3-0) 


yft(0 
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II. A = 28 = 20 (mod 4). 



Residues of d to mod. 4. 


Characters. 


±8 
±(2+0) 


* (n/O 
none 



IIL A = ± 1 (mod. 4). No supplementary, or mixed characters. 



30. In the following table, the notation is the same as in the corresponding table 
for narrow classes, the only difference being that the dashed letters £/, £/, ... */, ... 
denote prime factors of t and 8 whose norms are = + 3 (mod. 8), the other factors being 
denoted by undashed letters: and r denotes the number of the former kind of factors 
of t It is evident that if T = ± 1 (mod. 8), then r is even, and if T = ± 3 (mod. 8), 
then r is odd; and it is easy to prove that if 



then 
while if 
then 



*s±l, ±(2 + 0), ±(\ + /a), or ±(2\-/*) (mod. 4), 

T=±l (mod. 8); 
*=±(l + 20), ±0, ±fi f or ±(\-m) (mod. 4), 

T = ±3 (mod. 8). 



Bearing these results in mind as to r being even or odd, it will be seen that 
the product of the generic characters to the left of the vertical line is the same as in 
the previous table ; this is of course necessary, since the product in question is a 
transformation of (A/n), and the latter expression is equal to +1, for either narrow or 
wide classes. 

In the event of there being no factors of the form 6/ or #/, or only one of them, 
the results given below need some modification ; it is however easy to see in each 
such case what the complete set of characters is. For instance in the first line of the 
table, if there is no £/, but there is */, ..., the characters are 

W*i), W^, | + .(»/Ot W*i)> W*W), ; 



but if 8i is also absent, then the mixed character containing yfr disappears, and the 
characters are 

(n/O, (n/g Kn/*), 
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Possible Generic Characters for Wide Classes. 



I. A = 4S. 



(1) 8 = fe* 



8 principal, and t = ± 1 (mod. 4) 

pr 8 secondary, and t = ± (2 + 0) (mod. 4) 



>■ r even. 



/-Oorl 

7=2 

I>2 



{n/t l ) > ... > (nlt 1 %') t ... > (n/t 1 't r ') 
(n/*0, ..., (n/feV), ...,(«/*iV) 



^ W^iO, X, V™> W*i)> •••> MiV)> 



(2) 8 = Ufi \ 8 principal and ^ ± (1 + 2 * } (m0d - 4) | r odd. 
(or 8 secondary, and t=±6 (mod. 4) 



7 = or 1 
1 = 2 
T >2 



* WO, WO, .». W</0, -. WO/) 

^ WO. WO W</0, -, W^i'O 

Vr («/*/), (n/*,), .... W«i'0 WiV) 



WO, ••-. WOiO, ••• 

x, WO WtV). ••• 

x, V^. WO, •••» W^'O, 



(3) S==te ,{«Pri n « i Mand*=±tf(mod. 4) ) ^ 



lor « secondary, and £ = ± (1 + 20) (mod. 4)! 



7 = 
7=1 or 2 
7>2 



fx wo. wo W*i'0, .... WOrO 

fx wo. wo. .... W^'O WO/) 

tx WO* WO, •••, W«i'0, .... WOrO 



•> 



WO, ...» Wt'O. ••• 
x, WO, .... WOiO. ••• 
x, •»H. WO, •••, W*i'0. 



(4) 8 






* principal, and < = ± (2 + 0) (mod. 4)] 
or 8 secondary, and t = ± 1 (mod. 4) 



r even. 



7 = 

7 = 1 or 2 

7>2 



x. WO W«i'0. .... WO/) 

x- WO, -, WO.0, .... WO/) 
x, WO, .... W«.'0 WOr) 



WO WOiO, ... 

^WO, WO W^'O. ... 

^r WO. V™, WO. .... W'iV) 



(5) 8 = Xto»{* P^** 1 ! and * ■ ± M ^ 4 > , ^ I 

(or s secondary, and t = ±(\ — /*) (mod. 4)1 



r odd. 



7 = 
7 = 1 
7>1 



©WO. WO WO/), .-. WO/) 

» WO, WO WOO, •«. WO/) 

« wo, wo. — . woo, .-, WO/) 



wo, •••• wo/)» ... 

iftw, WO, ...» WO/). ... 

x, ^», wo, .... WO/)> .— 



19—2 
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(ft 8 = Xt& i* P rinci P al » and < s ± (X - m) (rood. 4)1 
^ ' "" (or * secondary, and t = ±fi (mod. 4) j 



r odd. 



7=0 
7 = 1 
/>! 



X a> (n/o, WO, -, W*iV), •••, W*iV) 

%a> WO, (n/O, .-, W*i'0 ( n /*iV) 

X, *> (n/*/), WO> ..., W*i'0, .... W*iV) 



W*i)> •••» W*iV), ••• 



,*v 8 « \fo« J* principal, and * = ± (X + /i) (mod. 4) 1 

' lor 8 secondary, and t = ± (2X - ft) (mod. 4)) 



r even. 



7 = 
7=1 
7>1 



1nc°>> WO> ■••• W*i'0, ...» (n/tV) 

^X«, (n/tj), ..., (n/ti'W), ..., W*i'0 

X, -f®, WO, —, W*i'0, ..., W*iV) 



(n/*i), ..., W*iV), ... 

^ WO, WO, — » W*iV), ••• 

^ WO, WO, •••» W*i'0, •••• 



. g v g s ^ f * principal, and * = ± (2X - ^) (mod. 4) j 

(or * secondary, and t = ± (X + p) (mod. 4)j 



r even. 



7=0 
7 = 1 
7>1 



+•, WO, —. W*iV), •••> W*iV) 
*a>, WO> ..., W*i'0, • •, W*iV) 
^a>, W0> ..., W*i'0, ..., (n/^O 



WO, ..., (n/^V), ... 
^WO, WO, •••> W*iV), ... 

^ WO, x> WO, •••> W*i'0, •••• 



8 =s ± (mod. 4y 

r odd 
8 s ± (2 + 0) (mod 

r even 



■1 



II. A = 20 (mod. 4) = 28 = 2te». 

^ (n/o, WO, ..., W*i'0, ..., W*iV) 

WO, ••, W'i'O, •••, W*iV) 



(n/8^, ..., W^V), ••• 

WO, •••, W*iV), — 



III. A = + 1 (mod. 4) = te* ; r even. 
WO> •••» W*i'0> — • W^'O I WO, •••» W*iV), •••• 



31. As an illustration of the results obtained in reference to Binary Quadratic 

Forms, I now consider the case A = — 4. Let n be an odd principal number, repre- 

sentable by a form of the first kind having this determinant ; then (§ 24), n x being any 

prime factor of n, 

(-4/nj- + l. 

Therefore (—l/iVi)«* + l, that is J^sl^od. 4). But the norm of any odd secondary 
number = 3 (mod. 4), so n^ and therefore every prime factor of n is either a principal 
or a real prime. And -conversely all such primes and all numbers composed of them 
are representable by some form of the first kind with this determinant. 

I have searched for forms of the first kind in the same way as is done in the 
ordinary theory, and after eliminating all forms (within the limit of my search) narrowly 
equivalent to simpler ones, the following forms remain : — (l, 0, 1), (0, 4, — 0), (0, — 4, — 0). 
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The form (-1, 0,-1) is equivalent to (1, 0, 1), the former being derived from 
the latter by the substitution 

% e 



U -2/' 



First, consider narrow classes; then the first line of the Table I. (§28) for A = 48 
shews that there is one generic character yfr, which apparently can be either + 1 
or — 1 ; this is an exception to the general rule that half the assignable genera are 
impossible, this exception being due to the fact that when A = — 4, there is no generic 
character (n/t,), ^ not existing in this case. 

Both these genera in fact exist, the class represented by the form (1, 0, 1) having 
the character yjr = + 1, and the classes represented by (0, ±4, —0) having the character 
f=-l; neither of the latter classes can therefore be narrowly equivalent to (1, 0, 1). 

Further, it is not difficult to prove that the forms (0, 4, — 0) and (0, — 4, — 0) 
are non-equivalent (narrowly). I have accordingly proved the existence of at least three 
narrow classes of forms of the first kind ; there may be more such, for, as pointed 
out in § 25, I am not aware of any method of ascertaining the number of classes of 
a given determinant. 

Turning now to wide equivalence, the three forms above mentioned are all equiva- 
lent; for 

2 = \/a + \(\-a0, 

-0=\*+(\-rY, 

and therefore the substitutions (f*' J and (7^ _%. ) respectively convert 

(1, 0, 1) into (0, 4, — 0) and (0 9 -4, — 0). There is apparently therefore only one wide 
class ; it has no generic character (§ 30). 
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Table I. 



32. Systems of numbers of the first type; D = — 4d, \= V2. 



-D 


6=<J-d 


/* 


V 


M* 


\6 


rf 


20 


V-5 


1 + V^5 

^/2 


1+0 


- 2 + 


-\ + 2fi 


- Sk + fi 


24 


V-6 


V-3 





- 3 


2/j, 


- SK 


40 


V-10 


V^5 





- 5 


2/t 


- 5\ 


52 


V-13 


1+ -J- 13 

V2 


1+0 


- 6 + 


-X + 2/i 


- 7X + /* 


88 


V-22 


V-ll 





-11 


2p 


-11X 


148 


V-37 


1 + V- 37 

42 


1 + 


-18 + 


-\+2fi 


-19X + /* 


232 


V-58 


V-29 





-29 


2ft, 


-29X 
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Table II. 

1 + "J!) 
Systems of numbers of the second type ; D = — 48 + 1, = — = — , X and /* are 



conjugate. 



-D 



15 



35 



51 



91 



N(ff)=l 



115 



123 



187 



235 



267 



403 



427 



4 



9 



13 



23 



29 



31 



47 



59 



67 



101 



107 



V5- 


fV- 


3 


• 


2 




V7- 


W- 


5 




2 




Vf7 


+ V- 


3 




2 




>/l3 


+ V- 


-7 




2 




V23 


+v- 


-5 




2 




i/ii 


+ V- 


-3 




2 




Vl7 


+ V- 


n 




2 




V47 


+ V- 

2 


-5 


V89 


+ V- 


-3 




2 




V31 


+v- 


13 




2 




Vei 


+ v: 


^7 



x» 







e 



3 + 



1 + 



4 + 



9 + 



1 + 



10 + 



21 + 



4 + 



13 + 



Xm 



11 



13 



23 



11 



17 



\e 



X- 2/* 



X- 3/* 



4\— 5/* 



2X- 5/a 



5X — 7/a 



10X-11/* 



2X- 7/* 



11\ - 13/* 



22\ - 23/* 



*X - 11/* 



14X -17/* 



,B 



2X 



3X 



5X— 3/* 



6X— /* 



7A- 4/* 



11\- 9/* 



7X — /a 



13X - 10/* 



23X - 21/* 



11X- 4/* 



17X - 13/* 
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Table III. 

33. The system D = -20; 0=V^5. 

Table of numbers, their prime factors and norms, in the order of magnitude of their 
norms. 



Principal Numbers. 


Secondary Numbers. 


Numbers. 


Prime Factors. 


Norms. 


Numbers. 


Prime Factors. 


Norms. 


1 


— 


1 


X 


— 


2 


2 


X» 


4 


/* 


* 


3 


e 


— 


5 


X — fi 


— 


» 


1 + 


Xfl 


6 


X + /a 


— 


7 


1-0 


X (X — /a) 


» 


2X-/i 


— 


» 


3 


/i(X-/i) 


9 


2X 


X» 


8 


2 + 


-(X-# 


>* 


X-2/a 


-X0 


10 


2-0 


-/*' 


>» 


2/i 


x> 


12 


3 + 


X(X + /*) 


14 


2X-2/A 


X"(X-/i) 


1* 


3-0 


X (2X - /x) 


»* 


2X + /* 


0(X-/x) 


15 


4 


X 4 


16 


3X — fi 


— 0/A 


>» 


20 


X*0 


20 


3X 


X/i (X — fi) 


18 


4 + 


/* (2X — /x) 


21 


X + 2/i 


-\(\-fl)* 


» 


4-0 


(\ — fi)(\ + fi) 


» 


3X-2/* 


-X/i a 


n 


1 + 20 


-(X-/i)(2X-/i) 


» 


X-3/* 


— 


23 


1-20 


— /* (X + fl) 


» 


2X-3/A 


— 


»» 


2 + 20 


xv 


24 


3/i 


fl*(\-fl) 


27 


2-20 


X»(X-^) 


i> 


3X-3/i 


fl(\-flf 


>» 


5 


-0 s 


25 


3X + /A 


- M B 


» 








4X — /* 


-(\-iiY 


» 



V. Partitions of Numbers whose Graphs possess Symmetry. 
By Major P. A. MacMahon, RA„ D.Sc, F.R.S., Hon, Mem. C.P.S. 

[Received and read 28 November, 1898.] 



It will be remembered that in Phil. Trans. R. S. of London, Vol. 187, 1896 A. 
pp. 619 — 673, I undertook the extension to three dimensions of Sylvester's constructive 
theory of Partitions. In Sylvester's two-dimensional theory every partition of a unipartite 
number can be associated with a regular two-dimensional graph. In the present theory 
only a limited number of the partitions of multipartite numbers can be represented by 
regular graphs in three dimensions. But whereas Sylvester was only concerned with 
unipartite numbers, the three-dimensional theory has to do with multipartite numbers 
of unrestricted multiplicity. Though the partitions of such are not all involved the field 
is infinitely greater, and all which come within the purview of the regular graph are 
brought harmoniously together. If in this new theory we restrict ourselves to two 
dimensions but view the graphs from a three-dimensional standpoint, we obtain in 
general six interpretations of the graphs instead of two and multipartite numbers are 
brought under consideration as well as those which are unipartite. The enumeration of 
the three-dimensional graphs of given weight (number of nodes), the numbers of nodes 
along the axes being restricted not to exceed I, m, n respectively, was conjectured in 
Part I. but only established for some particular values of I, m, n. 

For m ^ I it may be written 



(1 - a!*** 1 - aP+ l+l 1 - a? n + m V 
X J I-** # 1 - a**~ — 1-a™ J 



The symmetry of this expression and its real nature are best shewn by a symbolic 
crystalline form. 
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ObserviDg that it is composed of factors of the form (1 - a?) 1 , where t may be positive 
or negative, put 

1 — of = exp. (- u 9 ) in the case of every factor, 

and it will be found, after a few simplifications, to take, the form 

exp - <xhzf (1 " ut) (1 " um) (1 ~ * n) - 

In the two-dimensional theory the generating function 

(1 - ^)(1-^) ... (1 -s*+") 

has the symbolic crystalline form 

» 

exp. ^(1-nOa-n"), 
whilst in one-dimensional theory 

1 -x 

obviously leads to 

exp. u (1 — vF). 

Hence we seem to have before us a system in k dimension? associated with the 
crystalline form 

exp. (1 J 1 (I - tfi) (1 - ifo . . . (I - ufc ). 
In general & graph by rotations about the axes of x, y t and z 



y 
may assume six forms. 

When these forms are identical the graph is said to be symmetrical or to possess 
ajys-symmetry. 

Such ex. gr. is 

© • 

When the six forms reduce to f three the graph is said to be quasi-symmetrical. If it 
be such that each layer of nodes is symmetrical in two dimensions or, the same thing, is 
a Sylvester self-conjugate graph, it is said to possess ay-symmetry^ Ex. gr. 

©©• 
© 
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Similarly the graph 

• • • • 

possesses ys-symraetry, and by rotation about the y axis, or that of z> may be converted 
into one possessing xy or ^-symmetry. 

It is proposed to investigate generating functions for the enumeration of graphs 
possessing xy and oyz-symmetry, the former naturally including the latter. 

Algebraic theorems will be evolved in the course of the work by the method initiated 
by Sylvester. 

^-SYMMETRICAL GRAPHS. 

The self-conjugate Sylvester graphs which have i nodes along each axis can be 
formed by fitting into an angle of 2t — 1 nodes any number of angles of nodes, any 
angle containing an uneven number, less than 2i — 1, of nodes and no two angles pos- 
sessing the same number of nodes. Ex. gr. for i = 7 we have the angles 



• ••• • • • • 

• • • 



which by selection of the 1st, 3rd and 4th of the angles may be formed up into the 
graph 



• • • 

• • • 



Hence, as Sylvester shewed, the generating function of such graphs is immediately 
seen to be 

a?- l (l + x)(l +a?) ... (1 + 81 '-*). 

Each layer of the three-dimensional graph has this form, and if there be two layers 
at most we may construct a generating function 

flc^Oa ... a^*'" 1 (1 + Oifli)(l -h C^Orf?) ... (1 + 0,0a ... Oi^ l 0? S ^ t ) 






where fl is a symbol of Cayley's which means that after multiplication all terms con- 
taining negative powers of Oj, a,, a,...**; are to be struck, out and then each of these 
letters put equal to unity. 

The first line of the expression following fl is derived from 

a**" 1 (1 + x)(l + a*) ... (1 + o*-») 

by placing as coefficient to each a^" 1 the product a l a 2 ...a g . 

20—2 
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The angles of the first or lower layer correspond to the powers of x in the first line, 
those of the second layer to the powers in the second line, and the operation of A is such 
as to prevent any combinations of the former and the latter which give rise to an 
irregular graph. 

Summing this function from i=l to i = i and supposing its value unity when t' = (a 
convention that is made only for convenience; no form exists for i = 0) we obtain 

ft(l + a 1 a?)(l +a 1 a 2 # , )(l +a l a4a&P) ... (1 +^03... a^' -1 ) 



x 



1 + *) ( 1 + J*_) (1 + _fL_) ... ad in fJ 



as the generating function which enumerates #y-symmetrical graphs of at most two layers, 
the number of nodes along an x or y axis being limited not to exceed t. 

Further if i be infinite this becomes : — 

ft (1 + Oyx) (1 + a^a^x?) (1 + a^fl^xf) ad inf. 

x (l + -Vl + — ) (l + — --) ad inf. 

It is moreover clear that the generating function of ^-symmetrical graphs which 
have at most i nodes along each of the axes x t y and at most j nodes along the 
axis of z (i.e. which involve at most j layers) is : — 

ft (l + 0!a?)(l + OjOaic 3 ) (1 + a^daO 5 ) (1 +o l o l ... a^* -1 ) 

yfi+h^u+^Mi+m-*) adinf . 

x( I + l«)( 1+ a* , )( ,+ ^-) ■ dht 

x fl + *«Vl + **«A (l + ***•■) ad inf. 

j rows, 
ft operating in regard to all the symbols, a, b, c, d t <fca ... 

If the graphs be unrestricted, as regards i, we put i = 00 ; and, if they be totally 
unrestricted, we regard the tableau, upon which ft operates, as possessing an unlimited 
number of rows and columns. 

The generating function is crude. One, which only involves x, is ultimately to be 
desired. It should be possible, by algebraic processes, to perform the operation ft and 
thus to pick out the terms of the product which constitute the reduced generating 
function. This appears to be a matter of considerable difficulty, and in order to determine 
the probable form of the reduced function I have examined many particular cases and 
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attempted its construction. My conclusion is that, writing (*) to denote 1 — #•, the 
reduced function is, in all probability, an algebraic fraction of which the numerator is 

0' + l)0' + 3)0" + 5) 0" + 2t-l) 

x(2j + 4)(2j + 6)(2j + 8) ( 2 j + 4»-4) 

x(2j + 8)(2j + 10)(2j + 12) (2j + 4t-8) 

x 

x(2j + 4«)(2j + 4« + 2)(2j + 4« + 4) (2j + 4»-4s) 

x 

wherein, if i be even, there are *t rows the last of which is 

(2j + 2t) ; 

and, if t be uneven, there are ^(i— 1) rows the last of which is 

(2; + 2t - 2) (2j + 2i) (2; + 2i + 2) ; 

and the denominator is obtained from the numerator by putting j = 0, viz. : — it is 

(1)(3)(5) (2i-l) 

x(4)(6)(8) (4i-4) 

x (8) (10) (12) (4t-8) 

x 

x (4s) (4s +2) (4s + 4) (4t'-4s) 

x 

the last row being (2i) or (2i — 2) (2i) (2i + 2) according as % is even or uneven. 

The proof of this formula, the truth of which seems unquestionable, is much to be 
desired. 

• * 

When the number of layers of nodes is unrestricted we put j=co and the numerator 
reduces to unity. When moreover both i and j are unrestricted in magnitude the 
reduced function becomes 

1 

(i) (3) (5) (7) ... (4) («) (8)» (\oy (ny (uy (\6Y (18Y ' 

or as it may be also written 

(1 + s)(l + x>)(l + s°)(l + a?) 

(2) (4) (Qy (sy (ioy (ny (uy (iey ' 

wherein the numerator denotes the generating function of Sylvester's unrestricted self- 
conjugate graphs in two dimensions. 

Some particular cases are interesting. 

By putting j = 1 we should obtain Sylvesters result in two dimensions. 
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We find 



which may be written 

and is right. 

When j = 2, we find 



(2) (6) (10) (14)... (4i- 2) 
(l)<S)(5)(7)...(2i-l) ' 

■ • » • • a 

(1 + *>(1 + *»)(! + a?)(l +a?) ... (1 + a*'" 1 ) 



or 



(2t + l) (2t -t- 4) (2t + 6) ... (4i -r 2) (4i) . 

""OT" (*) (6) ...(a»-2)(20' 

(2» + 2) (2i + 4) . . . (4j : - 2) (4i) (2* + 4)(2* + g)...(4» 
(2) (4) ... (St - 2) (2») + * (2) (4) (6) ... (2» 



- 2) (4i) 



-2) 



For an even weight 2w we must take the coefficients of x w in 

(i+ !)(»' + 2)... ( 2 » -!)(») 

(1) (2) ... (i-l)(i) ' ' 

and this is the generating function of two-dimensional graphs of weight w, not more 
than i nodes being allowed along either the x or y axis. Hence a correspondence 
between the at-most-two-layer ^-symmetrical graphs of weight 2w restricted as to the 
x and y axes by the number i and the graphs in two dimensions of weight w restricted 
as to the axes by the number i. 



Ex. gr. for to = 4, t = 3 the correspondence is 



111 
1 



1 1 
11 



w • t • • 



1 1 

I 

1 



2 2 1 

2 

1 



2 2 
2 2 



111 
111 
1 1 



For an uneven weight 2w + 1 we take the coefficients of x v in 

(t+ 8) (i + 8)... («-!)(«) 
(1)(2)(3) ... (i-1) ' 

and this is the generating function ' of two-dimensional graphs of weight w, not more 
than i + l nodes being allowed along the x axis nor more than % — 1 along the y axis. 

The correspondence established is that between the at-most-two-layer ^-symmetrical 
graphs of weight 2w + l restricted as to each of the x and y axes by the number i 
and the graphs of two dimensions of weight w restricted as to the x axis by the 
number t + 1 and as to the y axis by the number i — 1. 



Ex. gr. for w = 5, t = 4 we have the five to five correspondence 



11111 1111 



111 
1 1 



1 I 1 

1 

1 



1 1 
1 1 
1 



1111 
1 1 1 
1 1 1 
1 



2 111 
111 
1 1 
1 



2211 
21 
1 
1 



221 
211 
1 1 



2 2 2 
2 1 
2 
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where % is indefinite the generating function becomes 

1 +8 



(1 - a?) (1 - tf«)(l - <*)< ad in£ ' 

This curious result shews that "the number of at-most- two-layer ^-symmetrical 
graphs of weight w is equal to the whole number of partitions of $w or of £(w — 1) 

• • » » . • 

according as w is even or uneven. 

There is another solution of the problem that has been under consideration. 

Instead of constructing a generating function from successive layers of nodes parallel 

to the plane of wy t we may build one up by first considering all the exterior angles 

of nodes; then those which become exterior when the former are removed; and so on. 

Thus if any graph were 

4 3 2 2 1 

3 2 2 1 
2 2 11 
2 11 

1 

4 3 2 2 1 

3 
2 

2 



we first take 



as constructed by the superposition of 



1111 



then 



then 



2 2 1 

2 

1 

1 1 
1 . 



made up of 



1111 

1 

1 

1 

111 11 
1 1 

1 



1 1 
1 



l; 



We are then led to the crude generating function 

• • • 

1 



ft 



(l-ra)(l —mx){\ - maa?) (1 - mabaf^l -mabcx!) ... (1 — mabc ... d*"" 1 ) 

(^('-a-X 1 -**)--** .', , 



( l -3( 1 -w- , )( , -a&*)-<- hl 



ad inf. 
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in the ascending expansion of which we must take the coefficient of m*, ft operating 

in regard to the letters 

a , b , c , ... 



We have, therefore, the identity 

ft (1 + diX) (1 + OjO^c 8 ) (1 -f- (^cL^a^xf) ... (1 + a<\<h ••• atf? 1 " 1 ) 

xh + ^Vl+to^ MA «.)... ad inf. 

*( 1+ t*)( 1+ *H( 1+ ^" , )~* dW 



= Co m* ft 



j rows 

1 



(1 — m)(l — w#)(l — mcur 8 )(l — maba?)(l — mabcaf) . . . (1 — mabc ... a 2 *" 1 ) 




1 f- a? 5 ] . . . ad inf. 



\ a/ \ ab 



ad inf. 
and, when j is unrestricted, 

ft (1 + a&)(l + a!a^)(l + OjOaa^c 5 ) ... (1 + oa ... aid?** -1 ) 



xfl + ^.Vl + iA^Vi + WA^y.. ad inf. 
\ ai J\ Oxdt A 0,0,0, / 

x ( 1+ H( 1+ a-)( i+ SI')-» dM 



ad inf. 
= ft 



*s 



(1 - a?) (1 - aa?) (1 - abafi) (1 - oior 7 ) . .. (1 - abc ... a*- 1 ) 

■•( , -3( 1 -a- , )( , -£-)"--« 
( I -?)( 1 -ro*')( I -SR''')- ad int 

ad inf., 
a remarkable result, which it would be difficult to establish algebraically. 
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As it is necessary in the sequel we will now determine the generating function 
which enumerates the ay-syin metrical graphs, limited as above, but subject to a new 
restriction, viz. each layer of nodes is to be formed by, at most, * plane angles of nodes. 

The enumeration, it is easy to see, is given by the coefficients of m 9 <c» in the 
development of 

la> 0(1 + ma l x)(l +ma 1 a 2 ff 3 )(l + ma 1 a^af i ) ... (1 +ma 1 a J ... a^c*- 1 ) 



*( i+ S')( i *a-')( i+ ai-*)~- h < 



j rows, 
and also by the coefficients of mfx* in the development of 

1 n l 



1 - m (1 — mx) (1 - 9iui£ > )(l - maba?)(l - wiabcx 7 ) ... (1 - mabc... at"- 1 ) 

( i -3( i -a*)( i -*-')--« 



* rows. 



Let the coefficients of m* in the former of these generating functions be denoted by 
Fj t$ (x), and denoting the generating functions by A and B respectively, we have: — 

-4 = 1+ mF jtl (x) + m*F jt2 (x) + ... + m'F jt9 (x) + ..., 

B =1 + mF lf9 (x) + m*F %a (m) + ... + rnJF jt8 (x) + .... 

Moreover for j = oo , we have 

4 = 1 + wF. fl (x) + m % F w%% {x) + m*F„ tt (x) + ..., 
and for s = <x> , 

B~l+ mF lf „ (x) + m 8 ^. (x) + m»2^ f0C (*) + .... 



The ^-symmetrical graphs. 

Just as Sylvester dissected the ^-symmetrical graph in two dimensions into plane 
angles we may dissect the #y£-symmetrical graphs in three dimensions into solid angles. 
Each solid angle is in the shape of a symmetrical fragment of half of a hollow cube. 

In each of the planes xy f yz t zx we find the same symmetrical two-dimensional graph. 
If this graph has i columns or rows the number of nodes which lie on one or other of 
the three axes is l + 3(i — 1) or 3i — 2. In the plane of xy we can place plane angles of 
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nodes so as to form a symmetrical graph in two dimensions. If w be the weight of the 
solid angle we have w — 3t + 2 nodes to dispose symmetrically in the three planes and 
this can be done in a number of ways which is given by the coefficients of 

x \ (W-31+8) 

in (l+a?)(l+^)(l +*»).. .(l + <c*-»), 

that is, by the coefficients of x w in 

& = *»*-* (1 +o») (1 + x>) (1 +*») ... (1 + &-% 

which is therefore the generating function of the solid angles in question which have 
exactly i nodes along each axis. Observe that i — 1 factors follow a* -3 , and that, when it 
is convenient, we suppose the expression to have the value unity when i = 0. 

Hence the solid angles which possess % or fewer nodes along the axes are enumerated by 

1 

-f-ar^l -ha 8 ) 
+ a 7 (l+0*)(l+s i >) 
+ ...... 

+ a*-»(l + 0*)(l+a?) (1+^r 18 ) ...(1+ af^). 

Fitting solid angle graphs together when possible produces ays-sytametrical graphs. 

When i = 2, Q 2 = ai i (l + a?) t the two solid angles being 

© • © © 

• © • 

of contents 4 and 7 respectively. 

We cannot fit a solid angle into the first of these, for there is no node upon which 
it can rest. In the case of the second we can fit in the solid angle for which i = l, Qi = x 
represented by a single node • , and thus form the symmetrical graph 

©© 

~ -. of content 8. 

©© 

Synthetically we form the generating . function 

Clx* (l + ax*) (l + -x J = x 4 + x 1 + a? 

of all symmetric graphs having i = 2. 

Observe that the construction of the factors, following the operator ft, permits the 

association of 

©© 



and does not permit that of 



^ and • 

© • 



® # and 
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Restricting ourselves to two solid angles when 

t = 3, ft-«f(l+rf)(l+*) 

we are similarly led to the construction of the generating function 

whence after expansion and operation we find 

{a? +X 10 +«"■ + «■•) + (a 11 + a? 7 + «») + («» + a*) + a», 



and the correspondence is 










df 3? . GWJ* 




x 7 x o&as» 




x 7 . ax* . abx* 


3 11 3 2 1 




3 3 2 




3 3 3 


1 2 1 




3 11 




3 1 1 


1 1 




2 1 




3 11 


X 

v. ox*.- : 
a 


a 


< 


i? .ax* .obx* . 


X 

a 


3 2 1 


3 3 2 




3 3 3 




2 2 


3 2 1 




3 2 1 




1 


2 1 




3 11 




a? . aox* . — s- 


X 7 . 


ox* .obx* . 


X* 

ab 




3 3 2 




3 3 3 






3 3 2 




3 3 2 






2 2 




3 2 1 







a? . cux? . aba? . — r . — . 

ab a 

3 3 3 
3 3 3 
3 3 2 

In the form which arises from the product af.abaf.-, the largest solid angle is given 

311 ii 

by x 1 . aba? ; that is, a? gives the axial portion 1 , a? yields - in each of the three 

1 

3 3 2 

planes, so that the resulting angle is 3 1 1 ; the next largest solid angle is given by 

2 1 



CO 

- and this fits into the larger. 

a ° 



21—2 



160 Major MACMAHON, PARTITIONS OF NUMBERS 

* * 311 11 

Again from x 7 .ax* .abx 9 .-?.— we get first 1 from x\ and then and 1, in 

° ab a ° . 1 

388 «** 

each plane, from x 9 and #*, yielding 3 11 the outer solid angle; and -=-.— gives a solid 

3 11 " a 

2 1 . .22 

angle, composed of - and 1 fitting in each plane, viz.: — 9 . , and this fits into the 

3 3 3 

larger solid angle yielding 3 3 3. 

3 3 2 

It will be clear now that the generating function for symmetrical graphs having i 
nodes along each axis and formed of at most two solid angles is 

{10^(1 + fl^Xl +CUW?) ... (1 + 0,0, ... Oi-jtf*'-*) 

x {l + ^ + ^.(l + ^ + -^-(l + ^(l + -^) + ... ad inf.l > 

( 0, 0,0a \ O,/ OiO&z \ o,/ \ o 1 o a / J 

the general term in the series to infinity being 



OjOg ... Og_i 



\ <h/ \ OjOj/ V O!^ . . . 0,- 2 / 



Summing this function, for values of i, it is found that the generating function, for 
the graphs composed of at most two solid angles and having at most t nodes along 
each axis, is 

ft {1 + x + x 4 (1 + a^x*) + a? (1 + <h&) (1 + <bW?) + . . - 

+ **- a (l + a,^) (1 + a^cw?) ... (1 +0,0,1 ... Oj-jfl 6 *- 9 )} 

x { 1+ £ + ^_(l + ^) + ^f 1+ ^fi + J^) + ... adinf l. 

( a, 0,05 \ o,/ 0,090* \ o,/ V a x a 2 J j 

If the graphs are to be composed of at most two solid angles but to be otherwise 
unrestricted we obtain 

ft {1 + x + x 4 (1 + o,a?) + x~ (1 + a,^ 8 ) (1 +o,o*b*) + ... ad inf } 

x {i + - + ^(i + ?!) + -*L(i + ^( 1 + ^_) + ... adin fl. 

( a, a^a^ \ a,/ 0,0*08 \ a,/ \ 0,03/ j 

It is now easy to pass to the general case in which the composition is to be from 
at most s solid angles. The generating function is 
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11 {1 + X + & (1 + 0,0*) + X 7 (1 + Oi^Xl + OiOafc 8 ) + ... 

+ #*^ a (l + a 1 «»)(l + a 1 a&?) ...(1 + OJOJ... ai_,a^- 9 )} 

x ii + f + _^fi + ^ a ,) + _^_fi + ^^fi + M. a .) + ... ad i n£ l 

4^is( 1+ H + s&( ,+ H( 1+ ^) + --^ 

x |l + ^ + ^fl + *^) + -^fl + *^Vi + ^^) + ...adinf.i 



* rows. 

When the first row is also continued to infinity, and the number of rows is 
infinite, we have the crude form of generating function for ays-symmetrical graphs quite 
unrestricted. 

When «=1 and t = oo it may be easily proved that the generating function may be 
written 

x a? a?» 

+ (l-^)(l-a*)(l-^ 8 )... (l-a^- 9 ) 4 "'*' 

There is another mode of enumeration of ays-symmetrical graphs which it is important 
to consider. 

Durfee has shewn how to dissect a symmetrical graph in two dimensions into a 
square of nodes and two appendages lateral and subjacent. 

Ex. gr. the graph 

a 



where this is a square of four nodes, a lateral appendage a and one which is subjacent b. 
This dissection leads to the expression of the generating function in the form of an infinite 
series of algebraic fractions. Sylvester further applied the same dissection to unsymmetrical 
graphs and derived algebraic identities of great interest. 

In the case of three dimensions we also have a dissection of the same nature. This 
is not based upon the isolation of a cube of nodes as might at first appear. 

If we take such a cube, for example, 

2 2 
2 2 
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we may, it is true, attach appropriate lateral, subjacent, and superjacent graphs and thus 
obtain an #yz-svmmetrical graph; but a slight consideration shews that a large number 
of symmetrical graphs escape enumeration by this process. Ex. gr. the graph 



3 3 
3 2 



2 
1 



2 1 

is based upon the cube in question, whereas the graph 



3 3 
3 2 



3 
1 



3 1 
is not based upon that or any other cube, yet it is without doubt symmetrical. 

In the former of the two graphs observe that the appendages are 

lateral . 

subjacent 2 1 

superjacent 

The fact is that symmetrical graphs are based also upon graphs other than those 
which are perfect cubes. 

The whole series is formed as follows: — 

We have, first, those based upon the cube 1, viz. 
the base is 1. 

Secondly, we have those based upon graphs such that there is a square of four nodes 
in each of the three planes of reference. These are of two kinds, viz, : — 

2 2 2 2 

2 1 2 2 

where the nodes of the former are in the shape of the half of a hollow cube and the 
latter is obtained from the former by combining with it the cube 1. 

Thirdly, we have four bases derived from the graph which has the shape of a half- 
hollow-cube of side 3 ; viz. : — 

3 3 3 3 3 3 3 3 3 3 3 3 
311 3 21 333 333 
311 311 332 333 

where observe that the three latter bases are derived from the former by combination 
with the three bases previously constructed, viz. : — 

2 2 2 2 
2 1 2 2' 
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Similarly, of the fourth order, we have eight bases, viz. : — 
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4 4 4 4 


4 4 4 4 


4 4 4 4 


4 4 4 4 


4 111 


4 2 11 


4 3 3 1 


4 3 3 1 


4 111 


4 111 


4 3 2 1 


4 3 3 1 


4 111 


4 111 


4 111 


4 111 


4 4 4 4 


4 4 4 4 


4 4 4 4 


4 4 4 4 


4 4 4 4 


4 4 4 4 


4 4 4 4 


4 4 4 4 


4 4 2 2 


4 4 3 2 


4 4 4 4 


4 4 4 4 


4 4 2 2 


4 4 2 2 


4 4 4 3 


4 4 4 4 



the seven latter being derived from the former by combination with the seven forms 
previously constructed. 

The way in which the bases are built up is now plain and we see that, of order n, 
we can construct 2" -1 bases of which 2 n_1 — 1 are derived by combining with the half- 
hollow-square of order n, all the bases of lower orders in number, 

l + 2 + 2» + ...+2"-* = 2"^ l -l. 
As one illustration take the graph 




the e axis being perpendicular to the plane of the paper. 



The graph is built upon the base 



a the lateral appendage being 



b the subjacent appendage being 



c the superjacent appendage being 



3 3 3 
3 2 1 
3 11; 

3 2 1 

1 1 

i; 

3 11 

2 1 

i; 

3 2 1 
2 

1. 
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From the lateral appendage we derive in succession the subjacent and superjacent 
appendages. 

The rule is to face the origin and give the lateral graph right-handed rotations 
through 90° about the axes of z and y in succession. We thus derive the subjacent graph, 
and a repetition of the process upon the latter then gives the superjacent graph. 



Thus starting with the lateral 



3 2 1 
1 1 
1 



the two rotations give in succession 



113 

1 2 

1 



3 11 
and 2 1 
1 



the latter being the subjacent, and operating similarly on the latter we obtain in 

succession 

12 3 3 2 1 

1 1 and 2 

1 1 

the last written graph being the superjacent. 



As another example, if the lateral be 



2 2 1 
1 1 



we obtain by operation 



12 2 1 

12 and 2 1 

1 1 



2 1 



giving 2 1 the subjacent: operating upon this 
1 

12 2 , 3 2 

11 ^2 
giving o tne superjacent. 



Compare the graph 



5 4 
4 1 



2 1 
2 1 
1 



2 2 1 
1 1 



upon the base 



2 2 
2 1* 
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We have arrived at the point of shewing the construction of the bases and we have 
seen how to construct the graph, being given the base and the lateral; the base and the 
lateral completely determine the graph, and if they be of contents w l9 w t respectively the 
complete graph is of content w 1 + 3w s . For a given base we have now to determine the 
possible forms of lateral appendage preparatory to attempting their enumeration. 

Every line of numbers parallel to the axis of y in a symmetrical graph is of necessity 
a self-conjugate partition of a number, for otherwise more than one interpretation of the 
graph would be obtainable. Ex. gr. in the graph 

5 4 2 2 1 

4 111 

2 1 

2 1 
1 

• • a • ft 

5 4 2 2 1 is a self-conjugate partition of the number 14, 
2 1 3 

** ■*■ >» n ' »? ft tt **f 

the corresponding symmetrical two-dimensional graphs being 



• • • • • 

• • • 



Hence this self-conjugate property appertains also to the lateral appendage, the lines 
of numbers being taken parallel to the axis of y, not parallel to the axis of a. The 
reverse would naturally be the case if we were considering the subjacent appendage. This 
property imposes a limitation upon the possible forms of lateral appendage. 

Let w 1 be the content of the base, h its order i.e. the number of nodes along an 
axis; also let w t and ij refer to the lateral. 

Then for the complete symmetrical graph we have content Wx + Swt and order 
h + i*, or say, w, i referring to, the- complete graph, 

w = W! + 3w 2 , iss^ + ij,. 

For the base 1 

vj 1 » 1, *\ = 1 the lateral must have the form 

111 1..., 

and the generating function for such laterals whose order does not exceed t, is 

• ■*■ 

l-a*+* . 
1-a? ' 
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therefore if F (x) denote the generating function of the associated symmetrical graphs 

*Co^i^(a?)«Co^ +, ^^(a:) = Co« w »-r 



.-. F(x) = x 



1-x 



the generating function of symmetrical graphs on the base 1. 
Since i, = t — 1, we may write this 

2 2 2 1 

For the base 9 _ the lateral may involve . and 1 but not . ; hence its form 

must be 

2 2 2...1 1 1... 

Ill 

If ij be unrestricted the lateral generating function is 



l-#.l-aj»' 

otherwise we have to seek the coefficient of mSx w * in 

1 



1 — m • 1 — mx* 1 — mx* 
and since w 1 = 7, ^ = 2, t, =» t — 2, 

we obtain the generating function of symmetrical graphs 



x 7 



1 — m . 1 — m#* . 1 — mx 9 
in which we seek the coefficient of m i ~-*x' w . 

Similarly for the base 9 since the lateral must be of the form OQ ...., , ... 

It A 2 2 11 

we are led to the generating function 

a* 



1 — m. 1 —mx*. 1 — ma? . 1 — ma?*' 
in which we seek the coefficient of ra^-V. 

If the base is at most of order 2 we may say that the enumeration of symmetrical 
graphs of content w and having at most i nodes along an axis is given by the 
coefficient of mPx" in 

1 4. ft* 1 "**? m*~V mt^x* 

1 — m.l-mx* 1— m. 1 — mx*. 1 — mx 9 1 — m.l — mx*.l — tw^.I -map* 

* Cox"F{x) denotes the coefficient of a* in the expansion of F[x). 
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If ij and therefore % be unrestricted this expression naturally becomes 

, x a? - \ aP 

1 + ^ • + 



1-atl-at.l-x 9 ' l-asM-aM-* 11 ' 

The question now arises as to the direct . formation of the fractions appertaining to the 
bases of order v 

* 

The form of the lateral appendage depends, as we have seen, upon the self-conjugate 
unipartite partition represented by the right-hand column or boundary of the base. We 
will call this partition the base-lateral So far of the first four orders we have met 
with certain base-laterals, viz.: — 

Order ^= Base-lateral 

1 2 

2 2 

2 12 

3 3 3 

3 13 3 

12 3 

4 4 4 4 

4 14 4 4 

12 4 4 

12 3 4 

Of order i\ there are h different base-laterals ; for consider the formation of the base 
of order n from those of inferior orders. Combination of the half-hollow-cube form of 
order ^ with the bases of orders less than ^ — 1 can only result in base-laterals identical 
with that of the half-hollow-cube base; and assuming that base-laterals of order i| — 1 
are h— 1 in number, it is plain that the combination referred to can only produce 
ii — 1 additional base-laterals. Hence, on the assumption made, the whole number of 
base-laterals of order i, is 1+ij — l = v By induction the theorem is established. 

The ii base-laterals of order i x are (writing them for convenience horizontally 
instead of vertically) 

i&-\ i&r+, h*&-, #-. 

We must discover the generating function of bases having a given base-lateral */**«"•. 

The base-lateral in question is associated with 2 i »~**" 1 different bases if 8<n, while 
ifi is associated with but a single base. Taking s=l, the simplest base, having ^l**- 1 
for base-lateral, is the half-hollow-graph of content ^'-(ii-l) 8 . The remaining bases 
with this base-lateral are obtained by combination with the bases of the first ^ — 2 
orders. 

22—2 
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Denote by u a — 1 the generating function of the bases of the first 8 orders ; then 

u a+J - {1 + x«+v*-+} u at 
or i^-* = {1 4- tf*-*>*-«i-»>»} ti^, 

whence u^ = (1 + x) (1 + x*~*) (1 + a**) . . . {1 + a?**.-**-*-^}. 

Therefore the generating function of bases, having the base-lateral til* 1-1 * is 

Next consider the bases having the base-lateral 

The simplest base of this nature is derived by combining the half-hollow-cube 
form of content ^ 3 — (^ — l) 3 with the similar form of content (ij — 1)* — (i, — 2)* and thus 
it has the content if — (ii — 2)*. With this we can again combine every base of the 
first h — 3 orders without altering the base-lateral, which remains if2t*~*. Hence the 
bases are enumerated by the generating function 

**-*-*» [(1 +«) (1 + ^")(1 +0*-*) ... {1 +W*r* 9 -*-* 9 )\ 

In general the simplest base with base-lateral tjV**"* is obtained by combining the 
half-hollow-cube forms of orders *i, t"i— 1, ii — 2, ... ii — * + l, and thus has the content 

ii-(h- *y. 

By reasoning before employed we arrive at the fact that the bases with base-lateral 
t^-' are enumerated by 

In this expression, between the brackets [ ] there are ij — * — 1 factors; if * = f 1 — 1 
or ^ we take merely a* 1 - 1 " and afr* respectively. 

The next question is the ascertainment of the generating function which enumerates 
the lateral appendages that can be associated with the base-lateral if&r*. When 8 = 1 
this is easy because the lateral must be composed of columns 

1 2 3...^ 

Ill 

1 1 

1 

not more than £, being taken. 

The generating function is 

_. 1 

1 — m . 1 — mx . 1 — ma? . 1 — ma? .... 1 — moP*- 1 * 

where we seek the coefficient of mhaP* or of mf^iaP* since t'si^ + t,. 
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Finally for the symmetrical graphs constructed on bases whose base-laterals are tjl* 1-1 
we have the generating function 

^■M' [(1 + x) (1 + s*- 1 *) (1 + a?-*) ■ . . {1 + gtfr**-*-*'}] 
(1 -m) (1 - wwj 8 ) (1 - mx 9 ) ... (I - Tna^i" 3 ) 

in the expansion of which we must seek the coefficient of mf^aP. 

When the base-lateral is iffi-* the matter is by no means so simple. The lateral 
appendage is composed of columns each of which is a self-conjugate partition of a 
number, and the possible forms of the columns are further limited by the form of the 
base-lateral. To explain take ^=5,3=3 so that the base-lateral (written horizontally) is 

5 5 5 3 3. 



This has a graph 



formed of three plane angles. Any column of the lateral must have a graph which can 
be superposed; the condition for this is obviously that it must be composed of not 
more than three plane angles, the largest angle containing not more than 9 nodes. So 
with base-lateral ifs^-* a lateral column must have a graph composed of not more 
than * plane angles, the largest angle containing not more than 2^—1 nodes. 

The complete lateral appendage constitutes a multipartite partition whose graph is 
symmetrical in two dimensions. We have therefore to enumerate the graphs of this 
nature, each layer being composed of at most 8 plane angles and no angle containing 
more than 2^ — 1 nodes and the number of layers not exceeding i — ii or v 

The crude form of this generating function was found earlier in the paper to be 

1 



a 



(1 — m)(l— ww?)(l— maa?)(l — maba?)... (1 — mate... a**" 1 )' 



8 rows, 



in which we take the coefficient of mf^vP*. 
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We can now assert that the symmetrical graphs which appertain to the base-lateral 
t/** 1 " - , and have at most % nodes along an axis, are enumerated by the coefficient of 



m^w" in 



^-M' [(1 + X ) (1 + a?-*) (1 + a*-*) ... {1 4- x^-*- 1 **-*—**)] 
(1— ra)(l — ma?)(l — maa?)(l —mabx") ... (1 —mabc ... a?**-*)' 



^ rows. 



Denoting this expression by S(m, x) t we see that 

2 2 S (m, a?) . m* 1- * 

enumerates, by the coefficient of m°a? w , the whole of the symmetrical graphs subject to 
the single restriction that more than i nodes are not to occur along an axis. 
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1. The series 



1 tt 3 g,...a m ^ | tt 1 (tt 1 +l)« Q te+l)...am(«m+l) g. j ,jv 

l./hp3.../>n 1.2.fh(/>i+l)/) a (p 3 + l).../>»0>»+l) 

is convergent for all values of x if m ^> n and convergent for values of x whose modulus 
is less than unity if ra = n + l; in such cases if its sum be denoted by 

the successive differential coefficients of this expression are represented numerically by the 
convergent series obtained by taking the corresponding differential coefficients of the terms 
of (1). The relation connecting the coefficients of two consecutive terms a^af, a r+1 af +1 , viz. : — 

(l+r)(j> 1 + r)...(p n + r)a r+1 =(a 1 + r)(a t + r)...(a m + r)a r (2), 

is equivalent to the differential equation 

\(O + a 1 )(e + a t )...(0 + a rn )-±d(e + p l -l)(d + p i -l)„ 

in which 6 stands for the operator xdjdx. The series (1) is therefore, when convergent, a 
solution of this equation. Relation (2) is satisfied by n other series, convergent if (1) be 
convergent, one of which is 

x x -p*F(a l -p l + 1, a,-^ + 1,... a m -p 1 + 1 ; 2-p l9 /9*-pi + l,.../fe-f> 1 + l; «)...(*), 

the others being analogous. Each of these n series when convergent is therefore a solution 
of equation (3), and the n + 1 series thus furnish the complete solution of this equation 
for all values of x if mjfn, and for values of x whose modulus is less than unity if 
m = n + l. It is supposed that no two of the quantities a li ...a m> pi,...p n , 1 are equal, or 
differ by an integer. 

Relation (2) is also satisfied by m series proceeding in descending powers of x, one 

of which is 

« 

--«. J 1 + g i( g l-ft + 1 ) -( g l l£» + 1 ) /-.V-aH-l 1 

r + l.(a 1 -a,+ l)...(a J -o w +l)^ r x 

a 1 (q 1 +l)(«i-pi + l)(ai-<»i + 2)...(« 1 -/> n + l)(q 1 -p» + 2) l | 

+ 1.2.(a l -a,+ l)(a l -a, + 2)...(a l -a n , + l)(a 1 -a m +2) a? + -|-W> 
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the others being analogous. These m series are all divergent when the former n + 1 are 
convergent. The object of the present paper is to show that in such a case if the real 
part of (— l) n ~™+ l /x is negative, then provided 8 exceeds a certain number independent of 
x, the sum of the first s terms of such a series as (6) differs by some quantity whose 
modulus is less than that of the next term from a certain linear function of the n + 1 
convergent series (1), (5), etc., and that whether the real part of (— I)*-***- 1 x is positive 
or negative, for any specified value of s, x can be taken so great that the sum of the 
first 8 terms differs from the same linear function of the convergent series by a quantity 
whose modulus is less than that of the next term multiplied by 1 + e, where e is any 
assigned small positive quantity. 

It may be remarked that the theorem stated for the case in which (— ) n - m + 1 x has its 
real part negative cannot be true without some restriction on the argument or the modulus 
f (-yfr-m+i^ n, h as been pointed out by Hankel {Math. Annal. Vol. I.) that such a 
theorem cannot hold for a series proceeding in powers of u whose terms, after a certain 
one, are real positive and increasing as the three results to which it would lead on 
terminating the series successively before each of three consecutive positive terms, of which 
the first is less than the second and the second less than the third, involve an in- 
consistency. Hankel however appears to consider that it may hold for all other values 
of u ; this is a mistake unless the function of u to which the semiconvergent series is 
u equal" (in the sense above) is discontinuous on crossing some curve other than the 
positive part of the axis of real quantities, as it is evident that, with this exception, if the 
theorem be true for all save real and positive values of u it must be true even for these. 

The well-known semiconvergent expansions of J n (x), for example, cannot therefore hold 
for complex values in the sense that for each of the two divergent series occurring therein 
the error committed in stopping after the *th term, provided s — n + ^ is positive, has a 
modulus less than that of the next term, without some restriction on the value of x\ and 
in fact the demonstrations given by Lipschitz (Crelle, lvi.), Hankel (loc. cit.\ and Gray and 
Mathews (Treatise on Bessel Functions) are invalid unless x be wholly real. Lipschitz, who 
discusses only the case in which n is zero, appears in fact to consider only real values of x. 
The fallacies involved in the proofs by Hankel and by Gray and Mathews will be noted 
presently. The magnitude of the error in case x is complex has been discussed by 
H. Weber (Math. Annal. Vol. xxxvn.), who has not however explicitly referred to the 
fallacies in question. 

2. As a lemma to be used in establishing the theorem of the present paper I proceed 
to prove that if (1 — t)" a be expanded in ascending powers of t y where the modulus of t 
may be greater than unity, then provided a + # be positive the modulus of the error out- 
standing after s terms is, if the real part of t be negative, less than that of the next term, 
-and if the real part of £ be positive, and t not wholly real, less than that of a certain 
multiple (involving the argument of t) of the next term. 



We have 



-t *| + s * 9 + " # **- 1 j + ?(z-iy 
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( 1 — - z)~~ a dz 
Multiplying by — =A , where (1 — *)~* is equal to unity at the origin, and 

integrating along the path ABGDEFA in Fig. 1, CDEFA being supposed a curve, every 
point of which is at an infinite distance from the origin, we obtain 

(1 - *)- = 1 +at + ... (to * terms) + — j ^ ' dz, 




wherein the path of integration is the same and (1 — 1)~* reduces to unity at the origin. 
If now ct + * is positive the path GDEFA contributes nothing to the integral on the right 
and the remainder after 8 terms, which we will denote by R(a, *), is equal to the integral 
taken along the path ABC only. This may be written, following Pochhammer {Math AnnaL 
xxxv.), in the form 



irij z*{z-ty Z - 



2m 

00 



Suppose first that 1 — a is positive. We then have 



*<*•>- as ^-^JT^* 



= — sin air 

IT 



J i z 8 (z-t) 



If the real part of t be negative 



Ji *(z-t) } x z* +i n(«) 



Therefore since II (a — 1) II (— a) = it cosec car we have 

mod. ■R(«, < )<mod. n(g)n(a _ 1) , 

i.e. < modulus of first term omitted as stated. 
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If the real part of t be positive and t=r(co9<f> + iam<f>), 

mod. y — — -r,dz< -s— r / (frg, 

and therefore 

n(* + a-l) 1 



mod. R (a, s) < V 



n(*)n(a-l)sin^* 



Next suppose that 1 — a is negative but that n + 1 — a is positive, n being a positive 
integer. By partial integration performed n times in succession we obtain the result 

R (*> «)-o-wi-— £?-^ — 7 xPfc-fl-'^^ L/ 1 a ! 

v ' 27rt.(l-a)(2— a)...(n- a); cw ,l (« , (5 — Qj 

-n(»)f 70) ( _,_( L 

27rt(l-a)(2-a)...(n-a)J v ; \z>(z- 



8 8.(8 + 1) 



n-i 



f )n+i l.z>+i(s-ty> 1.2.Z*+'(z-t) 



n (n) . **+» (g - t) 

_ n (n) V sin (« - n) «• f- _ [ 1 _ 

- 7r.(l-a)(2-a)... (n-«)J^ f \z>(z-t)r +1 T l. 



'} 



9 

+ ... 



*» +1 (^ - 0' 

+ n (•.)*•+•<*-*) J* (6) - 

If now the real part of t be negative, this integral would be increased in absolute 
value by replacing every negative power of z — t by the same power of z ; if this were done 
the coefficient of (z— ly 1 " - *^*"*"* 1 under the sign of integration would be 

8 s (s + 1) 8 (g + 1) ... (a + n- 1) 
1 + I + ~T72" + '" 1.2... n ' 

which is equal to 

(*+!)(*+ 2). ..(* + n) 
1.2.. .w 

Accordingly, since 

>-.-«-i dz = n(n- «) nfr+q-i) 

n (s + w) 

we have 

j r>/ \ j t , sin(a — nW.IIte + a — 1) Ef(— a) 
mod. ic (a, s) < mod. ^-7^ — - — - 

N ' 7T.ll (8) 

, **II(* + a-l) 

< m(Kl - TT/ \TT/ T\ > 

II(s)II(a— 1)' 
i.e. < modulus of next term as stated *. 

If the real part of t be positive and t = r (cos <f> + i sin 0) the integral in (6) would 
be increased in absolute value by replacing every negative power of z — t by the same 
power of z sin </>, and we evidently can deduce that 

mod. R (a, *) < modulus of the next term multiplied by cosec n+1 £. 

* This result follows readily also from Lagrange's form of the remainder in Taylor's series, extended (as regards 
the modulus) to a function of a complex variable. See Darboox, LiouvilU'i Journal, 1876. 



j (z -1)*— 
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• 

3. In discussing the functions of Art. 1 it will be sufficient to consider the case in 
which m = n. The case in which m = n + 1 can be derived from this by making x and 
one of the p'a infinite together, and any case in which m < n by making one or more of 
the a's infinite and x infinitely small and of the proper order. 

Omitting the case of n = 0, the simplest of such cases is that in which n = i ; this 
case will be considered somewhat fully. Equation (3) is now reduced to 

{*0"-(*-p)D-a}y-O (7), 

D denoting differentiation with respect to x. Its solutions in converging series have been 
fully discussed by Pochhammer {Math. Annalen, Vol. xxxvi.). 

If the series F (a ; p ; x) be considered merely as the limiting form of that for 

F(a, /3; p; u) 

wherein x//3 is written for u, and £ is then made infinite, the limiting form of the equation 

F(a, 0i p; u) = (l-v,y--fiF(p-a, />-£; p; u) 
shows that 

F{a) p; x)=&>F(p-a]p; -*) (8), 

and that 

a}-oF(a-p + l', 2-p; x) = a^-P^F(l -a; 2-p; -a?) (9), 

while another particular integral suggests another divergent series, viz. 

^-p Ji + (l-«)fr-«) 1 . (l-a)(2-a)Q.-«)(p-a + l) 1 ) 

^p|1 + j _ + — - + ...J (10), 

besides that of the type (5) which now is 

rt f q(q-p + l) l , a(q + l)(a-p+l)(a-p + 2) l , ) 

. |i _ _ + __ - + ...J (H). 

A particular case of relation (8), in which p is written = 2a = n and x is replaced by 
2x, is given by Qlaisher (Trans. Roy. Soc., 1881, Part 3, page 774). 

Pochhammer shows that equation (7) is satisfied by the integral 

e u (u — a?)~ a w a "^dtt 



x' 



i 



taken along a path which starts from any part and returns to the same point, provided 
the path is such that the initial and final values of e u (u — #)~~ a u a ~~' differ by zero, and has 
considered the two solutions 

~te,0i*-i0-) 

e u (u - x)-*u*-f>du (12), 

c 

e u (u - x)-*u a -*du (13). 



/ 



J —00 



In the former the path starts from any arbitrary point c (which may be taken in the finite 
line joining the points 0, x\ and returns to the same point after having made a circuit 
round the points x t 0, in the positive direction, and then a circuit round the points x, in 
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the negative direction; this integral is a multiple of «*-*jF(ct — p + I ; 2 — p\ x). In the 
latter the path starts from the point — oo and returns to the same point after making a 
circuit round the points x, 0, in the positive direction ; this integral is a multiple of F(a ; p ; x). 

The identities (8), (9) might easily be established from these integrals by making the 
substitution u = x — v. 

In addition to (12), (13) the following integrals, not discussed by Pochhammer, also 
satisfy the necessary conditions and are therefore solutions of equation (7), viz. 

"(0) 

e u {u - x)-*u*-fidu (14), 



/ 
/ 



-00 

<*) 

-00 



e u (u - x)- a u a -*du (15). 



We take the path of u in (15), both in going and returning, to pass above or below the 
origin according as x is above or below the axis of real quantities. 

Suppose in the first instance that the real part of x is positive. 






• * « 



* ■ 

■ ■ 
• • 



H 



°il . o ,* / /b 



r 



* # 

# ■ 



e 

FIG. 2. 



In Fig. 2 let A be a point near the negative part of the axis of real quantities and 
at a great distance from the origin. The path of u in (12) is equivalent to the paths 
AGBCDA, AEFGA, ADHEA, the value of the function e u (u - x)-*u*-* at the end of one 
part being taken as the value at the beginning of the next part. But for the path 
AEFGA we may substitute AEHDA, ADCBGA. Thus for the whole path in (12) we 
may take AGBCDA, AEHDA, ADCBGA, ADHEA. And as the distance of A from the 
origin increases indefinitely, the first of these becomes the path in (13), the third this 
reversed, the second the path in (14), and the last that path reversed*. 

— 1] f-J , we will choose as 

Pochhammer virtually does those values of I — 1) and of (-] which, when the 

path of u crosses the production of the line joining the points 0, x, for the first time 
at C t are wholly real and positive, and that value of x~? whose argument lies between 
— £7r/2, and + p7r/2. Pochhammer, he. cit., shows that this integral is 

e«<«-p>@(a-/>+l, l-a)rf-pjF(a-/> + l; 2-/>; x) (16), 

7(1,0, i- t o-) 
where @ (a, 6) = r****** I v*~ l (1 - v)^ 1 dv (17), 

c 

* On some grounds it would be more convenient to choose as the initial and final point one near the paitive 
part of the axis of real quantities and at a great distance from the origin. I thought it advisable in the present 
case to follow Pochhammer. 
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c being an arbitrary point on the finite line joining the points 0, 1 and v* -1 , (l—v) b ~ l 
having there initially values which are real and positive. (See Pochhammer, "Zur Theorie 
der Euler'schen Integrale," Math. Annal. Vol. xxxv.) 

t, . «/ ln a • ., II (a -1)11 (6-1) 

But © (a, b) = — 4 sin air sin bir — y=-j — . — - , 

the II functions having their extended meaning. The integral (12) is thus equal to 

-4e"t«-P>sin(a-/j)7rsin(-^^ 2-p; a?) ...(18). 

Also of the four portions by which we have shown the path in (12) can be replaced, 
the first AGBCDA contributes to the integral as shown by Pochhammer, 

T(l-p)F(a; p; x) or ^^--F{a; p; x) (19), 

and the third ADCBOA contributes this same multiplied by — e»**(*-p). These two together 

then contribute 

47rg*<«-P>sin(q- / j)7 r 

n (p - 1) ( ' p9 ' * '" 

Again for the integral along the second portion AEHDA, bearing in mind the 
alteration of the argument, we have 

7(0) 

6 «(«-2p) £-• I e u (l-u/x^tf-Pdu (21), 

J -« 

wherein at the point where the path of u crosses the line 0, x, the values of (1 — u/x)~* 
and of (tt/a?) a ~ p &re real and positive and the argument of x~ a lies between — flwr/2 and + a7r/2. 

Writing (1 - u/x)-* =l + i - + -V-o -j + ... (to * terms) + ii„ 

1 X x. • £* XT 

and evaluating the several terms of the integral, (21) becomes 
tfrt(«-*>){eP<(p-«) _0«(«-p)j n(a — p)ar a 

(Id? 1.2 or J 

7(0) 7(0) 
where -R/= I e u u a ~pR 8 du -r I e u u a ~>du (23). 

J — ao J —oo 

Now the origin of u is a multiple point of order 8 on R 8i or R 8 in the neigh- 
bourhood of the origin of u is of order u*, as may be seen by finding the limiting 
value of i^/tt*, and therefore provided a — p + 8 + 1 is positive, 

7(o) ro 

<Fu—vR 8 du = - (*■«(•-*+•> - e-*(«-p+*)) I e u u a -'R 9 du (24), 

J —00 J -00 
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(the right-hand member involving a line integral and the argument of e u u a ~*R 8 being the 
same as that of R t /%t). And if a + 8 is positive the modulus of R 8 is less than that of 
the (« + l)th term in the expansion of (1 — m/#)~*, accordingly R 8 is less in absolute value 
than the («+ l)th term of the series in (22). 

In this sense then provided a + 8, a — p + 8 + 1 and the real part of x are positive, 
8 terms of the series represent the whole of the expression, including 22/, in brackets 
in (22), an expression which we will denote by ^(a,a — p + 1; — 1/x). 

The fourth and last portion of the path in (12) contributes to (12) an expression 
equal to (22) multiplied by — #"*. 

Thus the second and last portions together contribute 

4e**< a - p) sin />7r sin (p — a)7r.II(a — p)x' a <f>(a y a — p + 1; — l/x) (25). 

Equating (18) to the sum of (20) and (25) an equation is obtained which may be 
written in the fonn 

n(a-l)n(-p)F(a;p;x)+n(a-p)n(p-2)a?->F(a-p + l 7 2-p,x) 

= n(a-l)II(a-p)fl;— </>(«, a-p + 1; -1/*) (26), 

the argument of x lying between — ir/2 and +7r/2, and the argument of every power 
a? m lying between —mir/2 and + ra7r/2. 

Suppose next that the real part of x is negative and that the imaginary part is 
positive. Let us now take as the beginning and end of the paths of integration in 
(13), (14), (15) a point still at infinity, but whose argument instead of being it has 
some value between ir and Sn/2 t say 57r/4, and take values of the function under the 
sign of integration which are reconcilable with those formerly taken. These changes of 
path do not affect the values of the integrals. Proceeding as before, we have now to 
deal with (1 — u/x)-* where the argument of u is now 57r/4 instead of ir ; this is of 
the form (1 — 1)~* where the argument of t is somewhere between «jr/4 and 37r/4 instead 
of between n/2 and 37r/2 ; the integral on the right-hand side of (24) has now the same 
absolute value as 



^(•a^w* 



where v is real and negative and R 8 denotes the remainder after 8 terms of the expansion 
of ( 1 .- / j . By Art. 2, R 8 is certainly less in absolute value than the (* + l)th term 

of the expansion multiplied by 2* where £ is a positive integer such that & — a is positive,, 
and as 



i 



— 00 

m+1 



when m + 1 ia positive, is less in absolute value than 2 * II (m), it follows that R 8 ' is 
less in absolute value than the (* + l)th term of the series in (22) multiplied by 
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q+0-p+g+l » 

2 * .As there is no superior limit to the value of s for which this is true, and 

as, by taking x great enough, terms at the beginning may be made to outweigh as much 
as we please any finite number of succeeding terms, it follows that x may be taken 
so great that for any given value of 8 the error in taking 8 terms of the series in 
brackets in (22) instead of the whole expression will have a modulus less than that 
of the next term multiplied by 1 + e, where € is any assigned small positive quantity. 

If both the real and imaginary parts of x are negative the same result follows by 
taking for the point at infinity in (13), (14), (15), one whose argument lies between 7r/2 
and 7r. 

Equation (26) is thus true in the sense indicated when the real part of x is negative, 
the argument of every power x m lying between — mm and — m7r/2 or between +m7r/2 
and +7Mr. 

I proceed to obtain the relation connecting the divergent series (10) with the two 
convergent solutions of equation (7). If in (26) we change a into 1 — a, p into 2 — p, 
x into ye"**, it becomes 

n(-a)n(p-2) J F(l-a; 2-/>; -y) + nO>-a-l)n(-p)e(w)«' r i J(p . a; p . _ y) 

^IH-c^Ilip-a-l)^ 1 — > »* jr -1 $ (1 - a, p-a; 1/y), 

wherein the argument of every power i/™ lies between and 2m7r. After multiplication 
by &, bearing in mind equations (8), (9), and writing x instead of y, this may be written 
in the form 

n(p-a-l)II(-/>)jF(a; p\ x) + U (-a)II(/> - 2) &-»** x 1 -' F (a -p+ 1 ; 2-p; x) 

= n(-a)n(/)-a-l)eO»-«)»<e*^-^(l-a, p-a; 1/x) (27). 

This is true in the sense that if the real part of x be negative the error in stopping 
the series on the right after 8 terms is less in absolute value than the next term, 
provided s + 1 — a and s + p — a are positive, and that whether the real part of x be 
positive or negative x can be taken so great that the error in stopping after 8 terms 
is less in absolute value than the next term multiplied by 1 + e, where e has any 
assigned positive value and 8 has any given value. 

The expression on the right of (27) is a multiple of (15) and may be obtained 
from that integral if x has its real part positive, by changing the starting point to 
some point at infinity whose real part is negative but which subtends with the origin 
an obtuse angle at the point x, and writing u = x + v. 

Equation (27) may also be obtained directly by replacing the path of u in (12) 
by four other portions in a different manner. For instance instead of (12) we may 
write _ 

"(0,«,0-,«-) 

e u (w — a:)~* w*~ p du, 



- 



(Pochhammer : " Ueber ein Integral mit doppeltem Umlauf," Math. Armed. Band xxxv.), and 
if the real part of a? is negative and its imaginary part positive divide this path into 

* This reasoning, in fact, proves that if the argument of x is *■ ± y f (y acute), the multiplier is 
[oo«eo(0+Y)/ (sec 0)*~ p+ * +1 provided and 0+y are acute; also a and a-p+1 may be interchanged. 

Vol. XVII. Part III. 24 
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four others, that in (13) taken forwards, that in (15) taken forwards, that in (13) taken 
backwards, and that in (15) taken backwards. If the point x is differently situated a 
slight modification is necessary. 

In the case which occurs in connection with Bessel Functions*, viz., that in which 
f = 2a, Hankel (loc. cit.) considers the integral 



/, 



o 



Although as Hankel proves, the remainder after 8 terms of (1 + rt) n ~* is less in absolute 
value than the next term (provided n — « — J is negative), his inference that a similar 
statement holds for the integrals, is only valid when x is wholly real. For if u, v, w 
be complex functions of r which is wholly real, and if mod. u < mod. v, we are not 



justified in inferring that mod. I uwdr < mod. I vwdr, 

J a J a 



Gray and Mathews (Bessel Functions, p. 69) apply Lagrange's form of the remainder 
in Taylor's series to the case of a complex function (l±^-j Although this is 

a valid form of a superior limit to the modulus of the remainder, we are not justified 
in assuming that (1 + erM *&& l*"""^") (n — s — £ being negative) are both less 

in absolute value than unity, where 0, ff , £ are real, unless x be wholly real. 

4. The theorem indicated by equation (26) is a particular case of the following which 
will be proved by induction: — 

n ( g , - 1) n (- Pl ) n (- Pl ) ... n (- Pn ) „_.„„. „ . ^ 

n <_«,) n (-«,)... n<- a,) * w>- «•»•••«■» *> p»-p»> x ) 

n(« 1 -p 1 )n(p 1 -2)n( Pl -p,-i)...ii(p 1 -p n -i) „, . . . 

2-/3i, />j-/^i+ 1, ... pn-/>i+ 1 ; x) 

+ (n— 1) other terms analogous to the last 

n(a 1 -l)n(a 1 -p 1 )...n(q 1 ~p n ) _ m 

= n(« 1 -a 2 )n(a 1 -^)...n(a 1 -^)^^^ (ai ' ai "^ +1 ''-- a ^^ + 1 ' ai "^ +1 '- 

«i-«n+i; -i/«) (28), 

wherein the argument of every power a?* lies between — rnn and + mir, the symbol of 
equality being interpreted in the sense that: — 

(A) If the real part of x is positive, the error committed by stopping the series 
on the right-hand side after 8 terms is less in absolute value than the next term, 
provided 8 exceeds a certain number. Of the series on the left we may select the 
first so that 1, /h, ... p n , are in ascending order as also 09, ets, ... ««. If a is any 

* The aemiconvergent series for J n (x) may be readily obtained by forming the equation satisfied by e* .I n (x) 
and using the analogues of (26), (27). 
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fractional number let [a] denote, if a is negative, zero, if a is positive the integer 
next higher than a. Then s is not to be less than the greater of the integers 

[an-«i-l]+ 2 |>r-/>r], On - «i - 1] + 2 [«r-/>4 

r»2 r=2 

(B) Whether the real part of x is positive or negative*, x can be taken so great 
that for any assigned value of 8 the error in stopping after s terms is less in absolute 
value than the next term multiplied by 1 + €, where e is any assigned positive quantity 
however small. 

It is to be noted that in the enunciation of (A) the additional factors occurring in the 
numerator and denominator of the second term omitted are all positive, and the argument 
of x is restricted to a range of ir, including that value which makes all the terms 
omitted real and of alternate signs; 8<me restriction on the argument or on the amplitude 
of x being, as remarked in Art. 1, not merely incidental to our method of proof but 
essentially necessary from the nature of the theorem. 

5. We will first prove by induction that there is one solution of the differential 
equation satisfied by 

& («l> a a> •••«n; Pn />«, ... pn'y — «) 

which can be written in the form Cer*x*( a ~ri where, as x increases indefinitely, having 
its real part positive, C tends to a fixed limit. (The minus sign has been inserted 
before the x as it is easier to reason about a negative quantity when we call it — x 
than when we call it +#•) This is true also if the real part of x is negative but not 
required for the present purpose. Let us assume that this is true when there are n 
as and n p's, and introduce another a and another p denoted simply by a and p. The 
differential equation for the new hypergeometric function is satisfied by 

«"-* I (v - xy-*- 1 !/—^ (v) dv, 

J 00 

where <f> (v) is the solution of the old series referred to (see Pochhammer). Writing 



<f> (v) = Ger+vi**'** = Ce' v v m 



and making the substitution v = x + u, the above solution may be written in the form 

e-x^-p+m i (7c- t *t^- a - 1 (l+w/a?) tt+m - 1 di* (29). 

^ 00 

Let us assume in the first instance that p — a is positive ; this is then a multiple 
(depending on the unspecified arguments) of the line integral 

Jo 

If (1 + u/x)* +in ~ l be now expanded in powers of ujx the modulus of the remainder 
after a certain term will be less than that of the next term, and it is accordingly 

* If the latter, it will also be shown that the error is less than a certain multiple of the next term 
(« restricted as before). 

24—2 
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evident that the above may be written in the form C'er*^** 1 * where, by increasing x 
sufficiently, C can be made as nearly as we please equal to a certain constant. 

Also in case p-a be negative, on integrating (29) by parts the integral may be written 
in the form 



1 1 f (0 > Ca + m — 1 

i— [Ce-ovr- (1 + u/xy^^Z - -£- I er»ur~ (1 + a/* )* +m - 2 ] C - C (1 + u/x) 

(1 + u/x) dCjdu\ du. 



/>-a 

+ 



The expression in the square brackets vanishes at the infinite limits, and by making x 
great enough dC/du may be made as small as we please by hypothesis, and the above 
integral, if x be large enough, can thus be made as nearly as we please equal to 

- -^/V^"* (1 + V*) a+m ~ 2 j"" 1 "^"" 1 - C (1 + u/x)\ du, 

from which it is evident that any limits to the value of p — a may be extended by 
unity, and therefore, for all values of p — a, (29) may be written in the form 

C'e^x*- 9 *?^ 
where C tends to a fixed limit as x increases indefinitely. 

6. The solution which does tend to this form is a multiple of 

... pn-Rr + 1 J -«)> 

wherein the argument of a?* lies between — ra7r/2 and + m7r/2. This may be seen by 

making in the theorem indicated by equation (28) the arguments of a? in succession — ir 

and +7r and subtracting the results after having multiplied one of them by e** ai . It then 

appears that the above solution is one which, when in it x is made real and positive and 

sufficiently great, can be made less than a certain multiple of any specified term of the 

series 

x- a *F(a l9 ai-/»i+l, ...; ai-Oa+ 1,...; + l/#), 

and therefore must be the one in question, as from equation (28), assumed to hold for the 
above functions, no other solution can be of this order for infinite values of x which have 
their real part positive. 

7. We require to evaluate the integral 

arFfa, ota, ... On; pi, p*, ... p»; -x)dx (30), 



JQ 





when intelligible, that is when m + 1 is positive and m — a, + 1 is negative, where a, is the 
algebraically least a. (When x is very great the hypergeometric series is of order x~*.) 
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The hypergeometric function is equal to 

provided a* and p n — *n are positive. Substituting this value in (30) and changing the 
order of integration, which can be shown to be legitimate since ra — a* + 1 is negative, 
(30) can be written in the form 

but the x integral is equal to 



II(g,-m-2) n(/j n -g n -l) 
n(p n -m-2) 

and accordingly (30) is equivalent to 



ym+l—om 



n( p n -i)n(q,-m-2 )r 

In the same way provided a 2 and pi — «i ar © positive 

n( P ,-i)n( ai -m-2) 

~II(a 1 -l)n(/) I -m-2) " l ;- 
Therefore by induction we finally obtain for (30) the value 

n(m) - r I i 1 n(a r -i)nO) r -m-2") (31) ' 

provided, in addition to the conditions necessary to make (30) intelligible, all such 
quantities as a, and p r —&r are positive. 

These latter conditions may however be removed. Since 

^(dj + l, 0,, ... OnJ /h> Pa, ••• />nj — «) — ^(tti, «s> ••• «n5 pn pa, ••• pn« — #) 

"a d» '**' "*' '" "*' ^' P*' '" ' >n * ""^ 
by multiplying both sides by a 1 " and integrating we obtain 

I ^^(Oj + l, ota, ... On; p x> ... p n ; -«)cfe- I a!* F (&> ... o»; p x , ... p n ; -a?) da? 

^0 JO 

— - .F(a 1 ,...a n ; p!,...p n ;-tf) — I a^jFfo,... o»; p l9 ...p«; -#)<&. 

a i Jo a i Jo 

If the second integral in the left-hand member is intelligible, so also is the first; the 
expression in square brackets then vanishes at the limits and 

I 3t»F(a u ... a„; p u ... p n ] -x)dx=- — ^ — I of* F(a Y + 1, a,, ... a„; p x , ... p n ; -<c)cfc, 

JO «! — W — 1 J o 
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and accordingly any inferior limit imposed on any a may be extended by unity, the 
other as and p's being kept unchanged, provided in (30) the integral remains intelligible. 

Also from the equation 

F(a lt *«> ••• «n; p\> P*> ••• Pn\ — «) — ^(«i,«j» ••• OnJ pit P«, ••• pn-i> pn~ lj — «) 

-j-F{a Xi ... OnJ pi, ... p«; -a?) (32), 



p» — Ida? 
by multiplying both sides by a* and integrating we obtain 

f>oo poo 

I aPFioLxyOi, ... On] p lf p if ... p n ; -x)dx- \ x m F(a u ...a*; p u p„ ... p n - lt p n -l; -x)dx 
Jo Jo 

= ^~—\af»+ l F («!,«,, ... on; p lf ... p n ; -*) 

^-H Jo 

w I 1 /.GO 

+ t| a^F{a u ... On; ft, p s , ...p n ; -*)<&? (33). 

Pn — A J o 

If (30) is intelligible all the terms in this equation are finite and that in square 
brackets is zero at the limits and thus we obtain 

/ td*F(u u 9 %% ...* n \pi>p%****Pnr-u pn-l'> -x)dx 

Jo 

= /> n -m- f ^p^^. pn . _ x )fa (34^ 

Pn~~ A y 

and accordingly any limit to the value of any p may be extended by unity, the other 
a 8 and p's being kept unchanged. The result stated as to the value of the integral (30) 
has thus been established*. 

8. It is to be noted that the proofs given of the results of Arts. 6, 7 for functions 
of any order assume the truth of equation (28) for functions of the same order. We 
now proceed, assuming the results of Arts. 6, 7 and equation (28) for functions of any 
and the same order, to extend equation (28) to functions of the next higher order by 
the introduction of another p and another a. We do so in the present Article, taking 
the equation in sense (A) but subject to the restrictions that each* of the quantities 
p, — Oa, ...p» — «n, p — a, «i+ 1 — p«, ...ax + 1 — p n , c^+1 — p, is positive. In Art. 9 we will 
extend the equation in the sense (B), and in Art. 10 the restrictions introduced in the 
present Article for the sense (A) will be removed. 

As indicated by Pochhammer the equation satisfied by F(a, a u Oa, ... a„; p, p u ... p n ; + a?) 
is satisfied by 

^" p I ( v - xY~*~ l v*~ l <f> (v) dv (35), 

where <f> (v) is any solution of that satisfied by F(a lt a*, ... d; p u ... p n ; +v) and the 
path of integration is a closed one such that the final value of (v — a?)*-"*" 1 v*" 1 <f> (v) 
differs by zero from the initial one. 

* This result may be generalized by omitting any number of a's, if the integral remains finite; write x=y/a 
and then make a infinite. 
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Let the path be one which makes a circuit round the point x in the positive 
direction, then round the origin in the positive direction, then round the point x in 
the negative direction and finally round the origin in the negative direction. Suppose 
in the first instance the real part of x to be positive. 

Such a path is equivalent to the paths ABCA, ADBA, ACBDA which may be 
replaced by the four portions ABCA, ABBA, ACBA, ABDA, (Fig. 3). 

B 










c\o =—> 



Fig. 3. 

Let A be a point h on the axis of real quantities and let <f> (v) be 
CF(a lt ctj, ... a*; p lt pa, ... p n ; +v) 

+ 2 &&-» ^(oti-zv + l, ... an-/> r +l; 2-p r ,f l -/v + l, ... fli-/&r + l; +v) (36), 



those values being taken which make the initial arguments of every power of v zero 
at the point h (before multiplication by C, C r \ and make the initial argument of 
(v — a?/"*" 1 diminish indefinitely as h increases indefinitely. 

On examining the values of the arguments at different points it will be seen that 
the second and fourth portions of the path together contribute to the integral (35) the 
expression 

(^ <-«) -<r*)o*-> C(v-wY— iv- l F(a u a„ ... a„; p u ... p n ; +v)dv 

J A 

+ 2 (^(.-pj.e** <«-*))#!-,/ C r (v-xY~-«- l lf- » F^-pr + l, ...On-pr+1] 2-p r , ... 
r=l J h 

...Pn-Pr + 1; +V)dv (37), 

the initial arguments being taken as above. 

If the differential coefficient of this expression with respect to h be written down 
it will be evident that in virtue of equation (28) assumed for the function of the 
(n + l)th order, i.e. that which satisfies the differential equation of the (n + l)th order, 
provided we take 

c(&*i*-p) - l ^- n fa- 1 ) n (-ft>"- n (-p») 
n«- <->- n(-^n(-^)...D(-« 1I ) 

ctf-t <**—» i n(« 1 ^ r )n(p r -2)n(p r -p 1 -i)...n( Pr -p n --i) ? ' < >' 

this differential coefficient when h increases indefinitely will be of the order A/ I ~ a i~ s ; and 
the same is true also for a complex value of h provided the argument of h is kept 
between — ir and + ir and the value of the function to be integrated is reconcilable 
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with that previously taken. Accordingly provided p — 0^ — 1 is negative, a condition 
which we have for the present supposed satisfied, the expression (37) will remain 
finite when h increases indefinitely, and its value will he unaltered if for h we 
substitute any infinite limit whose argument lies between — ir and +7r and if the 
value of the function to be integrated is reconcilable with that already taken. 

Now let h be increased indefinitely. We have also supposed for the present that 
p — a is positive ; each symbol of integration in (37) may therefore be replaced by 

in which the infinite limit is on the production of the line joining the origin to the 
point x. 

With the above values of the constants 0, C rt and assuming the theorem to hold for 
the functions of the (n + l)th order, the expression (37) may be written 

v / n(a 1 -a a )n(a 1 -o,)...IT(a 1 ~a n )J Jt 

^(ai>«i-Pi + l, ••• «i-pn + l; ai-Oa + 1, ttx-Os + l, ... cti-On + 1; - l/v) dv. . .(39). 

Expanding the divergent hypergeometric series in descending powers of v and 
integrating the terms successively we obtain 

v n^-con^-cta)... n^i-on) v r 

aj-pn + 1; 4-a + l, ai-flt+^.-.^-Oft + l; - 1/*) (39a), 

the argument of ar** lying between — c^ tr/2 and + a x ir/2 ; and by expressing the error as 
an integral, the theorem being assumed for the function of the (n + l)th order, it appears 
that, provided a Y + 8 and all the quantities of the type a 2 — p r + 1 + * are positive, the 
error in stopping the divergent series at the 5th term has a modulus less than that of 
the next term. 

Returning to (35), the sum of the portions contributed by the first and third 
portions of the path is 



(l-e^c-P))/"*' aJ-P C (v - xy-*~ l v*~ l F («!,... a,,; p lt ... p n \ +v) 



dv 



i-l fla-p. 



+ 2 (i - &** <•-'>) c^-p (v - xy-*- 1 v- 

Ffa-pr+l, ... a»-p r +l; 2-p r , ... p„-p r + l; +v)dv (40), 

the initial values of the arguments at the point h being the same as in (36). The 
differential coefficient of this with respect to h is of the order A*""* 1- * owing to the 
particular values assigned to C, C r , and accordingly (40) like (37) remains finite 
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when h is increased indefinitely provided p - c^ — 1 is negative. We now expand 
(v — a?y~*~ l in ascending powers of x\ the coefficient of a?-**™ in (40) is therefore 



(1 -^^) n n ( l a _^ng) r [ft^'fr. - ■" ».-« +.) 



r=» 



+ 2C f tT^^ ^(Ot-pr+l, ...On-^-fl; 2-p r , ... /) n -pr+l 



; +•)] 



dv 



.(«). 



wherein all the powers of v are initially real before multiplication by the complex 
coefficients C, C r . The successive values of m are 0, 1, 2, &c. 

We proceed to evaluate the integral in this when h is made infinite. By considering 
that, owing to the particular values assigned to C, C rt its differential coefficient with 
respect to h is of the order hr™-^-*, it appears that the integral remains finite when 
h increases indefinitely, (provided p — m — c^ — 1 is negative, which is certainly true if 



V 
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• 
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• 



X'E 



Fig. 4. 



as already supposed p — a x — 1 is negative), and as in the case of (37) this is true also 
for a complex value of h provided the argument of A is kept between — ir and + v 
and the value of the function to be integrated is reconcilable with that previously taken. 
Accordingly by changing the argument of A to -tt as in the path OFEABDAEFO, 

(Fig. 4), the symbol of integration in (41) may be changed into I where all the 



— 00 



powers of v in the function to be integrated have zero argument (before multiplication 
by the complex coefficients C, C r ) at the point in which the path intersects the 
positive part of the axis of real quantities, and the initial and final limits of integration 
are not merely both negative and infinite but the same. (By changing the argument 

7(0) 
of h to +7r instead, we might obtain the symbol I with different values for the 



-00 



arguments of the functions to be integrated ; the evaluation of the integral would 
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however lead to the same result as that to be presently deduced for the present case, 
as of course it should.) 

Let us first suppose that p — m — 1 and all the quantities p — m — p r are positive ; 
the integral can then be expressed as a line integral, and attending to the values of 
the arguments and of C } C r , it is in fact 

Jo L an/wr II (- ct^II (- a,)... n(- a*) -n> n» m> / 

, "g^p+p.-!,) « sip (p - m - pr) * n(« 1 -p r )n(/> r -2)n(p r -ft-i)...n(p r -p n -i )^^ w ^ 1 ^ 

r =i sin (p r - p) ir n(ft.-Oa- 1)... n(p r -an-l) 

^(ai-/>r+l,...On-pr+l; 2 - p r , ft-p r +l, ...p n -p r +l; - u) \du. 

Using the values given in (31) for each of the n + 1 terms of this integral and 
making use of the relation II (n— 1)II(— n)=3 7rcosec nv, the above may be written 

II («! — p + m) II (ota — p + m) . . . II (cin — p -f m) 

n (ft - p + m) II (ft - p + m) ... II (p n - p + m) II (l - p + m) 



[ 



_ c f P ~^)^ sipa « 7r8ing » 7r "- sing n 7r 

sin p ir sin ft 7r ... sin p n 7r 



+ SV + *- fc > •* sin(a 2 ~p l .)7r8in(a3-ft)7r...sin(g ? ^p r )7r 1 

r= i sin p r 7r sin (p — p r ) 7r sin (pi — p r ) ir ... sin (p n — p r ) 7r J 

But the expression in square brackets is equivalent to 

sin p7r sin (p — pj) 7r sin (p — p 2 ) 7r ... sin (p - p n ) ir * 



e l>-**)Ti )_JL. + ^ A * 



for it is easily seen that this last may be written in the form 

^8inp7r ' sin(p — p^ir ")' 

where A, A lf etc. are quantities independent of p and their evaluation in the usual way 
leads to the result stated. 

The value of (41) is then 

<V*ri( P -«) _ i\ -2 n(q-p+m) n(q 1 -p + m)n(a a -p + m)...n(o n -p + m) 

v ; II(a-p)II(m)' n(ft-p + 7w)n(p a -p + m)...n(p n -p + m)n(l-p + m) 

x sin (p - a 2 ) 7T sin (p - « 8 ) ir . . . sin (p - op tt . 

sin p7r sin (p — pj) 7r ... sin(p — p n )7r 

The limit of the expression (41) when h is infinite still has the value (43) even if 
the additional conditions introduced in the process of evaluation (viz. that p — m — 1 and 
all the quantities such as p — m — p r should be positive) are not satisfied. For bearing in 
mind that 

j-F(*u Oa,...^; ft, p a , ...p n ; v) = * ^(«i+l, <*, + 1, ... a« + 1 ; pi + 1, ...p» + l; v)> 

av Pipz ... p n 



HYPERGEOMETRIO SERIES. 189 



and that 



gj{» | -^J , (a l -/h + l. ...«»- ft + 1; 2-fh, p a -/^ + l,.../»n-pi + l; v)} 

= (l-p 1 )v-*>iF(a 1 -p 1 + l t ...a n -p J + l; 1-pi, /9fc-pi + l,-..p»-pi + l; v), 

if we write the integral in (41) in the form 

r <o) 

A 

and integrate by parts, we obtain 



r<o) 



v*""- 1 6(v)\ = v*-" 1 - 1 6' (v) dv. 

p-m-lL Ja p-ro-1;* ^ w 

But, attending to the values of C, C ry given by (38), it appears that the difference 
between the two values of the expression in square brackets when v is equal to A is 
zero when h is infinite and that — <f>' (v) only differs from <f> (v) by having all the 
constants o lf ... ce», p lt ...p n increased by unity, and accordingly we can increase all the 
quantities a, a lf ...a n) p, pi,...p n in the equation: — Lt. (41) = (43), keeping m unaltered. 

A=« 

In a similar manner we can show, by writing the integral in (41) in the form 



r(0) 



that we can increase p r by unity, keeping the quantities a, a ly ... On, p, pi^.-pr-i, Pr+iy-pn, 
to unaltered, and still have the equation: — Lt. (41) =(43). 

A=« 

The initial value bf in is zero and in that case (43) reduces to 

_ {A *u-4 - 1 * no,-2)n(p-p 1 -i)nQ,-p,-i)...n(p-p B -i)n( fl| -p) 

K * } U(p- at -l)U(p-a t -l)..Al(p-a n -l) 

and accordingly the expression (40) contributed by the first and third portions of the 
path is this multiple of 

fl^-*.F(a — p + l, «i — p + 1, a f -p + 1, ... a n -p+ 1 ; 

2-p, pi-p + 1,... p n -p + l; +x) (44), 

wherein the argument of <p l ~* lies between — ^ (1 — p) and + =- 0- ~~ p)- 
Again returning to (35), (36), 

7(*,o,*-,o-) 

I (v-a?y— - 1 r a - 1 ^ T (a„ a,,...a„; pi, p 2 , ...p»; v)dv y 

wherein the arguments have values reconcilable with those chosen, may be shown to be 

a __•* ii • / -iv • / iv n (p — a— l)II(a— 1) _. 

- 4e«(— i) sin (p - a - 1) 7r sin (a - 1) ir — vr „, — ^^ - a*" 1 

r ll(p — 1) 

^(a, a lf ... a*; p, pi,...p n ; *0 (45), 

25—2 
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IT IT 

wherein the argument of (XT' 1 lies between — (p — l)o and + (p — l)^* and making use of 

the values of (7, C r , given by (38), the integral (35) may after some reduction be 
written in the form 



) 



^ n(p-a-i)n(g 1 - /0r )n(p r ~2)n(p r ~p-i)n( Pr ~p 1 -i)...no> r -p n -i) 
+ ,fi n( fr -«-i)n( fr -^-i)...n( f v-«»-i) v p "" 

On-Pr+I; 2-p r , pi-/)r + l, ...p„-pr+l; «) (*6). 

Equating (46) to the sum of (44) and (39a), and dividing by (««<p-« >-l)II(p-o-l), 
we obtain an equation of the same form as (28) and to be interpreted in the sense 
(A), but with an additional p and an additional a. 

I do not see how to remove the restrictions imposed at the beginning of this Article 
without first showing that the theorem is true in the sense (6). 

9. We now proceed in a different manner to extend the theorem in the sense (6). 
The differential equation for ^(a, o 1 ,...ce n ; p,pi,...p»; +«) is satisfied by 

7(-*i0, -*-, o-) 

J a 1 -' (t; + a?) p — 1 ^" 1 <f>(-v)dv (47), 

where <f>(—v) is any solution of that satisfied by 

F(a lf •..a,,; p 1 ,...p n ; -v)dv. 

(It would be more consistent with what has gone before to change the sign of v 
in the above. The introduction of the minus sign has however the advantage that 
the function of — v with which we will be concerned does not involve i explicitly to so 
great an extent.) 



Jp 

B;—« 



\ 



- i. _ - 

r c 



FIG. 5 

The above path is equivalent to the four paths ABCA, ADEFA, ACBA, AFEDA (Fig. 5), 
A denoting a point A at a great distance on the positive part of the axis of real quantities. 
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It is assumed in the first instance that the real part of a? is positive and the argument 
of a?~* is taken to be between — (1 — p) ir/2 and 4- (1 — p) ir/2. Let <f> (— v) be 

AF («!,.. .On; pi,-..pnl -V) 

those values being taken which make the initial arguments of every power of v zero at 
A (before multiplication by A, A r ) and make the initial argument of (v + #) p "" a " 1 diminish 
indefinitely as h increases indefinitely. 

On examining the values of the arguments at different points it will be seen that 
the first and third portions of the path contribute to the integral (47) 



/"(-*, 0) 

(1 - #-*)&-* A (v + xy-^ir-iFiau ... a n ; p„ ... p n ; -v)dv 

Jh 

+ r 2*(l-e* H(a ~ pr) )^"' p / * A r (v+xy— 1 v a -i>'F(a 1 -p r +l i ...; 2-p r ,... /o n -p r +l; -v)dv...(4S) t 



the initial arguments being taken as above; and assuming the results stated to be true 
for the function of the (n + l)th order, if we take the differential coefficient of this with 
respect to h it will, by Art. 6, as h increases indefinitely, become of the order of a 
product of er h by a certain power of h and therefore diminish indefinitely, provided 



(49), 



[(1 _ e»«i) (c»rf _ i) A =] 4e- <•+'>< sin aw sin cm . A = Si ^"'S/ P "? ' 

[(1 - «»•«•-*>) (e**«p-pr> -l)A r =] 4e"<« + "- s ft> < sin (o - p r ) it sin (p - p r ) ir . A r 

jn{p r -2)Tl(p r -p 1 -l)...n(p r -p n -l) 
~" Tl(p r -a l -l)...n(p r -a n -l) 

and therefore with these values this integral will remain finite when h increases in- 
definitely. 

In the expression (48) we now expand (v + a?)*"*" 1 in ascending powers of x\ the 
coefficient of a^-p-H* is 

( ~ )m W(£^ *-* ; ~ v)dv 

+T(l-** ( '- p ' ) Mr P^V^^Pte-^ + l,...; 2-p r ,...p n -p r + l; -t>)«fo] ...(50), 

wherein all the terms are initially real, and the successive values of m are 0, 1, 2, &c. 

This too remains finite if h increases indefinitely for the same reason as (48). 

We will first suppose that all the quantities p — m — 1, p — m—p lt p — m — p nt 

are positive; the expression in square brackets can then be expressed as a line integral 
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taken between the limits and h, and when h increases indefinitely, using the value 
given by (31) for the integral (30), it is in fact 

* , _j_ t - . in/ «\'^ n n(p,— 1)11 (a,— p + m) 

^•♦d* sin a?r sin pTr.^1 II (p-m- 2) II =7^ — i^rr) r , — { 

vr / ,„ 1 n(a,-l)II(/),-p4-m) 

r ^ w , -i j. _• » ■ / \ •/ \ i rr/ 1 \*^ n H(p, — p r )II (a, — p + m)* 

+ 2 4^^-^ ) 8in(o-p r )7rsin(p-p r )7r.4 r n(p-m-l-p r )n ft ^_ C' - ^-£-r ( • 

Attending to the values of J., A r and making use of the relation 

II (n — 1) II (— n) = II cosec iitt, 
this may be written in the form 

7r *^ n II (a, — p + m) f sin c^tt sin a,7r ... sin c^tt 

II (m — p + 1) ,«i n(p t — p + m) (sinp^sinpjTT... sinp n 7rsin(m — p + 2)7r 

r Z" sin («! - p r + 1) 7T sin (a, - p r + 1) it . . . sin (c^ — p r + 1) it I 

rasl sin(p r — l)?r sin (p! — p r + l)7r ... sin (p n — p r + l)?r sin (m+ 1 +p r — p)ir) ' 

But the expression in brackets is equal to 

. n sin (a! + m - p + 2) 7T sin (a, + m ~ p + 2) 7T ... sin (otn + m — p + 2) 7T 
* ' sin(m — p + 2)7r8in^m+ 1 +p x — p)?r ... sin(m + 1 +p n — p)7r ' 

for it is readily seen that this last can be written in the form 

B rasn B 

* +2 ° T 



sin(m — p + 2) ?r r=1 sin (m + 1 + p r — p) ir ' 

where B, B r are quantities independent of p and their evaluation in the usual way leads 
to the result stated. 

Accordingly (50) reduces to 

, ya II( q-p + m) n(p-m-2)II(p-p 1 -m-l)...II(p-p n -m-l) 
1 ' n(a-p)n(m)n(p-a 1 -m-l)n(p-a 2 -?7i-l)...n(p-an-m-l)* 

This result may then be extended to cases in which the conditions that p — m — 1, 

p — m — p lt p — m — p n should be positive are not satisfied, as is done in a parallel 

case in Art. 7. 

Therefore the portion contributed by the first and third portions of the path is, 
when h is made infinite, 

n(p-2)n(p-p,-l)...II(p-p n -l) _ flET/ 

frT"^ nn/ -J\ tt/ ^^"^(a-p + l, «!-p + 1, ... On-p + 1; 

n(p-a 1 -l)Il(p-a 2 -l)...II(p-a n -l) r r ^ r 

2-p, p!-p + l, p a -p + l,...p n -p + l; +x) (50a). 

* For «=r, p $ is to be replaced by unity. 
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Again, the second and fourth portions of the path contribute to the integral (47), 

7<o) 

(*»"»*- l)**-' A(v + w)T*- l 1- l F(a g ,...a n ; p„ p 2 ,... p„; -v)dv 

j h 

+ i\(P*0-*> - 1) <f»-' \ A r (v + xy—iv-fFiai - Pr + 1, . . . a* - p r + 1 ; 2 -/>„.. . 

Pn — />r+l; — V)dv...(&l). 

We now expand (v + a?)^"*" 1 in descending powers of x\ the coefficient of ar a ~ m in the 
above is 

<-^ n n »-" P )£$) [(^ < - 1 )< ) " w+ " ljF,(ai - a - ; *~* J ->* 



«*=n r(0) 1 

+ S(^*<^^-l)il r | v m+a -*J f (a 1 -p r + l...a n -p r +l; 2-p r ...p n -p r + l; -v)dt; ... 



(62). 



Suppose at first that the quantities m + a, m + a — pi + 1, m + a — p n +l are all 

positive ; this then reduces to a line integral and the value of the expression in square 
brackets may be obtained from the value obtained for the expression in square brackets 
in (50) by changing m into — m — 1, interchanging a and p and then multiplying by 
— 1 ; accordingly the value of (52) is 

/ yn+i n(a-p+m) II (m + a- 1) IT (m + a -p,) ... II (m + a - p n ) 
^ ' II(a-p)II(m) ' n(m + a-a 1 )n(m + a-a 1 )...Il(m + a-a n )* 

This value may as before be extended to the case in which the conditions that all the 

quantities m + a, m + a — pi + 1, m + a — p n + 1 , must be positive, do not hold. The 

successive values of m are 0, 1, 2 ... and accordingly we obtain for the part contributed to 
the integral (47) by the second and fourth portions of the path, the divergent series 

n(a-l)n(a-p 1 )n(a-p 2 )...n(q-p n ) 
II(a-a 1 )II(a-a 9 )...n(a-a n ) " '(«. «-P + l.«-fr+l, ... a-* + l, 

a — aj + 1, a — Oj + 1, ...a — On+1; — \jx) ... (53). 
« 
As regards the remainder in this series after 8 terms, the remainder after 8 terms in 
the expansion of (v + a?)**-*- 1 has the origin of v for a multiple point of order 8, and has, 
by Art. 2, a modulus less than that of the next term provided a — p + 1 + s is positive ; 
and accordingly bearing in mind the order of 4>(—v) in the neighbourhood of the origin 
of v, the remainder in (53) may be written in the form of a line integral 



Car*-* I pir- 1+8 <l>(-v)dv t 

Jo 



provided, in addition, all the quantities a + $, a — p + l+$, a — p!+l + «, a — p n + l + $, 

are positive, C denoting the numerical factor, and p a quantity whose modulus is less than 
unity. We are not however justified in assuming that this integral would be increased 
numerically by replacing p by unity, and hence that the remainder in (53) is less in 
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absolute value than the first term omitted; for it seems possible that <f>(—v) may change 
sign between zero and infinity which would invalidate such reasoning*; (if this objection 
could be removed, this proof would establish the theorem in the sense (A) also). We will 
show however that if the inferior limit to 8 imposed by the conditions just laid down be 
raised by unity, the modulus of the remainder after 8 terms is less than that of a certain 

multiple of the next term. Denoting 2(0,. — p r ) by <r, as v increases indefinitely <f>(—v) 

i 

becomes of order e~ v if. Suppose that of values of v lying between zero and infinity v 
is that which gives to v*" 1 *^ (— v), which owing to the inferior limit of 8 being raised 
is now zero when v is zero, its numerically greatest value. Choosing any positive quantity 
7 less than unity, find a value v 1 of v so great that for all greater values <f>(— v) lies 
between the limits C (1 ± y) er'V, C being a constant which we could find if desired. The 
integral in the above remainder is therefore less than 



■00 



t>i£(-t;o) + C(l + 7)[ <rV-' 

and therefore less than 

tfi<M-tf ) + tf(l+7)n(a--l + er + *). 

Therefore the remainder is less in absolute value than a certain multiple, independent of 
x, of the first term omitted. 

If the real part of # is negative, the same may be proved, for a different multiple, 
depending on the argument but not on the modulus of x, in a manner similar to that 
in which the parallel case for the function F(a; p\ x) was treated. 

Since by taking x great enough, terms at the beginning may be made to outweigh 
as much as we please any finite number of those that come after, and since there is in 
the above no superior limit to 8, it is evident that x may be taken so great that the 
error committed by stopping the series at any assigned term is less in absolute value than 
the next term multiplied by 1 + €, where e is any assigned positive quantity. 

Returning to (47) 

-,©-) 

s*-*(v + a)r'- l * Hl F(a u ... a n ; p 1> ...p n ] -v)dv 



r(-*,o, 



with the values of the arguments reconcilable with those already chosen may be shown 
to be 

a <«+.>« • / \ II(a— l)II(p— a— 1) „ , 
- 4*<r w « sin ( p - a ) tt sin air . — * n(/)--l) " F (*>"u ••• <*»; P>Pu—(>n\ +*), 

and 



I 



&-*(v + xY-*- x ir-*F {ol x - p T + 1, ... ; 2 - p r , p 1 - p r + 1, ... ) - v)dv 



* As <p ( - v) is an integral of the form of that discussed therefore be proved in this manner subject to these 

in Art. 5 it may be seen that it does not change sign for restrictions which may be removed as in Art. 10. Art. 8 

values of v between zero and + oo provided for all values (part of which had gone to press before this was noted) is 

of r from 2 to n, p r - a,, is positive. The theorem might therefore to a great extent unnecessary. 
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to be 

- 46*+-*^ sin (p - a) ir sin (a - p r 4- 1) nr . " ( * V? " (/? ~~" ~^ <*-» ^(a - p r + 1, 

U(p — p r — I) 

a, - p r + 1 , . . . a» - p r + 1 ; 2 - p r , p - p r + 1 , . . . p» - p r + 1 ; + *) 

wherein the argument of &"* lies between — tt(1 — p r ) and +7r(l— p r ), and making use of 
the values of A, A r> given by (49), the integral becomes 

i n(«-i)n(-p)n(- Pl )...ii(-p n ) 
~ n(«-p) n (- ai ) n (- a,) ... n (-a«) ( ' u •" n ' * *' •" pn ' ' 

i 3 n(a->p r )n(p r -2)n(p r ~p-i)n(p r -p 1 -i)...n(p r -p n ~i ) 

n(a-p)T n(p r -a 1 -l)n(p r -.a B -l)...n(p r -a fl -l) 

&-p'F(a-p r + 1, a x - p r + 1, ... a„ - p r + 1 ; 2 - p r , p - p r + 1, ... p n - p r + 1 ; + a?).. .(54). 

Equating this to the sum of (50a) and (53) and then multiplying by II (a — p) we obtain a 
result similar to that indicated by equation (28) in the sense (B). It differs however from 
that obtained in the sense (A), in having a and a lt p and p x interchanged. 

10. Before proceeding to remove from equation (28) taken in the sense (A) the 
restrictions imposed in Art. 8 that certain quantities must be positive, we will first 
show that if a 2 — a» is positive and if the theorem holds for the remainder after 
8 terms of the function involving a lt o», it holds also for the remainder after («+l) 
terms of the function involving a lt c^ + l, the other a's and p's being unchanged. 

If ^(*i> a a>«" a n; pu p*% •••/»!»; #) denote either any one of the n + 1 series of the 
left-hand member of (28) including the constant multiplier, or the sum of the terms 
at the beginning of the divergent series on the right (including the constant multiplier 
and the factor or**) up to and including the term involving a specified power of x, it is 
easily verified that 

^r(a„ Oj, ...On-i, Ofi + 1; Pu P*, '--Pn\ ®) 
= («i-an)^(«i> Oa, ...On-i, 0»; p u p t1 ... p n \ x) 

-^(«i + l, a*, -.-an-i, *n', pu ft, --/»»; #)• 

If then U(s + 1), 22 ($+1, a»+l), denote respectively the remainders after (* + l) 
terms of the right-hand member of equation (28) for the function involving c^, On, 
and for that involving a l9 a„ + l, and if R(s, a x + l) denote the remainder after 8 terms 
for that involving « x + 1, o», we have 

i2(* + l, o n +l) = (a 1 -a n )i2(*4-l)-iJ(«, a, + l). 

If then the theorem holds for R (s, a»), a fortiori it holds for R (s + 1, o»), and it 
also holds for R (s, c^+l), for 2 [Or-/vl is not increased by increasing a x ; we 
thus have 



, tw , ,v j n(a, +*)... II(a 1 -p n + 1+s) 



n(a 1 -a 2 +l + *)... n («!-«»+!+*) II (a*!)****** 1 ' 
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and mod. R(s 9 a 1 +l)<(«+l) times the same, therefore provided o^ — o» is positive we 
deduce that 

j i>/ , -. . n 1 II («! + «)... II(a 1 -p n + 1+*) 1 

mod. it (8 + 1, a» + 1) < mod. =7 . -, . v — 4n . 1 . \n/ r"\ tt / . -i \ —.+*+i > 

which is the result stated ; this reasoning holds for all values of 8 including zero. 

We will next show that if the theorem holds for the remainder after 8 terms of 
the function involving a lf it also holds for the remainder after (s + 1) terms of the 
function involving c^ — 1, the other a's and p's being unaltered. 

If yfr (aj) denote either the left-hand member of (28) or the sum of the terms at 
the beginning of the right up to and including the term involving a specified power 
of x, we have 

^'- a t(ai) = ^{^- 1 ^(«i-l)} (55). 

If then we denote the difference between the left-hand member of (28) and 8 terms 
of the right-hand member by R(s, a lt x) t we have 

a?*-' R(s t a x , x) = ^{a*-* R(s + 1,^-1, x)} (56), 

and therefore 

o^iZ^ + l,^-!, x)\ =| x**-*R(s, a„ x)dx (57). 

For all values of 8 including zero, x**~ l R(s + 1, a x — 1, x) vanishes when the modulus 
of x is infinite, whatever be its argument, since equation (28) is true in the sense 
(B) and since the first term omitted when multiplied by x^" 1 has for its index a! + s, 
the being negative of which is one of the conditions that the theorem should hold 
for R(8, Ot, x). 

Accordingly 

R(8 + l, «,-l, x) = -x L "^ I af*-*R{8 t a lt x)dx (58). 

J x 

By taking for the path of integration the production of the straight line joining 
the origin to the point x, it appears that either member of (58) would be increased 
in absolute value by replacing R(s, a lt x) by the modulus of the first term omitted; but 
this change would replace the right-hand member by the modulus of the (* + 2)th 
term in the series obtained from the right-hand member of (28) by diminishing a t by 
unity ; therefore R (8 + 1, ^ — 1, x) is less in absolute value than the next term ; 
this reasoning holds for all values of 8 including zero. 

We will now, having in fact proved the theorem for all values of 8 including zero 
subject to the conditions that for all values of r from 2 to n inclusive a, — p r + 1 and 
p r — Of should be positive, proceed to examine what restrictions should be placed on 8 
if these conditions are violated. 



HYPERGEOMETRIC SERIES. 197 

We suppose that a* is the greatest a and p n the greatest p. 

Suppose first that e^ — p n + 1 is negative lying between — a* and — a* + 1, and that 
p w — o» is negative lying between — b n and — 6 n + l. Then «! — cr n + l must also be 
negative lying between — c* and — c n + 1 where c n is either On + b n or c^ + b n — 1. For 
the other values of r from 2 to n — 1 let b r denote [a,. — p r ], which for some values 
of r may be zero. 

The theorem then applies for all values of 8 to the function involving 

since the necessary conditions are satisfied. 

We may increase the value of o» — b n by unity b n times in succession, keeping 
all the other a's and p's unaltered, provided at each such operation we increase the 
lowest value of * for which the theorem holds by unity, the condition for the validity 
of the last such process being that ai + c w -(«n — 1) is to be positive; thus when we 
attain the value otn, 8 has to be raised from zero to b n . Then for each other value 
of r in turn we may increase in a similar manner the value of a r — b r by b r , increasing 
the value of 8 at the same time by b r also, the condition for the validity of this 
being that c^ + c» — (Or — 1) should be positive, which is true since a n is the largest a. 

Thus when we attain the values a,, as, ...a», the lowest admissible value of 8 is 2 b r . 

Finally we diminish the value of a 1 + c n by unity c n times in succession without altering 
the other a's or p's, at the same time increasing the value of 8 by (V Thus the 

n 

lowest admissible value of 8 is [a„ — a x — 1] + 2 [«r — p r \ as the enunciation states. 

2 

Next suppose that a x — p n + 1 is positive but that p n — a» is negative ; we have 
now two sub-cases according as o x — o„ + 1 is negative or positive. 

Taking first the former: as before the theorem applies for all values of 8 to the 
function involving 

«i + c n , flf"^ ••♦ <*n—b nt 1, pi t p Si ... p n , 
and we proceed as before, with the result that when we attain the function involving 

<X], Oq, ... Otn, 1> pit ••« Pn, 

r=*n 

the lowest admissible value of 8 is [o» — o x — 1]+ 2 [a,.— />*■]• 

r=2 

Taking the latter sub-case, the theorem now applies for all values of 8 to the 
function involving 

«i» «2 — &s> ••• *»— 6», I* />n ... PnJ 

26—2 
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as before, for each value of r in turn we may increase the value of a r — b r by b rt 
increasing the value of 8 by b r also, this being legitimate since a x — a,. + 1 is positive ; 
thus when we attain the values a lf a,, ... On, 1, pi, .../o n > the lowest admissible value 

Of 8 is 2 [«r — pr]- 
r=2 

Next suppose that a, — p n + 1 is positive and p n — a» positive, but that for some 
values of r, p r — «r is negative. This is similar to the sub-case last considered and as 

in it, the lowest admissible value of 8 is 2 [*r-Pr], the term [<*n — p n ] being however 

r=2 

zero. 

Finally suppose that a 2 — p n + 1 is negative, and p n — o» positive. The theorem 
applies for all values of 8 to the function involving 

As before, for each value of r we may increase a,. — b r by 6 r , increasing * by b r 
at the same time, this being legitimate since a 1 + [/o n — a, — 1] — otr + 1 is positive, p n 
being greater than a* and a fortiori than a,.. Finally we reduce the value of 
a i + [/>n — «i — 1] to «i and thus when we attain the values a l9 Oj, ... a*, 1, p lf ... p n the 

lowest admissible value of $ is [/> n — «i — 1]+ 2 [ctr — p r l the term [o» — p n ] being zero. 



These several limits are all included by the statement that 8 is not to be less than the 

r-n r=n 

greater of the two integers, [p n — a 2 — 1] + 2 [a,. — p r ], [a» — ^ — 1] + 2 [«r — p r \- 

r=2 r=2 

11. We may in fact obtain a limit to the error even when the real part of 
x is negative. The reasoning of Art. 3 suffices to show that for the function x~ ma ^<j>(a li 
ttj — ^ + l; +l/#) if the argument of a? be ±7, 7 being < ir\% the modulus of the 
remainder is less than that of the next term divided by (sin (0 + 7))^ (cos 0) a i-pi+« +1 , 
where 6 and + 7 are each less than 7r/2 ; and by changing in the integral (37) 
the point h to the point at infinity on the production of the line joining the points 0, 
x, we see that the same statement holds for the function of the (n+l)th order if 
for all values of r from 2 to n, a x — p r + 1 and p r — a, are positive. Also a reference 
to the method by which these restrictions are removed shows that in the most general 
case the index of sin (# + 7) may be replaced by the greater of the integers [aj + fon — a x — 1], 
[ a i] + [pn — «i — 1], while that of cos 6 is left unaltered in form, affected only by the 
increase in 8, 8 being the number of terms taken and subject to the same restrictions 
as before. We must bear in mind that every p is greater than 1, p n the greatest p } 

r-n 

otn the greatest a, and p, the p omitted from the sum 2 [otr — p r \ 

r=2 

We may investigate the numerical value in the case of the semiconvergent series 
for the Bessel functions. In this case we may write a x = £ — n, p x = 1 — 2n. Hence 
[aj is 1, ai — px + tf + 1 is £ + n + s. The divisor is thus sin (0 + 7) (cos #)*+*»+* ; to make 
this as large as possible, should be nearly zero unless 7 be very small, and we 
deduce that the error is less than the next term divided by sin 7; if 7 be very small, 
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the greatest value is greater than when 7 is zero, in which case it is (£ + n + s)* ( * +w+<) . 
(J + w + *)~** +n+,) ; this tends to equality with (£ + n + *)~*e~*, even for moderate values 
of 8, and the error is thus less than the next term multiplied by a number which is 
nearly (£ + n + s)M. The multiplier thus obtained when 7 is zero is considerably larger 
than that given by Weber (Math. Annal. xxxvii.) for all arguments, which is about 

**w~* cos rwr. 

12. By reasoning similar to that by which it is shown that Lt. (1 — x/a) a = er* we 

may show that by writing x = y/h, a = — h and increasing h indefinitely we can diminish 
the number of a's in equation (28) successively by unity; we thus obtain very general 
results. From the theorem that as r increases indefinitely the ratio of II (r) to 

6 -t t t^/2t7t has unity for its limit it follows that if a and /8 are positive quantities and 
t be increased indefinitely n ^ _~{ t*"* has unity for its limit, and making use of 
this result we see that the general theorem may be written in the form that if m^n 

n(a 1 -p 1 )n(p 1 -2)n(p 1 ^-i)...n(p 1 ~ Pn ^i) *.j.i- fl4 .i ^ n+ i. 

2-ft, ft-ft+l, .../>«-/>! + !; (-) n - m x\ 
+ (n — 1) terms analogous to the last 
Ilfo- !)!!(«! -ft)... II(g 1 - / g n ) ^ „,_ „ . 1. „ „ . i 

ai-Om + 1; -1/*) (59), 

in the same senses as those in which equation (28) is true. 
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SECTION I. 
Preliminary, and General Formulae. 

§ 1. In two previous papers, here termed (A)* and (B)+ for brevity, I developed 
a new method of treating the elastic solid equations for isotropic material, which led 
to a complete solution of the problem presented by an ellipsoid of uniform density p, 



^/a' + yV^+^/c 1 * 1 (!)> 

acted on by bodily forces derivable from a potential] 

V=±(Pa?+Qtf+Rz*), 

and by normal surface forces So? + Ty % + Uz*. 

Here x, y, z are ordinary Cartesian coordinates ; while P, Q, R, 8, T, U are constants, 
any of which may be zero. 



* Proc. Royal Soc. Vol. LYm. p. 89. 



t Quarterly Journal, Vol. xxvn. p. 388, 1896. 
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The bodily forces are such as the gravitational forces arising from the self-attraction 
of the ellipsoid, the tide generating influence of a distant body, or the 'centrifugal 
forces ' due to rotation about a principal axis of the ellipsoid. 

The present paper deals with the extension of the method to aeolotropic bodies. 

§ 2. The most general kind of elastic solid possesses on the usual theory 21 
independent elastic constants. The consideration of such material is laborious owing to 
the length of the expressions. I have thus considered in detail no case of greater 
complexity than that presented by material symmetrical with respect to three planes of 
elastic symmetry, coincident with the three principal planes of the ellipsoid. 

In such material there are three principal Young's moduli E lt E %> E tt relating to 
tractions parallel to the axes of x, y and z respectively. There are six corresponding 
Poisson's ratios 7) 12i ifa, etc. Here the first suffix gives the direction of the traction, 
the second that of the corresponding contraction. For instance, tj^ is the ratio of the 
contraction parallel to the y-axis to the extension parallel to the #-axis, in the case of 
traction parallel to the latter axis. 

Between the six Poisson's ratios there exist the three relations 

W^i-W*; W^i = W^»; WA-WA ( 2 ); 

so that only three are really independent. There being nine independent elastic constants 
for this type of material, we shall take for our remaining three the principal slide 
coefficients n 1} n s , n 8 . 

In the notation of Todhunter and Pearson's History of Elasticity, the strains are 
given in terms of the stresses by the following relations 

A second and simpler type of material dealt with here is that which in addition 
to symmetry with respect to the planes of zx, xy and yz is completely symmetrical 
round the axis of z. 

For such material we have 

E Z = E, 

Vzi ^Vn^Vf 
Vi* = ^21 = Vt 
Vu — Vn — V> 

v "/E' = vlE, ' 

7!j= Wj = 71, 

n, = E' + {2(l+n'W 
There are in this case only five independent elastic constants 



y (*). 
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§ 3. For any kind of elastic material the stresses must satisfy the three body-stress 
equations 



(5). 



d*x dry dxz _. ^ 

dx dy dz r 

dxi dwi , dv* n A v 

^ + ^ + ^ + 

da? ay dz r 
and the three surface equations 

(x/a*) « + (y/6») S + Cz/c 8 ) ~ = (a?/a*) (&c» + iy + CTs>),\ 

(*/aOS + (y/^)w + (V^)?-(y/^)(^+^+^t[ (6). 

(*/a» ) Tz + (y/&») £ + (z/c*) ~ = (-gr/c 1 ) (&V + Ty* + 17^) ) 

From the six equations of compatibility* between the strains, viz. three of the type 



and three of the type 



y _ W^jg y = Q 

dy a ' da? dxdy 



(7). 



2<fa g , <P<r yt d % o„ cPtrgy _ 



dyd* do 8 c&cdy dxdz 
we get six corresponding equations between the stresses. 

These equations necessarily vary with the nature of the material. Thus for material 
symmetrical about the coordinate planes we have three equations of the type 



1 d % , ^ ^ _ 1 #.^ _ 1 d a ^ 



(9), 



and three of the type 



-&! dy dz ' rii dx 9 n? dxdy n, dxdz ** ~" 



(10). 



In the present instance the equations of type (10) are identically satisfied and need 
not concern us further. 

When the material is symmetrical round the s-axis we find in place of (9) 

d* (Zi-jjn y^\ t d» [ n-y™ v ^\ 2(1+V) d» ^_ n 
dy»V #' # / d^V ^' #*7 B* dxdy"~" y 

d" (w—rfx* V ~\ .1 ^* /— ^ ^v 1 



»* = 0, > 



(11). 






* See Todhonter and Pearson's History of Elasticity, Vol. n. Part i. p. 74; or Love's Treatise on Elasticity, 
Vol. i. p. 122. 
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(12). 



§ 4. The greater complexity of (9) or (11), as compared to the corresponding 
equations for isotropy, does not affect the type of solution; and, as in the papers (A) 
and (B), we may assume 

xx = A + Atf + A 2 y + ii,V, 

9= B + B#? + B 2 'tf + Bi'z\ 

« = (7 + C&+ a,y + 9 V, 

7* = 2Lyz, x7*=2Mxz y xv = 2Nxy 

Here A 0t A % ... N are constants to be determined from the body-stress equations 
(5), the surface equations (6), and the equations of compatibility, the latter of which 
alone vary with the type of material. 

Fortunately there is an immense economy of labour owing to my having in papers 
(A) and (B) expressed all the A, B, C constants in (12) in terms of the three L, M, N. 
In effecting this simplification I employed only (5) and (6), equations which, as pointed 
out above, apply to all kinds of elastic material. We are thus enabled at once to 
replace (12) by the following equations established in the two earlier papers: — 



XX 



-S* + 2y+W + a«[(iPp + S)(l -£-£-£) 



n = 8a? + 2y + TJ# + b 



+m(i 



a* 5» c 



3+'('-S-¥-S)]. 






a 



♦*(>-S-S-S)**( l -S-M)l- 



MM 



-8*+iy+u*+*[(iBp+U)(i-±-£-?) 



'( l -S-¥-SM>-£-S-3]- 



(13). 



i» = 2Lyz, xi — iiixz, *? = 2Nxy 

§ 5. The results (13) apply to all kinds of elastic material, whether possessed of 
2 or of 21 independent elastic constants; but the values of L, M, N vary of course 
with the material. The expressions for the strains corresponding to (13) vary. Thus, 
for material symmetrical with respect to the three coordinate planes, we find from (3) 



+ (^-^>(i-S-g.?) + (^-^)(i-5.¥-3 

- ( ^r +f ^J0(i-£-g-$). 



.(14). 
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& 



The expressions for the other four strains may be written down from symmetry. 
If the material be symmetrical round the £-axis we have 

= (^' - |) <&* + Ttf + U*) + j^, («» ( \Pp + S) - V V QQp + T)) 



.(15). 



+ { E' A a' 6* <?) + \E' ~E ){ a* 6« cV 

5 y = expression obtained from that for s x by interchanging a with 6, x with 
y, L with if, P with Q, and flf with T, 

+( ^-,^)(i-^-g-D, 

o-y, = 2Lyz/n, <r n =» 2Mwz/n, a^ = 4(1+ if) NxyjE' 

§ 6. Results which depend only on the form of equations (13) are true irrespective 
of the nature of the elastic material. For instance* if 8, T and 17 vanish, or there 
be no surface forces, the resultant stresses across parallel tangent planes at their points 
of contact with the system of oonfocals 

rf/tf + yV^ + jV^* 

are all parallel, and their intensity varies as 1 — X. 

■ 

§ 7. We have now to consider how L, M and N are to be determined. Substi- 
tuting from (13) in the equations of compatibility, whether (9) or (11) as the case may 
be, we obtain three simple equations of the form 

OuZ + OyM + <hfl - »1 , \ 

Out + ajtf + a u N=w i \ (16), 

ajj + a^M + duN = tar, ) 

where d^, ... w x ... are known functions of the elastic constants, the bodily and surface 

forces, and the semi-axes of the ellipsoid. Representing by n u , n U) &c. the minors of the 

determinant 

flu » Oil. <h» 

11= Om, a*, a,, (17), 

Ou, Ob, On 



Cf. (A) § 2. 



27—2 
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we have from (16) 



L 
M 



(w.n,, + w 2 n w + w,n u ) + n,\ 

(«r,n„ + wjla + «r,n B ) -r II, L 
(w,n„ + -ar 2 TT as + «",II W ) -5- II J 



.(18). 



§ 8. When the material is symmetrical with respect to the three principal planes 
of the ellipsoid 

w 

and the other a's can be written down from symmetry, the relations (4) being borne 
in mind. 

For the same kind of material 

+ |J [*J^ (,„&• - C) + IT {&» (1 - Va ) g - c|J , 

~. - Jr [*i> (Vrf? -a*) + 8 jc (1 - 17„)|? - <•■}] + (iQp +T) ^ (i^C + ij a a») 
+ |- [ifip ( % a« - C) + U |a» (1 - ,„) |? - <*}] , 
= J [iPp («J> - a 1 ) + 8 |fc« (1 - *,») g- a jl 

+ |r [W» (^o 1 - 6») + T |a» (1 - i?u) §| - *}] + (i-B/> + U) Jr (i>„a« + % 6») 



nr* 



(20). 



Under like conditions 



a B 



w a 4 6 4 a 4 ^ 6 4 c* 

n u = 8-^- + ^r^r (9 - VnVn)+-jET^ (9 -ths*?*) + 9 jp jg» C 1 - Wto) 

Z&i /y^xSrj •£"i-£*s xSrg/Sfg 



+ ?*Y--— )+ 



E % \W2 -Si -^i / E* \*h E 1 E x * 

^1 \ ^, 2? t Wl/ -^1 \ -ft -^1 **l/ 






...(21). 



/ 



The other four minors of the determinant (17) may be written down from symmetry. 
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In obtaining (20) and (21) free use has been made of the relations (2), by means 
of which various alternative forms can be obtained. 

The full expression for II is too long to write down. In practice, after determining 
the minors as above, one would determine II from such an equation as 

n = (hJlu + MI* + chJI,, (22). 



§ 9. When the material is symmetrical round the s-axis 

a» = (3a* + 2a* 1 + Z¥)jE', 



a» 



E 



E' 



a* -J! (a» - ,W) - ^|(a' + m 



J 



(23). 



The corresponding v's and ITs may be obtained from (20) and (21) by making 
use of (4); it would occupy space unduly to record them in full. In particular cases 
it is frequently simpler to employ the primitive equations (16) than to substitute their 
values for the w's and ITs in (18). 

My present object is rather to exemplify the utility of the method than to accu- 
mulate lengthy expressions, complete from a mathematical standpoint but indigestible 
by the ordinary physicist; I thus proceed to the consideration of some special cases. 



SECTION II. 
Sphere of Material symmetrical round an Axis. 

§ 10. Let us first consider the effect of mutual gravitation of the material. We have 

5=7=17=0, 
P = Q = R = -g/a, 

where a is the radius of the sphere, g 'gravity' at its surface. 
The equations (16) take the form 

/l — 3t) 1 W\ ^ 

^1 + a»M + (h*N = ajj + ajtf + a*N= \gpa* \—£^ + -gr-J , 



ajj + a*M + a„N = gpa* \—jj? -]Q 



where Ou, &c. are obtained by putting b=c = a in (23). 



(24); 
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The formal solutions of (24) may conveniently be written 



xn 



- ypn* I (- 



-8,1-1/ 



E + E 



) (n u + n„) + 2 (Lj^L _ |) n J ,' 



Mil = i„* [(±g* + ^"' ) (II. + n„) + 2 ( X -/ - 1) D.] . 



(25). 



Here it is easily seen that 



and so 



n M = n u , n.-n U9 



It is also easily verified that 

(n„ + n M ) * (8/E) = u a + ( J - !^£) , 

-n • faff 1<v i 8 ( 2 ~^-W) , (i-v)(n+n') 4)1 l , 

_ (2 3(1-^,') 1] 
- a \E+ E + n] 

Thus we can get rid of the common factor o 8 jy-f p, + -> , which is an immense 
simplification. 

In passing, the following simple way of obtaining the value of II may be noted. 
We have 

II = Oullu + OuIIja + OuIIu 

= (<hi - aw) (n u - n u ) + (ouiiu + owiiu + ^iiu). 

But On = On, and Ou = a^, 

SO OuIIu + ai 2 n n + OjsIIu = OmIIu + a^Tl 13 + OaJIj, SB 0, 

as being the value of a determinant of which two columns are identical. 



Hence 



Returning to (25) we find 



n = (o 11 -a 11 )(n u ^n 12 ) 



(27). 



a 2aW\ 



4(1-2*7) , fl-ff V\f3 + v , ±*l 



EE 



♦c-y-ix 



E 



5)}.' 



where 



N-liP P(l-2i ?)(l-i? / ) , 9 (1-V' V\(l-V' . *t , 1\\ 
2 all' [ EE + \ E E)\ E + E + 2n/J 



-IV 8 „_-. (l-nOdl + V). 4 



.(28), 



(29). 
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Employing these values of Z, M and N, with 

S = T=U = 0, and P=Q = R = -gja, 
we have the stresses given by (13) and the strains by (15). 

§ 11. It is often best to retain the general formulae (13) and (15) as long as 

possible, and only substitute for L, M and N in the final result. Suppose, for instance, 

we wish to find the change of length in radii along and perpendicular to the axis of 

material symmetry, due to the gravitational forces. Let Ba^ represent the change of 

radius along ox (and so perpendicular to the axis of symmetry), ha* the change along 

oz. Then, remembering that 

if=Z, 
we have from (15) 



So, = f'*,dz ^ {(1 - 2v) gpa - 4 (L - V N) a*}. 

After reduction I find 

gpa[(l- V ' v \( W 4-8g-W 2(1-V) 1 ] g^l-ll , a(n 

w.-|g[a-%>{-^ ,(4 -S5 r -^ fl=^^^ 

_ 2( y_, )( 3-W + W _ ;) ] w , 

where II' is given by (29). 

There is, as will presently appear, a reason for not multiplying up by the factors 

i c% , 1-V v 
I-217 and — ™ ^. 

§ 12. If we suppose E\E very small, or that the stretching of a bar under given 
longitudinal traction is very much less when its axis is along than when it is perpen- 
dicular to the axis of material symmetry, we have as first approximations 

w «»-0„<i-,o{s^+£}+<tfm'x| m 

Sos/So! = expression of order E\E J 

The change of length of the diameter along the axis of symmetry, which is here 
the direction of high resistance to extension, is thus relatively negligible. 

If on the other hand E\E be very small, we find as first approximations 

W^-lGv'lE* ( 33 >. 

Sat/a = gpariftiE), \ 

. , , (4(1-2,) 1U < 34 > 
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In this case Sch and Sa^ are in general of the same order of magnitude, only So* 
is absolutely positive. 

If while E and E are of the same order of magnitude i\ vanishes, or traction 
parallel to the axis of material symmetry causes no lateral contraction in a bar, we have 

taja = - gpa (1 - V) {§ + 2 (1 ^I V>) + ty + (WE*) (35), 

iaja = - gpa || + (1 " ^ " V) + jjU (SU'EE') (36), 

ir-i{» + <L*2$i±0 + 3 m 

Both (35) and (36) show contraction of diameters. 

§ 13. If we apply our formulae to a sphere of the earth's mass the numerical 
results, when we attribute any ordinary values to the elastic constants, are inconsistent 
with the fundamental assumption of the ordinary mathematical theory of elasticity, 
according to which strains are small quantities whose squares are negligible. 

In an isotropic " earth " consistency is attained only by supposing the material 
to be nearly incompressible, or (1 - 2t))/E very nearly zero. This happens only if rj be 
nearly '5, unless E be enormously greater than for any known material. The former 
alternative is much the less improbable, because it implies that whilst resistance to 
change of volume is enormous — as it may well be under enormous pressure — resistance 
to change of shape need not be excessive. 

When the material is not isotropic, but of the 5 elastic constant type symmetrical 
round an axis, the ordinary criterion for incompressibility is 

^-iy-^-o <*> 

This ensures that no change of volume will follow the application of uniform 
pressure however large; but it does not prevent change of volume under pressure 
which is not uniform. To provide against any change of volume two independent 
conditions must be satisfied, viz. 

l-2iy = (39), 

^-|=° («)). 

If these hold simultaneously, of course (38) holds likewise. If (39) and (40) both 
hold, then (30) and (31) show at once that B<h and So, absolutely vanish. If however 
(38) holds alone, or if one only of the two conditions (39) and (40) is satisfied, then 
neither 3a, nor So* vanishes. 
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§ 14. As the case when the material is only nearly incompressible is of special 
interest, it merits our attention. 



Let us suppose then 



(i- 



v ')/E'-fi/E = q/E 



•(«). 



where p and q are very small. 



We easily reduce (30) and (31) to 



s / _ 9P a J ( 3 JL J_\ 1 P . ) 
*° l/a -~ttl'\ 9 \EE' " IE' + nE') ~ 2 BE'] ' 



EH' [* \EE' 
1 gpa ( / 6 



ju / 1 fl f P«] / 6 3 4\ g/4 1 1 \) 

d<Va SEW\ P \EE'~ 4tf» + nE 1 )' l E\E'~E~ ' to))) 



(42); 



where />', pg and q* are neglected, and 



n' 



^^' 4# + nE' 



.(43). 



If, in addition, the material be absolutely incompressible under uniform pressure, 

j> + 2 ? = 0, 



and so 



4JF ' nE 



ET 



X / g/pqp ( 10 _J_ 4 1\ 

da,/a ~ 8Jm'U&* 4jE» + iuE' 2tlE?I 



.(44). 



Unless J? and j£' are widely different in magnitude, Sc^ has here the same sign 
as p, while 8a, has the opposite sign. 

These illustrations will, I hope, suffice to show how very varied are the possibilities 
in a gravitating elastic solid "earth." 



Rotating Sphere of Material symmetrical round an Axis. 

§ 15. The discussion of the influence of gravitation on an elastic solid earth 
naturally suggests that of rotation. 

I have already* considered the influence of rotation on a spheroid of material 
symmetrical round the axis of rotation ; and shall thus merely write down, for com- 
parison with (30) and (31), the expressions for the changes in the equatorial and 
polar semi-axes of a sphere. These expressions may be obtained from the formulae (96) 
and (97) of the paper just quoted. 



* Camb. Phil. Trans. Vol. xv. pp. 1—86. 

Vol. XVII. Part III. 



28 



212 



Dr CHREE, A SEMI-INVERSE METHOD OF SOLUTION OF THE 



Employing II 7 as in (29), and denoting the angular velocity by a>, I find 

2 V 



4-33-1^ ■ 2(1-V) , 1 



Sat/a = — 



2a*pa? 

3#ir 






2l L] 
EE'\ 



.(45), 



+ 



1 - 17' /3 - 2*| + V + 2ip/ i? 



E' \ 



E' 



nj 



■(46). 



I have manipulated these expressions so as to facilitate comparison with the corre- 
sponding results (30) and (31) for the influence of gravitation. 



If in (45) and (46) we suppose E'\E very small, we have 

Sdj/Stt! = expression of order E'/E and so negligible 
The similarity with the corresponding results (32) for gravitation is noteworthy. 



(47). 



B(hla = zm 



If on the other hand E/E' be very small, we find, remembering that II' is 
approximately equal to — I6f^/E\ 

8a,/a = - a>*pahjf(SE), \ 
Sda/So, = expression of order EjE' and so negligible] 

If we suppose both (39) and (40) to hold, or the material to be absolutely incom- 
pressible, we find 

■v_i ?. M \ 

.'\EE' 4E 1 + nE')' 

a i - "V ( 10 7 4 Ml * 49 ^' 

<hla ZEll'\EE' *E* + nE ~ 2He) , 
where II' is given by (43). 

In the case of rotation, unlike that of gravitation, a slight departure from incom- 
pressibility has very little effect; we may thus regard the results (49) as close 
approximations when the material is slightly compressible. In particular, if the material, 
though absolutely incompressible under uniform pressure, is slightly compressible under 
other circumstances, we find under combined gravitation and rotation from (44) and (49) 



Sa.!a- gpap + ^ f,at ( 4 - 3 4. 1 \ 
^' 2EII' \EE' iE' + ^E 7 )' 

t„ ,„ _ 9P"P + tfpa* ( 10 7 4 1 \ 

^ SEW \EE 7 iE* + ^E'~^E) 



.(50). 



So far as changes in the lengths of diameters are concerned, the gravitational and 
rotational influences are thus exactly parallel. 
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In the actual earth we have approximately 

gpa/tfpa* = 289, 

and in such a case the gravitational and rotational effects on the diameters would be 

exactly equal if 

p m 1/289 = "00346 approx., 

or i; = '4983 approx. 

If it were possible for 17 to equal '5017, the gravitational and rotational effects 
would in this case neutralise one another. 



SECTION III. 



Flat Ellipsoid. 



§ 16. The next case considered is that of a very flat ellipsoid of material symmetrical 
with respect to the coordinate planes. 

Supposing the axis of z taken along the short diameter 2c, and retaining only 
terms independent of c, we have as first approximations, with our previous notation, 

ciu-SP/*., a 2 > = 3a*/E lt a» = 3(aV^i) + 3(i*/J5 2 ) + c^{(l/n l )-2(i 7ll /^ 1 )M 
8a 8 a* 4 _ , . a 6 fc* /3 4^ 



nn "^ + » (9 ~^ )+ ^ta~:sr;' 



8ft 8 a* 

11« ** "^s^n; t 



r^(9-i? M ih.) + ^(--^)> 



ft 1 ' -£, 

a 4 6 4 /l — o^u^n 3ij B \ 8o*ft 



n = ™Y 



& 



^!?) + EJsS 



(51). 



n u = n« = - 3a* 4 (1 - thfil*)IEiEt> 

"-« ■ i -i3pGr+3?+-<-*)} 

Assuming I>*?u7»> 

which can hardly feil to be universally true, II is essentially positive. 

Rotation about Short Axis. 

§ 17. When the flat ellipsoid rotates with uniform angular velocity on about its 
short axis, P = Q = co 9 , 22 = 0, and the equations (16) take the form 

a„ L + a„M + a^N = £ v*pb* {a* (W^i) - &I E *) . 

where On, &a are given by (51). 

28—2 
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Referring to the values found above for the determinant II and its minors, we find 
on reduction, remembering (2), 



(52); 



where 



* • ••••• •••••••••••••••• 

AT - _ **£ (5L a. * _ 2^5m\ 

n'Ui ^i &i J i 
n'-|' + f-*(|-^) W 



We may reasonably regard X, M and iV as essentially negative. 

In our subsequent work the following result will be found useful, 

3(Z; + Jlf)+2Ar=2(3ZH-^V)=2(3ilfH-iV) = -©V (54). 

Putting in (13) 

we have 

£/a« « (}«7> + M + i\T) (1 - #Vu* - y'/fc 1 ) - (£ »V + 3 ^ + N ) *l* - 2iYy7&». 

Having regard to (54) we see that the coefficient of z*j& vanishes, and deduce 

« = - 2a»Z (1 - atja* - y^) - 22V/a 1 /fc 1 , 

where Z and N are given by (52) and (53). 

Similarly we find 

« = 2Zc" (1 - 2tf7a* - 2y i /6 1 - *■/*)• 

But we have been treating terms of order c* as negligible and so may regard » as 
vanishing. 

Again we have 

7* = 2Zy*, si » 2Mzx ; 

or these two shearing stresses are of order c, and so though they are large compared 
to « we may neglect them for a first approximation. The complete stress system re- 
maining may be written 

£ = - 2a*Z (1 - a? /a* - y^) - 2i\Ta s 6y/6*,\ 

£ - - 26*Z (1 - rf/a 1 - jf/^) - 2i*Ta s ta*/a 4 i (55), 

o = 2i^ry j 

with Z and iV given as above by (52) and (53). 

§ 18. If ^ be the inclination to the #-axis of one of the principal stress axes in 
planes parallel to xy, we have 

cot 2^r « £ (xx — 7*)/xi 

= cot2^-(a»-6 > )Z(l-« 1 /a 1 -yVf)-5-(2iV r «y) (56); 

where <f> is the inclination to the #-axis of the normal to the confocal 

which passes through the point x, y, z. 
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This gives very readily the angles sfr and ^ + V° ma d e with the #-axis by the two 

principal stress axes which lie in the plane parallel to xy. The third principal stress 
axis is always parallel to the i-axis. 

Without any reference to the values of L and N we see from (56) that 

^-♦* 
for all values of x and y if b % = a', 

and for all values of b/a if a? /a 2 + y 8 /^ = 1. 

We thus see that in a flat rotating spheroid, whatever be the relative values of 
the Young's moduli or Poisson's ratios, any perpendicular on the axis of rotation is a 
principal axis of stress at every point of its length. 

Again for any shape of flat spheroid the principal stress axes at the rim in the 
central section z = coincide everywhere with the normal and tangent to the bounding 
ellipse. 

The stress along the rim normal vanishes in accordance with the surface conditions, 
while the stress IT along the tangent is given by 

It = f {(y»/6 4 ) £ + (a?/a 4 ) 5-2 {xyjaW) S}, 

where p is the perpendicular from the centre on the tangent at x, y. 

Referring to (55), and remembering that 

a? /a 4 + y7& 4 = P~~*> 
we easily find 

? = - 2Na*b*/p* (57); 

or, writing in its value for N, 

The stress along the tangent to the rim in the central section is thus a traction, 
which varies inversely as the square of the perpendicular from the centre on the 
tangent. 

§ 19. The strains which do not vanish are, as a first approximation, 

s x = - 2 (L/E,) (a' - Vl J») (1 - rf/tf - y>jV) - 2 (N/EJ (ay/6» - thJM/a'U 
8 V = - 2 (L/E 2 ) (&' - ifra>) (1 - *Va» - tf/») - 2 (N/E 2 ) (6W/a' - v*ay/¥), I 
s, = 2 (L/E 9 )( Vn a* + 17^»)(1 - */<*■ - y 8 /^) + 2(N/E 5 )( V91 ay/b*+ vJW/a*) 9 * ' " ( } ' 
cr^ = ZNxy/n, 

where Z and iV are given as before by (52) and (53). 
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To the present degree of approximation, the strains, like the stresses, do not vary 
with z ; and at the rim in the central section z = they depend on the constant N only. 

Along the axis of rotation the strains are constants given by the simple expressions 

8 x = -2(L/E 1 )(a*- v J>*),\ 

8 y = -2(L/E t )(b*-v n a*),[ (60); 

* s = 2 (L/E t ) ( Vn a* + V J>*)J 

where Z, as shown by (52), is a negative quantity. 

An t) in excess of 0*5 is at least highly exceptional, thus supposing a to be the 
longer semi-axis we may regard s x at the axis as essentially positive, or a stretch. 
On the other hand 8 y at the axis is positive or negative according as 

b/a > or < Vifa. 

For the changes in the lengths of the semi-axes we find from (59), by integration 
and substitution for L and N, 






V ...(61), 



8c/c — - E -fr („„«.+ W)(^ + jr + -J 

where II' is given by (53). 

In passing, the following elegant relation may be noted 

a(a*8a!a-m[b) 2$c/c _ 

at/B-b'/E, + (v a a> + v Ji>)IE t - ^ 

Regarding II' as essentially positive, we see that Sc/c is invariably negative ; or the 
short axis, about which the rotation occurs, necessarily shortens. The two perpendicular 
axes if similar in length in general both lengthen. If 6, however, is much smaller 
than a it will usually shorten. 

For instance, if 6 i /a a = i72i (63), 

we have 86/6 = - $&*pa* (riv/Ei) (1 - VuVn) -*- (8 + ^VuVn + 3i?»^i/fli) (64). 

The relations (60) and (57), it should be noticed, supply simple physical meanings 
to the constants L and N of the solution. 
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SECTION IV. 

Thin Elliptic Disk rotating about the Perpendicular to its 

Plane through the Centre. 

§ 20. In a previous paper* I have shown that in isotropic material the first 
approximations to the stresses and strains in a thin elliptic disk may be derived by 
applying the constant multiplier 

{4a 4 + (3 + v) a* + 46*} + (3a 4 + 2a a 6» + 3ft 4 ) 

to the values of the corresponding stresses and strains in a flat ellipsoid of the same 
(central) section irdb, and equal axial thickness 2c or 21. A similar result holds when 
the material is of the more general type dealt with in the present paper, the constant 
multiplier being alone different. To find the suitable constant multiplier we may pro- 
ceed as follows: 

The mean values of the stresses, as I showed in an earlier paperf, are given by 
simple formulae of the type 



\\\*Zdxdydz= \\\Xxdxdydz + U FwdS (65); 



where X is the ^-component of the bodily forces per unit volume, and F the ^-com- 
ponent of the surface forces per unit surface. The volume integrals extend throughout 
the entire volume, the surface integral over the whole surface of the solid. 

In the present case we thus have 

/ 1 1 xxdxdydz = a>*p \\\&dxdydz (66). 

Supposing G to denote the constant multiplier required for transformation from the 
flat ellipsoid to the thin disk, we find for the disk from (55) 

7Sc = - 2CZa a (1 - sVa* - if/fr) - 2CNa*bY/b', 

where L and N are given by (52) and (53). 

Substituting for S in (66) and integrating, we find 

- C . 2tto6c . a*(L + \N) = ofy . 27ra6c . a 8 /4 ; 
whence C = - ©V>/(4Z + 2 N), 

= (3L + N)/(2L + N) by (54). 

Referring to (52), we have at once 

(8a 4 8ft 4 

Thus, writing for shortness 

6a 4 66 4 
E x 

* (A), p. 49. t Canib. Phil. Trans. Vol. xv. equation (109), p. 386. 



c= 



j? +«?+«*». (I -**)_n- (68), 



218 



Dr CHREE, A SEMI-INVERSE METHOD OF SOLUTION OF THE 



we have as first approximations to the stresses and strains in the thin rotating elliptic 
disk *— — 



2q>V) /a 4 ft 4 tati*hM \ _.. 

" ir Ui ^ 2 ^i / *' 



*y 



xx = jrx = y* = (J 



5, 






»(R+Jr~»#-*S)]- 



tft 



»*P T/l, .x/2a 4 26* a^W, ^ y*\ 



♦«G**-~»(S-»3)]. 



*1 



»*P T/ , L,x/2a 4 2i* a'ftV, <c» y»\ 



♦■(S+S-'-'tK*?*-?)]- 



r «V 






<Tt~ — 



0-^ = 



(69) ; 



.(70). 



§ 21. The position of the principal stress axes in the disk is given by the same 
equation (56) as applies to the flat ellipsoid. Again, over the perimeter of the disk 
the normal stress component vanishes and the tangential component, in the plane of 
the cross-section, is given, cf. (58), by 

where p is the perpendicular on the tangent from the centre of the ellipse. 

The increments Sa, 8b and SI (J = c) in the semi-axes of the ellipse and the axial 
semi-thickness are given by (61) when II' is replaced by Fl". The relation (62) 
applies equally to the disk. 

Employing SI as above, we find from the value of 8 Z that the displacement 7 
parallel to the axis of rotation is given by 

7 = (SZ/0^(l-^/a 1 J -y a /6 1 ») (72); 
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where 

. , • l.x fa 4 2ft* a 9 &»\ f /2a 4 26 4 a*\ /l 4^ 12 \ J \ 

l, / • r.x /2a 4 26 4 a»&*\ f /l 4i/ u \ , /2a 4 , 26 4 , a*«\] 



...(73). 



Since Bl is negative, assuming II" positive, (72) shows very clearly how the originally 
plane cross-sections parallel to the faces of the disk become paraboloids whose concavities 
are directed away from the central section, and whose curvature increases with the 
distance z from that section. 

The curvature at the centre of an originally plane section is greatest in the zy or 

in the zx plane according as 

o 1 "> or <&!*. 

The value of afjb? depends on the shape of the section as well as on the elastic 
properties of the medium. Assuming as before a > 6, we easily find of > bf if either 

VnlVn = 1> 
or (a/by> Vn / Vn >l (74). 

Thus the curvature is greatest in the plane containing the shorter axis of the ellipse if 
T) a and r) n are equal or if (74) holds. 

Whilst the reduction in the thickness of the disk diminishes as we retire from the 
axis of rotation it remains a reduction right up to the rim. For it is obvious from 
(70) that 7 # , the value of y over the curved surface, is given by 

/o * /rrTT/zx^ 4 . & 4 ia^bhf^f aV b*a?\ /lyKX 

*— *(**/*n "){E+Er-ir)v fn »+**-*) < 75) ' 

and zr+ir w^ ca,n hardly fail to be positive. 

It may be worth noticing that the reduction in the rim thickness is greatest at the 
ends of the minor axis or at the ends of the major axis according as 

a*t) n > or < 6*i; B . 



SECTION V. 

Thin rotating Circular Disk of Material symmetrical round the Axis. 

§ 22. When the disk is complete the approximate solution can be deduced from 
the results of the previous section by putting 

6 = a, E t = E 1 = E\ &c. 

To include, however, the case of an annular disk, we must make a fresh start. 
In obtaining the following results I freely availed myself of a previous solution*, with 

* ' On thin rotating isotropic disks,' Camb. Phil Soc. Proc. Vol. vn. pp. 201—215, 1891. 

Vol. XVII. Part III. 29 
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which I foresaw that the present solution would agree in type. It will suffice to indicate 
generally the method of procedure. 

Representing by 21 the thickness of the disk, by a and a' the radii of its outer 

and inner cylindrical boundaries, and employing cylindrical coordinates r, <f> z, let us 

assume 

~ = A (a 9 - r»)(l - a'*lr*) + B(t> - 3s 8 ),) 

*+ = C + Dr 8 + Fr~* + B(F - 3**), 



u = rf = r« = ^ = 



(76). 



From the body-stress equation 

d"f 



we find 



+ - (7? - JJ) + <n> 8 pr = 
dr r 

C = A(a* + a'% D = tfp-9A, F=Aa*a'\ 



Only two of the equations of compatibility are not identically satisfied, and these two 

give us 

A = ©V (3 + 1/)/8, 

B = tfp V (l + V ') & + {6Q- - v') E}. 

Substituting in (76) the values thus found for the constants, we have 

s .^<»+ w»(i - $K *^ ( i v>y <y- *«•>■ 

a-^ P { (3+ .,')(»- + .- + ^)-( 1+ 3,v} + i " , 7 1 ( ^;2 g (i--8n 

xr = rj = r*=j* = 



(77). 



The displacements (u along r, and w parallel to z) are easily obtained from the 

relations 

u/r = 8+ = (+i-y n)/!?, 

dw 



dz 



= *i = -iP+P; 



whence we have, as w must vanish with z by symmetry, 

« = ^|(l-^)(3 + V)r(a' + a'«)-(l-V , )r» + a+V)(3 + V)^-'} 

+ i ^(i + V) r(p _ 3 'V 



w 



1 6>>7* 1 ft) a ^Ty 2 (1 + V) ^ ,„ v 



(78). 



§ 23. If in (77) and (78) we put a' = we obtain the correct values of the stresses 
and displacements in a complete disk of radius a. 

It should be noticed, however, that the strains and stresses near the inner surface 
of a nearly complete disk (i.e. one in which a'ja is very small) are totally different 
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from those at the same axial distance in a complete disk. This is due to the fact that 
even supposing (a'/a) 9 negligible, (a'/r) 9 approaches unity as r approaches a'. 

The results supplied by (77) and (78) for a complete disk differ from those we 
should deduce from the formulae of Section IV., but only through containing the terms 
in I 2 — 3^ and z (I* — z*). Now we neglected terms of this order in Sections III. and 
IV., where terms in (c/a) 9 — i.e. terms of order (Ijdf — were omitted. 

It is obvious in (77) and (78) that the mean values of ™ t J$ and u taken between 
z = — I and z = + 1, or through the thickness of the disk, are unaffected by the presence 
of the terms in Z 9 and s 9 , and the same is true of the values of w over the faces of 
the disk. 

§ 24. It may be well at this stage to make the status of our solution for the 
circular disk perfectly clear. It is not in general a complete solution of the mathematical 
equations. It satisfies indeed all the internal elastic solid equations, and all but one of 
the surface equations; but instead of making ^ identically zero at every point of both 
cylindrical surfaces, it only gives 

•+/ 

7rdz = 



/: 



over these surfaces. In other words, it only makes the statical resultant of the radial 
forces along a generator vanish. The solution is thus based on what Prof. Pearson terms 
the theory of equipollent systems of loading. According to the theory, which is very 
generally if not universally accepted, the error in such a solution is insensible, except 
in the immediate vicinity of the surfaces of small thickness — here the circular rims — 
where there is failure to satisfy the exact surface conditions. As the rim values of ^ in 
the present case are only of the order I* of small quantities, our solution is presumably 
an exceptionally favourable specimen of its class. Still it would not be legitimate to 
apply it without further investigation to the species of anchor ring which arises when 
a — a" is comparable with I. 

At first sight, it might appear better to have omitted the terms in I* and z* 
altogether; because in their absence ^ would vanish exactly over both rims. If, how- 
ever, we omitted those terms, we should be unable to satisfy all the internal equations. 
Such a failure, in the absence of special knowledge, is much more serious than failure 
to satisfy a surface condition. For in dealing with internal equations we get, through 
differentiating, contributions of like magnitude from terms that are of widely different 
importance in the displacements and stresses. It is thus almost impossible to judge whether 
failure to satisfy an internal equation is trivial or absolutely fatal. 

In the present case, while the terms in I* and z % serve mainly to save the pro- 
prieties and silence criticism, they fulfil a useful purpose in indicating the degree of 
approximation reached and the circumstances modifying it. For instance, the solution 

29—2 
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becomes absolutely exact if 

17 = 0, or &/E = 0; 

and it is the more exact the smaller 17 or E/E is. 

On the other hand if E/E be large the solution has a very limited application. 

§ 25. When E and E' are of the same order of magnitude we may omit the 
terms in I* and z* in ordinary practical applications. When these terms are omitted I 
shall use the notation rr, u, &c. When the material is isotropic the values of u, w, &c, 
constitute what I have called elsewhere* the ' Maxwell solution/ as being the solution 
to which Maxwell's treatment of the problem would have led him in 1853 but for 
some small inaccuracies in his work. 

It is noteworthy that rr and <f><f> depend on no elastic constant other than 17', 
while u is independent of r\ or E. Thus the stresses and radial displacement are 
exactly the same as in an isotropic material whose Young's modulus in E' and Poisson's 
ratio 17'. 

The longitudinal displacement w on the other hand depends on rj and E f but 
even in its case the law of variation with the axial distance depends only on 17'. 



For the increments in the radii a and a', and in the semi-thickness at the two 
rims, we find 

(fo/a) = (a>V>/4£'){(l- 

(Sa7aO = («V/*£ , )P + 



V)a»+(3 + V)a'»U (79) . 

V)a»+(l-i7V'}J 

(&l/l)r_ a = - («W^ {(1 - V) *' + (3 + V) a'%) 

(S///U = - (^ W ((3 + V) « s + (1 - V) a' s ) ) V h 

From these we deduce the following elegant relations 

(8t/I)r- a = -v(E'/E)(fala) =- v " (to/a), 

(«/^ r . a =-i7(^7A')(^/aO = -V / (^ / /a / ),| fc ( 81 >- 

W0r-« + (8/J W - - «V (v/E) (a* + a*) 

The arithmetic mean of the reductions in the thickness at the two rims of the 
disk is thus independent of 17' or E'. The reduction in thickness is invariably greatest 
at the inner rim. 

Originally plane sections parallel to the faces lie during rotation on paraboloids of 
revolution, the radius of curvature at whose vertices equals E+ {©'/^(l + 17')*}- 

The curvature increases as we approach the faces z= ±1 The general character of 
the phenomena is the same as when the material is isotropic (see Camb. Phil. 80c. Proc. 
Vol. vii. pp. 201—215). 



• 



Camb. Phil. Soc. Proc. Vol. vii. p. 209. 
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SECTION VI. 

Elongated Ellipsoid, c/o and c/b very large. 

§ 26. Retaining only the highest power of c in each case, we have for three-plane 
symmetry 

o„ = Sc'/Et, a„ = 3#/ E„ a„=3 (<*/#,) + 3 (b*/E a ) + o»6» {1/n, - 2i7 w /#,} ) ^ 
eh, - */E t , c = - c» (Sa* Vn /E a + bhhJE,), a***-* (aV + 3b*t) a )/E t , 



n» 
n I9 

n M 
n„ 

n 



.(82). 



: ( W [^\l-^,0 + |(9-^ B ) + 3a.6.(I-^-^)], 
8cV^, 

M?vul{E t E % ), 
= 8( W )[|\l-, u W + |(l-^«) + a.6.(i-^-!»)] 

Rotation about the Long Axis 2c. 
The values of the tr's in equations (16) are as follows : 

f a 8 J« W 

*r 8 = M> Jjr ( W> 9 " a") + y (*?*"* - &") J 

Substituting the above values of the ITs and tsr's in the equations (18) we have 
the values of the constants Z, M, If of the general solution. Thus for N we find 



§27. 



(83). 



JV = 



?(i-^) + ^(i-^.) + «*(i-' 2 f-^=) 



i»V j - ]j - fmfoi) - ^" (1 - VaVn) + —jjj 

3a 
E, 



(84). 



It is unnecessary to record the values of L and M as I have eliminated these 
quantities by aid of the following relations, which are not very difficult to verify : — 

c?(L-M) = ( Vn a*- v J*)N, 



.(85) ; 



whence 






.(86). 



< i 
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Retaining N (given explicitly by (84)) for brevity in the expressions for the stresses 
and strains, we have 



XX 



W9 



zs 






*y = 2Nxy, 

J* and *x of order a/c or 6/c, and so negligible 



.(87) ; 



8. 







», = - i <*P (nna* + 1?«6») (1 - *l#)IE t , 

<r yt and <r„ of order a/c or 6/c and so negligible 

§ 28. For the displacement parallel to the long axis we have 

7 = -i«V>('7 1I a*+i7«&v(l-~)/^, 



. .(88). 



.(89). 



Sections perpendicular to the axis of rotation thus remain plane. The shortening of 
the long semi-axis is given by 

&clc = -$a>*p( Vn a*+ Vt fr)/E> (90). 

Using undashed letters as immediately above for the case of the long ellipsoid, 
and dashed letters for the case of the flat ellipsoid of Section HI., the velocity of 
rotation, the material [and the axes 2a, 26 being the same in the two cases, we find 
from (90), (61) and (53) 

<«*»*<™-w{S*£—g**)}*(?+S*S) m 

Thus the shortening per unit of length in the axis of rotation is less in the 
elongated than in the flat ellipsoid. 
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For the increments in the other principal semi-axes of the elongated ellipsoid we have 

1 w»p r . ,..,.. ,^ 2 N 



,(92). 



&»/«* - 3 -£ {a 1 - vJ* - fas ( W + W> 9 )} + g ^ a> (1 - i/^), | 

The values obtained for Ba/a and S6/6 when its value (84) is substituted for IT 
are somewhat lengthy even for a spheroid (6 = a). 

As, however, the influence of the elastic structure is very clearly exhibited in the 
case of a spheroid, I shall record the value obtained for the difference in the expan- 
sions of the two semi-axes taken along the directions of the two principal moduli E x 
and E 2 . It is given by 



E, 






= i(i-^{i (1 ~™ a)+ i (1 ~™- )+ il 

12 " 'E^ hk w\Ji;\ 1 -Vn f M+ e (l-^W-- --gr ^— • 

By supposing equality first between 2^ and i£ 9 , and secondly between rj n and 17,,, 
we readily see how 80^ — 80? depends on the difference between elastic moduli and on 
the difference between Poisson's ratios. 



.(93). 



SECTION VII. 

Long Elliptic Cylinder rotating about its Long Axis. 

§ 29. By a long elliptic cylinder is meant one whose length 21 is very large com- 
pared with the diameters 2a, 26 of the cross-section. The solution for the elliptic 
cylinder — terms of order a/l or bjl being neglected — is obtained from that for the elongated 
ellipsoid by simply omitting all the terms in z\ We thus have 

S - a» [(* »V> + N) (l - I) - (i «>V> + M ) j£] , 

i»-M[-<i.*p + aiio£+(i«V+tf)(i-j!)]. 

i? = 2Nxy, 



*» = »* = 



(94); 



; 
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• +f (*( i -**)( i -S-^)-*(*+* , i-)( 1 --? 1 - 



* 



2*» 2y*\) 



(95); 



-i5f^-*-»('-5-fi-»*<**+*»»(i-?-¥ 

where JV* is given by (84). 

§ 30. The conclusion that the above solution applies to an elliptic cylinder may be 
justified as follows: 

The terms containing z in equations (87) contribute nothing to the body-stress 
equations because dTzjdz, &c., are of the order of small quantities here neglected; thus 
the expressions (94) for the stresses will satisfy the body-stress equations. (This is 
easily verified of course directly.) 

Again over the cylindrical surface 

a* J a* + y »/&» = 1 , 
we have from (94) 

Zcze-iNaY/P, 7* = -2Nb*x*/a* f Tp = 2Nxy (96); 

whence 

(xja % ) £ + (y/6*) ^ = 0, 

(a/a 8 ) $ + (y/6») n = 0. 

The equations over the curved surface are thus completely satisfied. 

Over the terminal planes z—±l the normal stress ** does not vanish everywhere, 
as it strictly ought to do, but instead we have 



\\™dxdy= 0. 



Thus, according to the theory of equipollent systems of loading, the solution is satis- 
factory, except at points in the immediate vicinity of the terminal sections. 

§ 31. The increments in the semi-axes a and b are given by the same formulae, 
viz. (92), as apply in the case of the elongated ellipsoid. The reduction in the half 
length I of the cylinder is given by 

Bl/l = -t<»*p(Vna> + v 9i b')/E, (97). 

Comparing (97) with (90), supposing Z = c, we see that the shortening in a long 
cylinder is greater than the corresponding axial shortening in an elongated ellipsoid 
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in the ratio 3 : 2. This arises from the reduction in the strain 8 Z near the ends of 
the axis of rotation in the case of the long ellipsoid. 

If undashed letters refer as above to a long cylinder, and dashed letters refer to 
the axial thickness of a thin disk of the same material and elliptic section rotating at 
the same speed, we find comparing (97) with (70) of Sect. IV. 

Thus the reduction per unit of length in the axis of rotation is invariably less in 
the long cylinder than in the thin disk. 

As in the case of the disk, the tangential stress ? in the plane of the cross-section 
has a very simple form at the surface. For if p be the perpendicular from the central 
axis on the tangent plane at a point x, y on the surface, we easily find from (96) 

« = - ZNtfVlp. (99), 

N being given by (84). At least as a rule N is negative and 9" a traction. The formula 
(99) differs from the corresponding result for a thin disk only in the value of N 
(cf. (71)). 

We can easily attach a simple physical significance to N. Thus let 1£ and 2J represent 
the minimum and maximum surface values of «\ occurring respectively at the ends of 
the major and minor axes of the elliptic section, then 

j\T = -±(S:+ £) + (<*» + &») (100). 



SECTION VIII. 

Long rotating Circular Cylinder of Material symmetrical round the Axis. 

§ 32. When the cylinder is solid, the solution can be obtained by putting 

b = a, E % = E x = E\ &a, 

in the results of last section. When the cylinder is hollow, an independent investigation 
is necessary. 

In obtaining the following results I made use of the solution* published in 1892 
for the case of isotropy, recognising that the type would remain unchanged. As the 
method adopted is practically identical with that applied in Section V. to the circular 
disk, I pass at once to the results. The origin has been taken at the mid-point of 



, • 
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the cylinder's axis, and r, <f>, z are ordinary cylindrical coordinates. The expressions for 
the stresses are as follows: 

~ = a>'p {3 + V - 2i,» (E'/E)} (a 9 - r 9 ) (1 - a' 9 /*- 9 ) + {8 (1 - rfE'jE)), 

£ = a>V> [{3 + V - V C^Wl (a 8 + a" + a^/r 3 ) - (1 + 3i/ + %fW\E) r 9 ] -r {8 (1 - v*E'/E)}> 

£ = ©V */ (1 + V) (a" + a* - 2r») + {4 (1 - v*E'/E)} 9 

r$ = rx sat $r ss ' 

(ioi). 

The displacements w parallel to the s-axis, and u along r, are given by 
w - - ©V; (o" + a'*) «/(2^), 

1 «V r((l-V)(3 + V) Vl/.j/* /^Jl-l' V\J 
W = 8 1-,4/^ L( £ -^} (a+ ° )r ~ (1 + ,?) l^'~~^Jl d02). 

1 + ^- (3 + V ' ~ tofE'/E) a'a'Vr] 
An alternative form for u, worth recording, is 

- 2i? 9 (E'/E) {2 (a 9 + a' 9 ) r - (1+ 17') r> + (1 + 1/ 7 ) a 9 a' 9 /r}] (103). 

I shall assume 1 — ri*E'/E to be positive ; if it could be zero the expressions for 
the stresses and displacements could become infinite. 

§ 33. The solution, except when 17 = 0, is dependent on the theory of equipollent 
systems of loading, in so far as we have to substitute for the exact surface equation 

« = over z = ± I, 



+ E' 



/; 



a 

Vmrxzdr = 0. 

a 



If we put a' s in (101), (102) and (103) we obtain the correct values of the stresses 
and displacements in a solid cylinder of radius a. The stresses and strains, however, 
near the inner surface of a nearly solid cylinder are, as in the case of the disk, totally 
different from those at the same axial distance in a wholly solid cylinder of the same 
external radius. 

Comparing (101), (102) and (103) with (77) and (78), we see that when 17 or E'/E 
vanishes the formulae for the stresses and displacements in the long cylinder and thin 
disk become identical. This is true irrespective of the absolute values of rj' or E\ 

§ 34. The stress system (101) possesses several features of interest. The radial stress 
7f is everywhere positive, or a traction, except at the surfaces, where it vanishes; it 
has its maximum value where 

r = *faa\ 

The orthogonal stress ++ is everywhere a traction. Its largest and smallest values occur 
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,(104). 



respectively at the inner and outer surfaces. Distinguishing these values by the suffixes 
i and , we have 

Ui = WP (« 9 + "'*) + i«V (! + V) («' - 0/(1 - vfE'jEW 

&* = ±t»*p(a* + a'*)-i»*p(l + V ')(a*- a'*)/(l - V *E'/E) 

This shows very clearly how Hi and JJ approach equality as the thickness of the 
cylinder wall diminishes. 

The third principal stress «, parallel to the axis of rotation, is a traction inside 
a pressure outside the cylindrical surface 

r = V^ (a* + a'*). 

The surface values of *r, using suffixes as above, are given by 

? i --?.-\&W(l+if)(!*-aP)l(l-irB'IE) (105). 

The numerical equality of »< and ? seems curious. 

The following relation is also a neat one 

«<-S = i7(Si- JJo) (106). 

It somewhat reminds one of the results (81) established for the annular disk. 

§ 35. Coming to the displacements, we see from (102) that the cross-sections — 
unlike those of the disk — remain plane. Further, if Bl and W denote the changes in 
the length of a hollow and a solid circular cylinder of equal length, the material, section, 
and velocity being the same, we have 

SI/W = 1 + a'*/a* (107). 

The influence of rotation on the length thus increases notably as the wall of the 
hollow cylinder becomes thinner. Comparing the first of equations (102) with the last 
of equations (81) we see that the change per unit length in the length of a long hollow 
cylinder is the exact arithmetic mean of the changes per unit thickness in the rim 
thicknesses of a thin disk of the same section and material rotating with equal velocity. 

For the increments in the radii of the two surfaces of the long, cylinder we find 

from (102) 

Ba/a = («•>/**') {(1 - V) * + (3 + V) a"M 

Sa'/a' = (<o>p/4E'){(3 + v ')a' + (l-v')a'*}) ( 

formulae in exact agreement with the corresponding results (79) for the annular disk 

A variety of interesting relationships exist amongst the different displacements. Thus 
if A represent the cross-section ir(a* — a'*), and t the wall thickness a — a', we have from (102) 

(Sa/a) + (So! /of) = «> (a« + a!*)IE\ 

-(dl/l) + {(8a/a) + (Sa'la')}=- v Ey(2E) = -W',). (109), 

(Sa'/a') - (Sa/a) - a>*p (a» - 0/(4*1,) 

(S4/il)-«V(tf + <^)(l-i/)/(2tf') (110), 

(««/*)-^{(a-a / ) l -V(a + a?}/(4^ # ) (HI). 

30—2 
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If the increments in a, a' and I could be measured, the relations (109) would give E\ 
ri" and n, immediately. 

From (110) we see that the area of the cross-section of the material is always 

increased by rotation; while (111) shows us that the cylinder wall becomes thicker or 

thinner according as 

V< or > (a - a')7(a + a') a (112). 

For rj = 1/4 the thickness of the wall is unchanged when 

a' = a/3 (113), 

and it is reduced when a'/a exceeds 1/3. 

§ 36. The case when t/a is very small, or the cylinder wall very thin, merits 
separate attention. Of the stresses, rr is then small compared to «, while » in its 
turn is small compared to $*; and to a first approximation the sole stress left is 

+$ = a>*pa* (114). 

Under like conditions first approximations to the displacements are 



w — *w*,IE* 

m= w>pa*IE' J 



VIII. On the Change of a System of Independent Variables. 
By E. G. Gallop, M.A., Fellow of Gonville and Caius College. 

[Received and read 20 February 1899.] 

The main object of this paper is to establish a symbolical form for the result of 
changing a system of n independent variables in a partial differential coefficient. This 
form is a generalization of that obtained by Mr Leudesdorf* in the case of a single 
independent variable. The method adopted is the same as in a previous paperf in 
which I obtained another proof of Mr Leudesdorf s result. It consists in developing the 
formula given by JacobiJ for the reversion of series. An advantage of adopting this 
method is that the relation between the symbolical form and the fully developed form 
given by Sylvester § and proved by Cay ley || is readily perceived, so that from the 
symbolical form the developed form can be written down. 

The first of the fundamental formulae of this paper is equation (10) of § 2. This 
formula may be developed in two ways. By the detailed work of §§ 1, 3 Sylvester's 
expanded form, just referred to, is deduced from it; in the succeeding sections it is 
developed into the symbolical formulae (21) and (22) of § 11, and (26), (27), (28), (29), 
(30) of §§ 14, 15. Of these formulae (29), or its equivalent (30), seems to be the most 
important. The crucial point in the establishment of these formulae is the proof of 
equations (18 a, 6, c) in § 9. The somewhat complicated work of §§ 1, 3 is introduced 
for the sake of showing the connexion between the symbolical formulae and Sylvester's 
expanded form; it is not required in the subsequent developments. In § 17 a symbolical 
formula is obtained for the differentiation of implicit functions, and in § 18 this formula 
is applied to determine a solution of the general equation of infinite degree involving a 
dependent variable y and an independent variable x, when the equation has been 
deprived of the constant term. 

The remainder of the paper is taken up with applications of the symbolical formulae 
(26)... (30). In several papers IT published in the Proceedings of the London Mathematical 

* " Second Paper on Change of the Independent Vari- " On Pure Ternary Reciprocals and Functions allied 

able," Proc. Lond. Math. Soc. Vol. xvm. to them," Vol. xix. pp. 6—28. 

f •• Change of the Independent Variable in a Differential "On Cyclioants, or Pare Ternary Reciprocals, and 

Coefficient," Camb. Phil. Tram. Vol. xvi. allied Functions," Vol. xix. pp. 377—405. 

+ "De resolutione aequationum per series infinitas," "On Projective Cyclic Concomitants, or Surface Differ- 

CreUe's Jour. Vol. vi. ; Gesammelte Werke, vi. pp. 26 — 61. ential Invariants," Vol. xx. pp. 131 — 160. 

§ Proc. Roy. Soc. Vol. vn., 1855; and Quar.Jour. Math. "On the Reversion of Partial Differential Expressions 

Vol. i. 1857, with corrections. with two Independent and two Dependent Variables," Vol. 

|| " Deuxieme note sur une formule pour la reversion xxn. pp. 79 — 104. 
des series," CrelU, Vol. liv.; Collected Works, Vol. iv. 234 "On the Transformation of Linear Partial Differential 

H "On the Linear Partial Differential Equations satisfied Operators by Extended Linear Continuous Groups," Vol. 

by Pure Ternary Reciprocants," Vol. xviii. pp. 142 — 164. xxix. p. 466. 
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Society, Prof. Elliott has considered the theory of Cyclicants and Beciprocants, mostly 
for the case of two independent variables. It is shown in this paper ' how most of 
Prof. Elliott's general theorems can be obtained for any number of independent variables 
as deductions from the general symbolical formulae. In § 19 the result of the change 
of variables by the general linear transformation is exhibited in formula (39), which 
may be regarded as fundamental in the theory of Pure Cyclicants. Prof. Elliott has 
also considered the conditions which must be satisfied by the functions which are the 
generalized forms of ordinary Beciprocants when there are two dependent and two inde- 
pendent variables. In §§ 29 — 31 these conditions are deduced from the general formulae 
of the paper for any number of variables, and it is also shown that Prof. Elliott's 
conditions are not independent and may be reduced in number. 

For the sake of conciseness all the general results of the paper are worked out 
for the case of three independent variables, but care has been taken to use only such 
methods as would be applicable to any number of independent variables. 
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(10) to a symbolical form; equations (19a, 

6, c). 
The operators tt^,^,...; their alternants. 
Final symbolical formula for the change of the 

independent variables in a partial differential 

coefficient by means of an operator involving 



§12. 



{0i*}i{0iy}i— 



9 xyi 



„... ; equations (21, 22). 



§ 13. 
§14. 



Various forms for that part of the operator 
which involves the m'b ; determination of the 
four forms for the case of two independent 
variables. 

Case of one independent variable. 

Definition of the operators [U y x\ [U 9 y\... y 



§ 15. Modified form of the general symbolical formula 
in § 11 ; equations (27) to (30). 
The operators O^, &«,,.. . ; their alternants. 

§ 16. Symbolical formulae for the interchange of the 
dependent and independent variables. 

§ 17. Symbolical formula for the differentiation of 
implicit functions. 

§ 18. Solution, in symbolical form, of the general alge- 
braical equation of infinite degree; or of a 
system of such equations. 

§ 19. Application to the general linear transformation. 

§ 20. Various forms of the result of linear transforma- 
tion in the case of two independent variables ; 
cyclical interchange of the dependent and 
independent variables. 

§ 21. Alternants of the operators « and \\, V t , V s in 
the case of the linear transformation. 

§§ 22, 23. Application to the theory of Cyclicants. 

§ 24. Proof of a theorem due to Prof. Elliott 

§§ 26, 26, 27. Effect of the linear transformation on 
the operators V and «*; cyclical interchange 
as a particular case. 

§ 28. Example illustrating the use of the last results. 

§ 29. Definition of ft-ary reciprocal! ts; conditions 
satisfied by such functions. 

§ 30. Example of this class of reciprocants. 

§ 31. Proof that the conditions of § 29 are not inde- 
pendent, and that they may be reduced in 
number. 



INDEPENDENT VARIABLES. 233 

§ 1. Let u, v t w, t be functions of three independent variables x, y, z; and let 
any differential coefficient 

daPdytdtr 
be denoted by w^.; let also the quantities 

typgr Vpqr ^py *pqr 

p\q\rV plqlrl 9 plqlrl' p I q ! r ! 
be denoted by a w , 6^, c^r, d,^. 

Further, let D,f D y * D t r (tii/v^w*) denote the result of suppressing all terms which 
explicitly contain t, it, t>, w or first differential coefficients of u, v, w in 

gp+fl+r 

The expanded form of this expression is easily obtained. Let £, 17, £ be quantities 
independent of a?, y, z; let 

tf= a»oP , 4- a^ + o oi£ , + «iio ^H-.-.H-OioopH- (1); 

let V and TF denote similar expressions with 6's and c's instead of a's, and let 

r=*oo fH-dow^ + c^C+dyooP +...+*ooP + (2). 

Then 

ej • t# • * • 
where, after the differentiations indicated by D$, 2),, D$, £, 17, £ are made to vanish. 

But obviously, on this understanding, 

DfDfDf (TIPWIP) = Dj D y * Df (tu/ifiufi). 

Therefore 

DJ D y * D t r (tu/v*ufi) 
p\ q\r\ 

is equal to the coefficient of fi^f in TIPVoWK Therefore by ordinary algebra, pro- 
vided p + g + r>2/+23r + 2A, 



plqlrl/lglhl = **" JJJF^. ^""^ {fh ^ y% ' ' ' 



^iJ^a 



-( 6 Vm>i') P, ( 6 Vm,v)^--- 



! n-\ 



• • • • 



jj^TT; ( c vw v)* 1 ( c vw v)* 9 (3), 
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where summation extends to all zero and positive integral values of /i, /t, ... <fr, g%, 
th, A,,... X, p, v, \j, /*i, v u ... which satisfy the conditions 



(4). 



/l+/t+...=/ <7l+<7«+-.=<7, Ai+&i+...«A 

x + S/^ + S^V+SW'-j*, x + fA + ^1, 

/*+ 2/l/*l + £#!/*/ + ^hfr' = J, \! + /*1 + v l < 2, 

i/ + 2/>! + S^i// + SAW = r, X/ + /*/ + */ { 2, &c. 

Therefore, writing [p, q, r; f, g, A; X, ft, v; X,, /*!, i^; &c] for the typical term on 
the right hand of (3), we have 



D*p D y * B{ (tv/tfufi) ^ r 



j9! ?!r!/!^!A! 
Again, on differentiating the equation 



(5). 



yr *jj£n:. {aK ™ y ' {a "~> y ' - * v,Xl ' v *' ?v "" 

with respect to f, we find 

&dyi = 2 • 2/iXi /nTrrr: (a ^" i)A • ■ • f v,x,_l " Vj " fV '"- 

But 

therefore, by comparison of coefficients of powers of f, rj, f, 

(p-l)l g! r! (/-1)I g! A! -^ * • LP' g' r > /> g> A > Vm. *; \> fr, "i', &c.]...(6). 

And similarly 
D^Dy^D/ (tu'-W-*u*u x v y ) x - ^ 

(7), 

Df->Dy<t-*Dr l (tu'-W-*w*-*u x v y w t ) ^ , „ 

(p-1)! (?-l)l (r-1)! (/-I)! (^-1)! (A-l)! " ' 7l ' ' ^ ' lVl 

[P»?> r ;/> 0> A ; *>/*, v\ \uiL u v x \ &a] (8), 

where the limits of summation are the same as in (4); and similar expressions can 
be written down with x, y, z interchanged. 

It is obvious that, ifp + ? + r^2 (/+ g + A), 

D x *D y *D z r (tv/ifivfi) = 0, 

since the coefficient of f^'f in TUfV^W* will be zero. For similar reasons 

DjDytDS (tu/vtvfiu.) = 0, if p + j + r £ 2/+2^ + 2A + 1, 
D x *D y *D* (tu'vi>w*u x Vy) = 0, if p + q + r £ 2/+ 2g + 2A + 2, &c. 
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§ 2. We now proceed to establish the formula for the change of the independent 
variables in a partial differential coefficient. It is first necessary to state the theorem 
of Jacobi on which the method is based. Let v, v, a> be three quantities given in 
terms of three independent variables £, rj t f by equations of the form 

= f + X, say; 

fi> = ?+ c»oP + ... + c ro f*+ ... = £ + Z, 

where the as, 6's and c's are any quantities independent of £, i), £ It is important 
to remark that the linear part of each of the expressions must consist of a single 
term. If these equations are solved for £, rj, f in terms of v, v, « one set of values 
will vanish when v> v, a> vanish, and can be expanded in series proceeding by integral 
powers of v, v, o>. Supposing that f, 77, £ have these values, we can then expand 
a general function /(£, % f) in powers of v, v, o>, and Jacobi's theorem states that the 
coefficient of i/v m a> n in the result is equal to the coefficient of f" 1 ^" 1 ?" 1 in the 
expansion of 

f(t n y\ 8 ( v » y > 6 > ) I <q\ 

where the expansion is effected by first arranging (f +X)~ {1+1) , &c. in powers of JT/£ 
F/17, Z\% and then substituting for X t F, Z and multiplying together the various terms. 

Now let u, v t w, t be given functions of three independent variables x t y, z\ and 
let it be required to change the variables from x, y, z to u, v, w and express 
&+ m+n t/du l dv m dw n in terms of differential coefficients of t, u, v, w with respect to x y y $ z* 
To this end let x, y, z receive increments f, rf } f, and let the consequent increments 
in u, v, w, t be v, v, eo, t. The first differential coefficients of % v, w, t will be 
denoted by special letters according to the following scheme 

1^00= a, 
v m = 6, 
W100 = c, 

tioo — <*, C010 = d , tool = d . 

Then 

„ = &f + b'vi + b"S+V 9 

where U, V, W, T have the same values as in the previous section. 
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w»io = a', 


««oi = a", 


%0 = Vy 


Vooi = V\ 


Woio = C, 


Wool = c", 
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But if t be regarded as a function of u, v, w, we have also 



T = 2 



gj+m+nj xJv>* m n 



(kfihrttof 1 1 1 mini' 



and therefore & +m+n t/du'xhfdw n may be determined as the coefficient of t/v m m n /ll ml nl 
in the expansion of t in powers of v, v, <o. 

To apply Jacobi's theorem we make the transformation 

f - af + a'r, + a"£ 
v ' = b? + b't, + b% 

/£- A? + Brf+C?, 
J?=A"p + B" v ' + C"?, 



so that 



where 



J = 



a a a 
b b' b" 

c c' c" 



and A, B, C, ... are the first minors of J. We now have ' 

where V, V, W, T are the values of U, V, W, T in terms of f , tf, ?. 
To express these values take Df, D„ Z) f as in § 1, and write 

2> f - J. (4D f + 4'D, + A"D { ), 
D^^BDt + FD^ + F'Di), 

D ( . = j(CD t + CI)i + C"D { ), 

and denote D^D/^D^U', &c., by m^, &a; and u'^Jl I mini by a*,*,, &c. 
Then U' = So',,, PY*f* 

where in IT', V, W, p + q + r<$2, and in T, p + q + r+1. 
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If also we take D Xt D y> A as in § 1 and write 



A = j (AD X + A'D V + A"D g ), 



then 



D t = j(CD x + VD y + C"D t ), 



De*Dj*D c r (T'UW*W' h ) = A*A*A r (toV«i»), 



provided that products of the operators A» D 2 , A are formed by mere algebraical 
multiplication; that is to say, in the product AA it is supposed that A does not 
operate on the coefficients of D x , D y% A which occur in D % . 



Therefore by Jacobi's formula 



1 &+™+*t 

llmlnl du l dv m dw n 



is equal to the coefficient of f~V~~ i r~" 1 in 

T , d (v, v, q») 



3(r> v, n <r+ ut i (v'+ n m+i (? / + trr* 1 ' 



or 






r(- 



! ^ + * q+/)!(m + gr)l(n + A) 
r llflmlglnlhl 



1 3f * 


dv 

3f ' 


3TT 

ar 


T'U' f V'oW' h 

t'l+f+i q'm+g+i £'n+A+i 


I 3CT' 


, 3F' 

1+ ay' 


air 







dv' 




dU' 


3P' 


, air 

1+ ar 




d?' 


ar ' 





that is, in 






(_ iy+*H-A 



(i+/)!(m + g)!(n + A)I 
Z!/!m!$r!n!./i! 



. IDfDfDf 



1 + ^1, *i, w x 

w,, t;„ 1 + w, 



fafvOvfi . 



p! j!r! 



where t^, Vi, t^, &c. stand for A*<, A*> Aw, &c 

To obtain the term containing f _1 1; /_1 f ' -1 we take p = I +/, ? = m + $r, r = n + A. 

31—2 
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Hence 

Ql+m+n i 

du l dv m dtv n 



ttjrxr (- iY +ff+h wd*"*' A n+ * 



— ^/-o,?-«,*-o 



t^, 1 + V 2 y W* 

W3, v t , 1 + w, 



t 



JTgThi 



(10). 



Although in this expression summation extends to all values of /, g t h, it is obvious 
from the remark at the end of § 1 that terms for which /+<7 + A>J + m + n will 
be zero. In particular, if I = 1, m = 0, n = 0, the only term not zero is that for which 
/=0, = 0, A = 0. 



It is easily verified that 

l + ^i, v l9 w l 

t*n 1 + v *> w % 

1/3, w„ 1 + w, 



A /J, B/J, C/J 
A'/J 9 B'/J, C/J 
A"/J 9 B"/J, C/J 



a + u x , b + v x , c + w x 

d' + Uy, V + Vy, C' + Wy 

a"+u Zt b" + v Zi c"+w z 



1 


a + iijt 


, b + v s , 


o + w x 


J 


a' 




, v 


+ Vy, 


C' + Wy 


a" 


' + «*» 


b" 


+ Vz, 


0" + 1V t 


«*, 


«v, 


Us, 


-1, 


0, 


Vx, 


Vy, 


»*. 


0, 


-1, 


w«, 


Wy, 


w t , 


0, 


0, -1 


1, 


0, 


0, 


A 
J' 


B C 
J' J 


o, 


1, 


0, 


A' 
J' 


& C 
J' J 




0, 


o, 


1, 


A" 

J ' 


B" C" 



(11), 



(12). 



It must be understood that when the determinant (11) or (12) is substituted in 
the expression (10) the operators A, A, A affect w*» v Xi w Xf &c. but not a, 6, c, &c, 
or A, B, C, &c 

§ 3. To obtain Sylvester's expanded form of the result we use the form (12) for 
the determinant and expand DJ+*Df**Df** in powers of D m , D y , D z . This operator is 
equal to 

2 (* +/> ! (™+g) ! (» + *>' 
Pi!jft!#i! ?i!?,!g 8 ! r,\r % \r*\ 

'AD m \* (A'DyV* (A"D Z \*> /2*A\* /fl'AA* /^AV' /^AY 1 fC'AY' (91^i) r \ 
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where summation extends to all zero or positive integral values of _p,, p t , p,, &c. for 
which 

Pi+Pi+P* = l+f, qi + qt + qt = m + g, r 1 + r a + r t = n + L 
We now re-arrange the grouping of the terms and transform (10) into 



WhPdvf* 



s J/*-". »-«>,*-» (_ iy+g+k-i J) J+/-1 J) m+g-i n n+»-l 

(«A), (uD y ), («A), A, 0, 
(vD x ), (vB s ), (vD t ), 0, A, 

(wA), ("A). (^A), 0, 0, A 

A B 



t 



f\g\h\' 



i, 



o, 



o, 



o, 



1, 



o, 



o, 



o, 7 , 



l ' J ' J' 



J' J' 

A' R 
J' 

A" B" (T 
J 



C 
J 

j 



where («A), («A)> (**A) *re the same in effect as A> A> A but operate on w only, 
whilst (vD x ),... operate on v only, and (wD m ),... on w only. 

We can now make use of the results of § 1 and obtain finally 

3ti'at; m a^ *>*•-**■• V r ftlftlftl ft!ft!ft! r x \r % \r z \ 

x S (^ + ?, + n - 1 ) ! (p s + ft + r 2 - 1 ) ! ( />, + j, + r, - 1 ) ! 

x [(Pi+?i+n), (2> a + ?, + r a ), 0>, + ft + r,); /, g, A; X, /a, v\ \, /*,, i^; &c] 

2/A, 2/iMii 2 /i^ '+/ °> ° 

2#iV, 2#iAh', S^i//, 0, m + g, 

SMi", SA^", SA^/', 0, 0, n + h 

Pi+qi + r lt 0, 0, p lt ft, r x 

0, />i + ?i + r t , 0, p„ j„ r 9 

0, 0, p, + ft + r„ p,, ft, r 8 

where the limits of summation are given by (4). 

A little consideration is needed to see the truth of the last result. It is obtained 
by regarding the determinant as expanded, then expanding the various terms by § 1 
and grouping together all the terms which give rise to the particular term denoted by 

[0>i + ?i + n), 0> a + ? a + r t ), (ps + ft + r 8 ); / g, A; X, ^, v\ X,, /ij, i*; &c.]. 

The last result agrees with that given by Sylvester but differs in sign from that 
obtained by Cayley when the number of independent variables is odd. 



(13), 
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In the case of certain terms, such as those which occur in the evaluation of 

<ft 

=r- % , the coefficients as given by (13) take an indeterminate form, but as Sylvester 

explains, there is no difficulty in deducing the proper value. 

§ 4. In order to obtain a symbolical expression for the result of the change of 
variables we return to equation (10), and by a re-arrangement of terms write it in 
the form 

A-(«A), -0>A), -(*A) 

-(md,x a-(vA), -(«a> u/vffwh 



-(uA), -0>A), A-(«A) 



'/^m (14 >> 



where, as in the previous section, (uD^, (uD 2 ), (uD 9 ) are equivalent to D u D 2 , D f but 
operate on u only. This re-arrangement is effected by grouping together terms homo- 
geneous in Dj, D a , D s , (wA), (^A)> 

The operators required for the purpose of expressing the result symbolically will 
be considered in the following sections. 

§ 5. Taking U 9 V, W t T as in § 1, let suffixes 1, 2, 3, 4 indicate that (£, Vl , £)> 
(&> V*> &)>••• are substituted in them for £, ?y, f; so that 

#1 = Oaoofi 8 + OmV* + ••• 

Let also Z7^, #$,,... denote zt-Ci, gg-Z7 2 , .... Let {^iCTf,} denote an operator formed 

by replacing terms such as £j p fft*£i r in the product tTi^ by ^ — . The particular 

brackets { } will be used to indicate this operator and to distinguish it from a mere 
algebraical product. Similarly let {U t V( % } be an operator formed from U 9 V^ 9 by replacing 

& p V* q & r by ^— . Let also {U 9 W U } and {U 4 T U } be formed by replacing ^Vz q ^ r by 



and f/W(7 by 






3d, 



We shall also suppose eight similar operators {T^ETfJ, {V 2 V^} t ... to be formed in 
like manner, and twenty-four others by writing rj and £ for £ 

Written at full length for a few terms the first operator is 

7\ 7\ 7\ H 3 

3 3 3 

+ SOaooOui g— + (20800*1002 + a a 101 ) g— + (ao»Oioi + aonOiio) g— 

+ («iioOw» + OouOioi) 5— + (20^00001! + 2o no a 101 ) ~— - 

oa OM dOm 

+ ... 
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Similarly 



*m *\ *k n 

{ U t V^ — SOsw&aoo gg— + OtaoftuO gg~ + Oooa^Ml gj~ + (Ojoo&ho + 2OH0&J00) gg— + . . . 

If it is desired to work with Upqr, Vp^, &c. instead of a vqri 6^, &c, the operators may 
be formed in similar fashion. Thus \UJJ^ is formed from 

by replacing &»ih*&' by pi q\ r! ^- . 

And therefore the operators may be also expressed in the following manner 



{ U t W lt ] - X DjDfDf (tMw) 






dwp^.' 



{IW -XDsDfD/iut.) d 



Utpqr 



&C, &C, 



where summation may be supposed to extend to all positive integral values of jp, 9, r, 

r) 7) 3 
though in the first three operators the coefficients of = , -z — , ~ will be zero if 

° r OUpqr OVpgr OWpp 

p + q + r < 3, and in the fourth the coefficient of =- — will be zero if p + q + r < 2. 

The operators actually required will be nine formed by combinations of the above, viz., 

{u, y \ = {u^} + [u t r, h }+ {u t w„} + {Oiiy. 

&c, &c. 

§ 6. The first theorem to be established with regard to these operators {U, x], 
{U, y} t ... is that they are all commutative with one another. But before proceeding 
to the proof of this theorem it is necessary to make a few preliminary remarks. 

Let F(£ t 17, £) be any integral function consisting of terms f , V$ r such that p + q + r «+ 2 
and let {F(^ lt tj u £)}, \F(g %t i\ %y £i)}, ... be operators formed as in the preceding section. 
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It is then obvious that 

{^(fc.ifc.ft)}^ -^(ft.ih.tX 

{F(&. *. 6)} 0*. = {**(?.. vl ft)} |- IT, 

{F(&, m, ft)} Uu- %/&• *' &' 
{i'(6.ih,6)}F 1 -o. 

A number of other similar results might be written down by interchanging suffixes 
and the quantities U, V, W, T, f, 17, ft Again 

{*•(?.. *, ft)} W, - 0"*, {#•<&. 9., ft)} 0".+ 0". {*(&. <h. ft)} Ol. 

= U U F{1- U nu td + Ui&Ffo, vi, ft); 
{*•<£„ *, ft)} W,- 0i {*(?.. *, ft)} V ti 

= V X ^F&, vu ft). 

Many similar results could be obtained, but these will be sufficient to indicate the 
mode of procedure about to be adopted for forming the products of the operators 

W,x], {U,y} 

§ 7. The essentially distinct cases to be considered are the products {£T, x) {U, y}, 
[U 9 x) {V, x], [U, x] [V, y). We will take these cases in order. 

Let [U, x}{U, y} = {*7, w) . [U 9 y} + {U 9 x}*{U t y}, 

where the first term on the right is the result of algebraical multiplication, and the 
second is the result of operating with {U, x) on the coefficients of [U t y}. It is only 
the second term that can possibly be unsymmetrical. We have 

[IT, m) # {U, y] = [\UJJt] + {U t V u ) + \U t W u \ + [UJrf] * [{U^} + {U t VJ + \U t W„} + {U t T ni }} 

- {0iff ft } * [UM + [KUrf # {U t V^ + {U l U l ^ # {C.FJ + {0i0i,} # {U<T^\ 



{<< *M + «<^M + {°i&«w} 
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= {U,y}*{U,x}, 
from the symmetry of the expression with regard to £ and rj. 

Again we have 

{tf, *}*{F*} = [{^j + {wj + {tf,i^ 

- WxU u ] * {F.fly + {CFfc} * {V&,} + {U,V t ,} # {F s F f ,} + {U,V tt } *{V,W ( ,} 
+ { W,} * {V t T tt } + {U t W ( ,} *{V t W ( ,} + {UJti * TO,} 

+ {FfcUiFiJ + {I^F,,} + JF. i (t7,TT^} + {r t ^(U t T u )} 

- {Fi^ITm, + F.17V + ^^.FfJ + {F,l7- t F tA + V t U u V u + U.V*^ 

+ iv.r.w,* + w t , (v t u u + u t v t $ + {u 4 v t T tttt + z> 4 (^f*. + r<u tt )} 

from the symmetry of the result with respect to U and F. 

Finally 

{^•}#{F,y}-[{0ilT fc } + {W 

= {^^J*{F 1 ?7J + {J7-,n,}*{F l ^} + {r7,F,,}*{F,F % } + {i7 !1 F t ,}*{F,Tr ih j 

+ {W # {F 4 r„} + {l7-.F fc } # {F.FJ + {0^.} # {F 4 2U 

= JF.^- (flitf,,)} + {C^^F>,} + {V„U t V tt } + {f,|. (U,V tt )] + {W^U t V t ,} 

= {^.F,^,,, + r 1 u tl u ni + uwd + {U,v t v (tlh + F,*7„F f ,+ u t vjr u ] 

+ { WWto + W u V t U M + W^U.Vt,} + { U t V<T ttnt + T U VJT M + TJJ t r& 

This expression is unchanged when U % V and f, t\ are interchanged and likewise 
the suffixes 1, 2. Therefore 

[U,x}*{V t y} = {V,y}*{U t x}. 

By interchanges of ET, V, W and a?, y, z, the products of all pairs of the nine 
operators can be reduced to one or other of the three preceding. It has therefore been 
folly established that all the nine operators {U, x}, {U, y} t [U, z} 9 {V, x], [V t y} t {V, z], 
{W, x\, {W, y], {W, z) are commutative with one another. 
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§ 8. Now, taking U, V, W, T as in § 1 we have 

{UjUd U'-fU'-* {KUt,} U=fW-* t UUt=u2-AUf) (15 a), 

i^^'k {UMur "h( u h m ) (156) * 

^ u ^ u/ ^ {U ^ ]Uf= U u h uf ) (15c)> 

{U,Vdr»-gVr+{V,VdV- 9 rr+Ur t -ukv' (15d), 

{™k V8= k {U > Vt > }r °=k( u h Va ) (158) ' 

i u - v <4 V9= k {U ™ V9= £( u h Vt ) : (15A 

[UJti *- ^|f (15 g). 

By comparison of the coefficients of py 9 ? on the two sides of these equations the 
following formulae cure deduced: 

[U l U h }DsDfD&-DSl>fDs(ulu') (16 a), 

Iffi^lMWfc^ < 166 )> 

W^D^D^D/^^L^D^Dl^^J) (16c), 

{U.V^D^Dy^D/vff^D^Dy^D/u^ (16 d) t 

lU M r^D^I^D/^^D^D^D/^[u^) (16.), 

[U^D^l^D/^^D^D^D/^[ul^) (16/), 

[UPdDsDfDft-DfDfD/(uQ (16 g). 

The form of the above results shows that they may be generalized by replacing 
DjDfDf by any function consisting of integral powers of D 9 , D yt D t . These examples 
seem sufficient to show the effect of the operators. It will be noticed that the effect 
is to introduce a solitary u and to make certain alterations in the symbols of differen- 
tiation. The effects are perhaps best seen by examination of (16 e) and (16/). 

With a view to the application of these formulae to the result in § 2 it is con- 
venient to re-write them in another form. Let (uD x ), as on previous occasions, represent 
D* when operating on u only, and let [uD x ] act only on the solitary u which is 
introduced into the last set of formulae. 
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With this notation (16 a) becomes, if F(D) represents any function of D X) D y , D Zt 

[U t U^ F(D)v/ = F(D) {(uD s )- [uD x ]} u. vJ. 

Moreover, since {UJJ^ does not operate on V, W or T, the equations (15 a, 6, c) 

still hold if the functions operated on, viz. D^, r^I7^, ..., are multiplied by powers of 

V, W, T and their differential coefficients. Thus from (15 b) we have, for example, 

{U&,} .\jJt. V'V t W*W n T - A (if! Uf) . WV, W»W„T; 

and corresponding to (16 a) 

{ U Y 0y F(D) <f> (vD, wD, tD) v/tfiufit = F(D)<f> (vD, wD, tD) {(uD m ) - [tiDJJ u . «Wt 
where $(yD, wD, tD) represents a function of (vD x ), (vD v ), (vD g ) t (wD x \ .... 

Similarly 

1 UiU^} F(D) <f> (vD, wD, tD) u/vVyfit « F(D) <f> (vD t wD 9 tD) {(uD v ) - [uD y ]} u . uftPwht, 

{0iOy J* (2)) <f> (vA wD, tD)v/v*w k t=F(D)4> (yD, wD, tD) {(uD g ) - [uD g ]} u . «Vw»t, 

and therefore 

[7(^ + 7^1^ 

= F(D)4> (vD, wD, tD) {(t«A) - [uDJl w . t^fto* t (17 a), 

whilst similar results hold for D a and D,. 

Again, from formulae of which (16 d) is a type are deduced formulae exemplified 
by the following 

[j { WJ + 7 { *W + ^ { 17.FJ J **(2>) * (uD, wD t tD) uffvfit 

= F(D)<f>(uD t wD y tD)(vD l )u.v/v^w h t (17 6). 

And, from formulae of which (16 e) and (16/) are types are deduced others which 
are exemplified by 

[y 1 W.} + 7 { *W + ^j { 0, Fj] F(D) <fi (wD, tD) (t»A) u'Vvfit 

= F(D)4> (wD, tD) [(vDO + [uA]} («A) « • »V«»* (17 c). 

If in this last formula (»A) is replaced on the left by («A)> then on the right 
{(«A) + [«A]} must *>e replaced by {(vD t ) + [«A]} ; and if on the left 4, A', A" are 
replaced by B, F, B", then on the right the second (»A) must be replaced by (vD t ). 

§ 9. Return now to the expression (14) in § 4 and write, for brevity, 

A-(«A), -(»A), -(wl>.) 
-(«A), A-(«A). -(wD t ) 
-(uD,), -(vD t ), A-(vA.) 

32—2 
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By adding the second and third columns to the first it is evident that 

(«A), - <«A), - (wA) 
Al= (*A), A-(fA), -(«A) 

(*A), -0>A), A-(wA) 

By use of this form and consideration of the rules exemplified in the preceding 
formulae it then becomes evident from (17 a) that 

[7 { K m + ^ { U, U,,} + - V. fffc}] A'A TO A" I A I us* w»« 



= A l A m A w 



(*A), - (»A), - (wA) 
(*A), A-(vA), -(wA) 
(*A), -(»A), A-(wA) 



{(«A) - [«A]} « • v/Vvfit 



Also from (17 6) and (17 c) 



[ 



jl^^ + ^l^J+^f^f.} 



A'A m A n I A I ut&vfit 



= A l A m A n 



(«A), - («A) - |>A], - (wA) 
(*A). A - («A) - [« A], -(wA) 
(*A), - (t>A) - [«A], A-(wA) 



(»A) « • uttPvfit. 



Again by interchange of v and w in (17 6) and (17 c) it is obvious that 
[7 WtW u ] ^~ {U t W^} + ^{U t W { ,}~\ A'A"A"| A I v/*w>t 



= A'A m A n 



(«A). -(»A), -(«»A)-[«A] 
(*A), A-(»A), ~(wA)-[«A] 
(«A), -(»A), A-(wA)-[«A] 



(wA) « • uS&vfit. 



Similarly by interchange of v and t in (17 b) and (17 c) it follows that 

[7 { WJ + 7 { DJU +^ { w] A'A-A" I A I u'*vH 



= A'A W A B 



(«A) + [«A1 - («A), - («A) 
(*A) + [«A], A-(»A), -(wA) 
(«A) + [«A]. ~("A), A-(wA) 



(tDJu.v/Vvfit. 



Now add these four equations together. The operator on the left will become 

*{U,x} + ^{U,y}+^{U,z}, 
which it will be convenient to denote by {U, 1{. 
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On the right-hand side all the terms containing [uA]> [«A] and [«A] disappear. 
For the coefficient of [«A] in the operator is easily seen to be 

(*A), -(«AX -(«A) 
(*AX A-(»A), -(wA) 
(<A), -(»AX A-(wA) 



- A' A m A n 



+ A'A m A n 



= 0. 



(*AX - ("A), - (wA) 
(«AX A-(fA), -(«>A) 
(«A), -(»A), A-(«A) 



The coefficient of [«A] is 



A'A m A" 



The coefficient of [«A] is 



A'A m A n 



(<A), 


- («AX 


- (wA) 


(<AX 


- <«AX 


- (wA) 


(*AX 


-(t;A), A 


- (w A) 1 


(«A). 


-(•AX 


-(wA) 


(<AX 


A-0>AX 


- (« A) 


(*AX 


- (»AX 


- (wA) 



= 0. 



= 0. 



Hence 



{ U, 1} A'A m A w I A | u'v»vM = A'A m A B I A | {(uA) + («A) + («A) + (*A)} v/+ l vf>vfit 

= D 1 M D, m D t n \A\v/ +1 Vv/ , t (18 o). 

We note that [U, 1} may be written 

\U,x}, [U,y), {U,z} 



{U.V-j 



b, 
c, 



V, 
c', 



M 



Jt 



If we take similarly 



[V, 2} = i 



.// 



and 



a, a , a 

[V,x), {V,y}, \V,z] 
c, c', c" 



Jj[B{V, w} + F{V, y}+B"{V, z}\ 



l^3} = 7 



.// 



a, a, a 

b, b', b" 

{W,x}, {W,y}, {W,z} 



= \[C[W, x}+C'[W,y} + C"{W,z}l 



we shall find 



{V, 2} A'A m A n I A | v/tfvfit = A'A"*" 1 A n | A | v/vf*+h*M (18 6), 

{W, 3) A' A m A w I A | t*W^ = A'A TO A n+1 |A| uWufi+n (18 c). 



248 Mb GALLOP, ON THE CHANGE OP A SYSTEM OF 

We have therefore 

A w " 1 A m+flr-1 A M *" 1 1 A I ^xfivH = {U t 1} A z+/ " , A m4l7 " 1 A n4 **"" 1 | A | uZ-WwH 

= { U, iy \ V, 2}* { W 9 3}* a*- 1 A™- 1 A"- 1 I a 1 1 

But | A 1 1 = AAA** so that the expression becomes 

{U t iy{V t 2}e {W f 31*. A'A w A^. 



Therefore 






- 1 ( - iy^» f^lF iE^l! i^f . A « AW 

=r f^H>',«H»','l. A i J ) i ^ (19a)> 

since the operators are commutative. The fact that the operators are commutative has 
been proved independently, but it is pretty obvious from the circumstance that the 
A» A, A are commutative, so that the above reduction might have been effected in 
different orders. 

If it is desired to bring the independent operators {17, x], [U t y], &c. into prominence 
the result may be written 



C C* C" 

. e~? {W ' * } . e~ ^ {W ' y) . e"T {W ' t] . A'A m A" * (19 6). 

it n i &*»*n 

If we write v^n - n m , „, foJg^S • 

we have 2W-"* 01 ^ '^ ,} • ^^T ' < 19 C > 

D l D m D H 
§10. It remains to express -~ — ' * by means of operators acting upon d^. 

V » III • IV • 

Since A , A m A* is merely a linear transformation of D x l D y m D g n t the operators required 
for the purpose will be simply the ordinary operators of the theory of invariants. 
These operators we shall define as follows : — 

»«* - {&*} = 2 (q + 1) dp_ l( ,+,, r -T- , 

»»« = {vTt} - 2 (i> + 1) dp+i, ,-1, r £s— , 

p-0, 4-1, r-0 OTpjr 

-m-WA- 2 (r + 1) <*,_,, , ir+l 9 



P-li G-0, r-0 



ddp^r' 
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o 
»«* = CT = 2 (p + 1) «k+,, ,, r-ijjj— , 

»»* - fo^f} - 2 (Hl)^, »-,, r+i^J— . 

p=0, g=l, r=0 W*pjr 

«W=OT = 2 (? + l)dp,9+i.r-i^— , 

where 7 is as in (2), and the operators are formed by expanding £T V , &c., and replacing 
PVf 1, by ^— . The upper limits of p, q, r in the summations are all infinite. 

These operators w are identical with the operators ft discussed in Elliott's Algebra 
of Quantics, Chap. XVI. Their properties are there obtained by forming the alternants, 
but as the formation is simplified by use of the symbolical method the process by 
this method is given here. 

We remark that the operators 8/8£ and {£T,} are independent and therefore, if T( 
denotes an algebraical expression, 

Hence 

««v«V» - «V«*W - {fiy fo^i} - for,} {fT,} 



-14^} -{^4 



= for,} - {fT,} (20a), 

«v»* - «„«>„, - {fay {{ay - \m {fay 

= (20 6), 

o)^., - o,^^ - {fay {pvj - {{r, } {fay 

-TO-^ (20c). 

Similarly 

VzyVy* -^yilOag-- »« (20 d), 

«»«y«*«» — <»rv*>«v = (20 e). 

Equation (20 a) shows that if a function is annihilated both by ta^ and oa^ and 
is isobaric in first suffixes it must also be isobaric in second suffixes and the partial 
weights must be equal, and if the function is further annihilated by a>„ and m„ it 
must also be isobaric in third suffixes and all the partial weights must be equal 
Equations (20b) and (20 e) show that any two a»'s are commutative if they have the 
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same letter for their first suffix, or the same letter for their second suffix. Equations 
(20 c) and (20 d) show that the co's are not independent but that any one of them can 
be expressed as the alternant of two others, so that if a function is annihilated by 
the three operators a)^, o>«, o)^, it is also annihilated by all the others. 

When the case of more than three independent variables is considered there will 
be pairs of a>'s which have no common letter in their suffixes, and reference to the 
above proof of equations (20) shows that such pairs are commutative. 

That the operators {U, x), {V } #}, ... are not commutative with any of the o>'s is 
easily seen by forming the alternants of typical pairs. Thus 

{ U, x] »„ - *) w { Z7, *} = { U t T ti } &?„} - fcr,J { U<T tl ] 



-{fc^(^-K<w} 



{ U, x] avx -a> yx {U,x} = { UJ U } { Vt T u } - {*r«J { UJ tt } 



-{*^(^.)}-{^4<* r *>} 



{ U, x) a yt -<o yt {U,x} = { U t T tl \ fo2y - {v^} { U<T U ) 



z{*k (U M-{ u <bM 



§11. We can now express 



- {*oyu. 



A'A w A n t 



llmlnl 
by means of these operators acting upon d imn . 

We have, in the first place, 

<t>*gdimn = (n -f 1) di- lt mt n+1 , 

pa - (n+p) \ j 

vC • 

oijq, m„ uknn nlml a l-P-1, tn+q, n+p- 

Therefore 

Wy m D?t _ _J_ ( AD e + A'D y + A"D, \' 
llmlnl ~llmlnl\ J J "» "^ 

" 7J JT^Tl 2 , ,, ; 4*-*-« AW* DJ-^-9 /)»+« D/»*t 

J'llmlnl plqll—p — ql v * 
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71 ^ 2 ^77i Al ~"~* A ' q A "" (» + «)'(» +P) I *-« -h* »+* 



= (7) 1 * ra(xr(ir ^^ *- 



pig 

'iv — 1 



MY ~^ — ^ 



since ©^ and o> M are commutative. 

To express A'A m A n * in a similar manner we proceed thus. We have 

JD x = AD x + A'D y + A"D ti 
JD* = BD X + &D y + B"D z , 
whence AD % = BD X + c"0„ - c'D,. 

It may be noticed here that, if we were dealing with more than three independent 
variables, c" and - c would be replaced by second minors of J. 

We have therefore 

l\m\n\ l\m\n\ l v y 

A~™ ~ ml 



2 ■ J^IV 4 * (c" A^ (- c'D z ) T D g % where p + q + r = m, 



Z!m!n! pljlr! 

= ^2^-.BPc"H-cy(l + p)\ql{n + r)\( 7 ) e A *»**»*■ 
Z!n! p\q\r\ \«// 



^Imn 



AW* 5 *** 89 



4£ 



-TO 



1 „Jc"^" •""- J 



Finally, since D z = a"D l + b"D* + c"D u we have 

A'A«A»* _ A!A m f- {D _ a - A _ 6 » A) » 1 

l\m\n\ llmlnl 

c"~ n ^ n\ 



2 _Il: (- tt ")« (- b") r 2V +g A" 4 * A**, where jp + q + r = n, 



llmlnl plqlrl 



^ (-o^^T (^(tH f^ ^^-^ (1+,). ( W+ r)l pi 4^ 
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Now, for brevity, write 

A' A" 

0>1 ~~A (0 * u "*" ~A~ <0 ' a ' 

AB c' 

a!' A b"&' 

<o, = j- a a - —j- a v , 

{U,V, W}-{U,1}+[V,2} + {W,Z} 



-j[AlU,4 + A'iU,y} + A"[U,M}] 
+ l[B{V,x}+B'{V,y} + B"{V,z}] 
+ I[(7 [W, x] + C {W, y] + G" [W, z}}. 



■ y,m " " I ! m ! n ! fordid* 

= — ^pT«H* v ' w >. «-'.«-•. «-.*„» (21). 

Now if ft denotes any linear operator which acts on two functions P and Q, 
we have 

where ft,, ft, are equivalent to ft but act respectively on P and Q alone. Therefore 

e°P . «°Q = e°> +0 -PQ 
= e°PQ. 

By repeated applications of this principle we find that 

DlmnDrm'n' = j^ <r {(7 ' v * w) . ^ . (T* . e- . d lmn dr mn .. 

And more generally if F(di mn , rfr mn '>---) represents any function isobaric in each 
set of suffixes being of weights pi, p 9 , jp, in first, second and third suffixes, 

FiD^n, I>Mn,.-.) = -^^^ *w*.».) (22). 

§ 12. The asymmetry of that part of the operator which depends on the o>'s is a 
consequence of their non-commutative character. By arranging the work a little differ- 
ently nine different forms of the result could have been obtained. In the case of two 
independent variables the number of different forms will be four, and it will be 
convenient for some of . the subsequent applications to have these four forms set out 
at length. 
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In modifying the work of § 11 for this case it is obvious by reference to the 
argument that only two o>'s will be required, viz. 

P=l,?-0 OOpg 



»»» - InTf] - 2 (p + 1) dp+L ,-x ^t- ; 



and their effect on d** is seen to be this: — 






Moreover, reference to the work shows that c" must be replaced by unity, and that 



J = 



a a 
b V 



Therefore 



^.(■dvciri-."-. 



TO' 



&lm 



(23 a). 



We will next obtain the second form of the result. We have 



AUV * - ji (^ A + 47>,y D.~ * 



Therefore 



= -L 2 -^-, A*A'*D x m +*D y % where © + a = J. 



J!m! */' mljp! 



m+p,l-p 



~$)'*h$f m ''*" 






Now 



JD t - 42)* + A'Dy, 



JD a = BD x + FD )l ; 



therefore, eliminating D y , 



A'D, = BDt - D.. 
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Hence 

A'A-« = ^s (^A " A)"» A 1 * 

- -r= 2 -^-. J8» <- 1)« A' 4 * A«* 



4 
Therefore 






^-(^r^w-^*- 



-( 7 ') , (-i.)"''-x,M-^r^. 

-(-ir^^«"^*"*-i ( 236 >- 

Interchanging 5, 2F with J., A' and Z with m, and writing — J for J, we shall 
find similarly 



& A3 



insr" ( " iy W Ur * ** (23c) 



JB ^'1T 



- (jf $f *"" I -7 ** ** <*><*>• 

From these results it follows that, in the case of two independent variables, if F 
is isobaric and of weights p u p 3 in first and second suffixes, 

F(Di mt ...) = K.e-tvr\.^.er*F(d lm ,...) (24a), 

where {UV} = j[A{U, x}+A'{U> y}+B{V, m) + B{V t y\] (24 6), 

and the quantity K and the operators co 1} <w 2 may have either of the two sets of values 

A*-** A' AB 
K = —JJT> <°i = -j°>»v> » a = -j-» ya . (24c), 

_, ffK-n B A'F 

&= j Pl ■ i tth = y®y», ®i=-j-«av (24d). 

And, as another form, 

F(D tm9 ...)-Ke-l° v Kr>.&*F(d mi9 ...) (25 a), 
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where K, ah, ®i may have either of the two sets of values 

et / 1 w4 , *~ ft A A'F /am , x 

A=(-l)ft— j--, 0)i = -j' a, V»» *>« = ~ "J" «>** (2o6), 

i£=(-l)fr ^ ft , fth= g©^, 0) a = - -j- ©ya- (25 C). 

« 

Here -4, A', B y B are the first minors of J, and therefore A = b\ A' = — 6, J3 = — a', 
# = a. 

§ 13. In the particular case when there is only one independent variable x which 
is transformed to u, we have J=*u Xi A = l, 

{U, V, W} = {U, *} = {U^} + {U t T h } ; 

there are no o>'s, and we have, if F is an isobaric function of weight p, 

P(D,, A',...)-^"" 1 "'" 1 *' <4, *, ...). 

This form is not quite the same as that given by Mr Leudesdorf (Proc. Land. 
Math. Soc, Vol. xvm.) and also established in my previous paper (Trans. Camb. Phil. 
Soc., Vol. xvi.), but one formula can be deduced from the other by the method of the 
next section. 

§ 14. Another form of the general result is often more useful than that stated in 
equation (21). It is obtained by exhibiting separately the terms containing first 
differential coefficients of t For this purpose modified forms of the operators {17", x], ... 
must be used; let [U, x] denote the result of suppressing all terms in {U t x) which 
contain c^, d m , d^, so that [U, x] may be formed in exactly the same way as [U y x), 
except that in the process of formation the value of T used is 

dw£ + do»i? a + d m 1?+ duofy + ••• 

instead of that given in (2). Let [V, x\ [W, x\ [U, y], ... represent similar modifications 
of \V 9 x) 9 {W, x} 3 {U, y}, .... Therefore 

[U, x}=[U 9 x] + d lw [U 4 ] t 



where [J7J is formed by replacing £/i7 4 *?4 r in a*of 4 *+... with ^~ . 
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The twelve operators [U 4 ], [FJ, [TTJ, [U, x], [U, y], ... are easily seeu to be all 
commutative with one another. For, by § 7, 

{V,»}{r,y}-{V,y}{U,w}-0; 
therefore 

{[U, •] + * w [0'J} {[V, y] + d m [V t ]}-{[V, y] + d 9U [V t ]}{[U, *] + d 1M [ir 4 ]}=0. 
Hence, -by selection of the coefficients of dm* d 0l0f d^dou, it follows that 

[V,*][V,y]-[V,y][U ia! ] = 0, 
[UJ[V,y]-[V,y][U t ] = 0, 
[U,*][V<]-[V t ][U,x] = 0, 

and in similar fashion it may be proved that the alternants of all other pairs of the 
operators are zero. 

Now, by (19c), 

Vhnn ' e llmlnl ' 



JD 



Therefore if [17, F, W] is the modified form of {U y V t W], so that 

[U, V, W]-j{A{U 9 x] + A'[U, y\ + A"[U t z]) 

+ j(B[V, x\ + X\V, y] + B"[V t z}) 

+ j(C[W, x] + C'[W t y] + C"[IT, *]), 

_ -C^r,m -jiAd+A'cr+A'^tuj -j(Bd+vdr+B»dr)ivd -j(Cd+c*+Cdr)iwA A*A m A"* 

I . ml n! 

Now A'A^A** is a linear function of d^, .... Therefore the effect of [J7J, [FJ, 
[JPJ operating on DJDfDjH is to change dy^ into ct^., bpqr, Cpgr and therefore to 
produce 

A'A m A*u, A'-JVA**. A'A m A"w ; 

whilst repeated operations by [J7J, [F<], [TTJ produce zero results. 
Hence 

Dbnn = *~ [r ' F ' wl j [J . A'A m A** - (4d + ^l'd' + ^l"d") A'A m A n w 

- (£d + #d' + fi"d") A'A m A»v - (Cd + C'd' + C"d") A'A m A"w] 

A'A m A% A'A w A*u, A'A^A^i DfDfDfw 

d, a, b, c 

d', a', 6', c' 

^i" >•" i»" ^» // 

a , a , o , c 



"J 6 



(26). 



INDEPENDENT VARIABLES. 257 

§ 15. Up to the present there has been no restriction on I, m, n except that 
they be not all zero ; the last formula holds when Z + m + 7i = l on the understanding, 
assumed throughout, that D^Dj^Djhi 9 D^D^Dj^v, D^Dj^DjHa all vanish when J + m + n = l. 
But it is necessary to assume, in what follows, that l + m+n>\. 

Corresponding to the operators to of § 10 we introduce six operators ft given by 
the equations 

^-[fiO'j+tt.Fj + cfcirj + cfcrj, 
*V - lviU tl ] + [*F|J + [ nt w t j + fobzy, 
n- = [&0y + &f«j + [ferj + [^vj, 

flw-KD'J + K.rj + KFj+Brj, 

where ^l^ajoofi* + ••• , ' r i"k*fe l + ••• > 

TJ =r— U V =— F 

and after expansion of the expressions [fi/7,j, ... , £i*ih*fi r is replaced by 



dOpqr' 

**** by sb *** r by £• ***' by Sib- 

The four components of each operator are independent of one another and therefore 
commutative with one another; but as in § 10 the ft's are not all commutative. 
In fact, applying the results of § 10 to corresponding pairs of the partial operators, 
we find the alternants of various pairs of ft's to be 

*W - i^A, ~ - [&l7 ft ] - [fcFfc] - [fcTPfJ - [WU + [i7.IT,,] + [ % FJ + foTTJ + [^j, 

From these relations deductions can be made similar to those in § 10. 
We next write 



£_ ~ A" 
A 

Jc" V c' 

a" A n b"c" 
J "»" ~A 



llj — -J" ilggy + ""J" *^a«l 



11 - — n --n 



il s -^- ll^g — A Hgy 
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Then 






DfDrDfu _ A 1 -™ c" 



m—n 



Therefore 



//?»« = 



J l+l 



ll ml nl 



e <u, r t jrj«><W>. 



J 1 

d 
d' 

d!' 



eP*eP>ePHi lmn ,... 



a 
a 



a 



ft 



hmn 
b 

V 

V 



C 



j* 



.(27). 



Now write 



•/> 



j*= 



d b 

d' V 

d" b" 

a d 

a' d' 

a" d" 



Jf 



= Ad + A'd'+A"d", 



jt 



= Bd + Rd' + B"d", 



J,= 



a 
a' 
a 



// 



b d 
V d' 
b" d" 



= Cd + C'd' + C"d" ; 



therefore 



A J— aV'mHi 



.(28), 



and as in § 11, if F denotes a homogeneous function of degree i, which is also 
isobaric of partial weights p lt p* p,, 

F(Di mnf ...) = — jj+ft 



e-m v. ™**^F{Jd^-Jj^-Jk lim -J*i im9 ..-) ...(29), 



or using the operators [CTJ, [FJ, [FJ defined in § 14 



F(Di m n> ...) — 






Jx 



_£ 



e -ror.in 6 o ia o^^-^J a -yw a -^C^JjF( l ^ f _) (30). 



This last form does not require F to be homogeneous, though it must be isobaric. 

§ 16. If in (27) we put t*=x, y, z in succession we obtain formulae for the 
interchange of the dependent and independent variables. Write 

1 d l+m+n x 

Almn "l\ ml nl dvtdiPdvf 1 ' 

1 y+™+«y 

lmn ~ll ml nl dvJdv m dw n ' 

_ 1 d l+m+n z 

**" " 11 ml nl du l dv m duf> ' 
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Then, provided J + m + 7i>l, 



•alnui — "• 



Jn e<* r - "1 . «°' • e°« . <P> (Aa lmn + Bb^ + C Cban ) 



Al- J tnQ /, m—n 



e-^^.vn.e !.^.^ 



Mlmn 
i 



a 



a 



// 



blmn 
V 

V 



c' 

-ft 



Blnun = — 






e -iu. v, n&tWiA'a^ + B-btM + 0' Ctnn ) 



e -iv, v, w\^i . e^ . c°» 



a 


b 


a Jntn 


blmn 


a 


b" 



c lmn 



jr 



Ctuun — — 



'torn 



7^~ 



e-m v. n go.eo^. (A » ainm + #' ijmn + C " Clnm ) 



e -iu, v, ff] e a, e n^o, 



a 


b 


e 


a 


b' 


c' 


&lmn 


blmn 


Cltnn 



>(31o), 



.(316), 



,(31c). 



And if F (D lmn , A. tmn , £;„»», <7bnn> •••) is & function homogeneous of degree t in 
■A-imn, Bimn, Chnn, 2){mn, ••• and isobaric of weights p l , p it p, m first, second and third 
suffixes, we have 

F(D lmnt A*., B lmnt C lmn > ...)^(^iy±^— e^ v ^^€^» 



. Ftfidimn + /Amn + J^lmn ~ Jdfmn, ^hnn + Bbimn + Cci mn , 



^'^Inm + B'bj/mn + Ccjmn, ^"(Z^n + B"bi mn + C'Cbnn* . . .) 



(32). 



Since there are no d's occurring in equations (31a), (316), (31c) the operators 
occurring in these equations, but not in (32), may be simplified by the omission of 
differential operators which affect only efs. Thus [U 4 T^J may be omitted from [CT, x\ 

[WJ from n^, .... 

It will be noted that -4/„m, £*»», <7jmn are the coefficients of u*i/ m o> n in the expansions 
°f £ *?> f when the series 

V-Oi»£ + ... + a^nf V*?* + • • • , 

* - &iqo£ + ... + fymnf'i/ m ? W + . ■ . > 
*> =<aoof + ... + C Jlim fty n ? n + ... , 

are reversed, and f, iy, J expanded in powers of v, v t to. 
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§ 17. The formulae of § 15 may be adapted so as to give a symbolical form for 
the differential coefficient of an implicit function. The method is applicable to any 
number of variables, but for the sake of brevity the work will here be restricted to 
the case when there is only one dependent and one independent variable. 



As in § 16, let 



u = F(x, y) t v = <7(ff, y)\ 



1 d m y 
then formula (316) shows how to determine J3om or — : ^-: this differential coefficient 

v ml ov m 

is obtained on the assumption that u is constant, so that if we take 0(x, y) = x, we 

1 d m v 
shall obtain — , -r-~ on the assumption that x, y are connected by the equation 

m! dor* 

F(x 9 y) = const. As in § 16 let Op q stand for 

1 d*+*F 

• 

p\ ql dx*dy«' 

the Vs of § 16 are in this case all zero except &i which is equal to unity. Now 
we have 

J=* Ona a m == a a' = — a 







1 



so that -4 = 0, and therefore the forms of f^, ftj used in (27) are not applicable. 
Instead of these forms we may use forms similar to those given in {25a, b) and obtain 

JT = 1, ^ = 0, ft 9 = -£-°fV 



We have therefore, if m > 1, 



i i«, 



CIqi 



(ho 1 



Now, in general, when dealing with special values of the letters, it is necessary 
to carry out all the operations indicated and then substitute the special values. But 
in the present case, where all the 6's involved in the operators are zero, it is allowable 
to suppress in the operators all terms which involve 6*8 ; for it is obvious from the 
form of the operators that they never diminish the degree of any function in 6's, though 
they may increase the degree. It therefore follows that the terms which arise from the 
ft-parts of the operators will all be zero. We therefore have 

[U, V} = ±[U,y) = ±-[FFA 

= — [(^P + «nfr + a nV % + <*»£* + ...)(Oii?+ 2*rin + Oaf + ».)]. 

"01 



«*» - [f ■*•,] = [f (<*nf + *W + a*P + • • • )], 
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on the usual understanding that 1&ip is replaced by - — . Hence finally the value of 

OCLpq 

-r-£ as found from the equation F(x, y) — is given by 

*— i-,2 — ^-•-* CWJ • •■*"•« •«- (33). 



m! ckc* 1 * a, 



01 



§ 18. The determination of the differential coefficients of implicit functions is equi- 
valent to the solution of equations by series, so that the method of the last section leads 
to a symbolical form for the solution of a set of equations of infinite degree. It will be 
sufficient to illustrate the method by considering the case of a single equation, 

it is required to determine that value of y which vanishes when x vanishes. The 

solution is 

y = B 0l x + Bdx?+... 

where B 01 =» — — , and B^ is given by (33). Now let P denote the terms of F(x, y) 

which are independent of y; then the required solution of the equation F(x t y)*=0 may 
be written 

y = -±-e-k^.e-%Wp (34), 

where the operators [FF^, [^F n ] are the same as in the last section. For an equation 
of finite degree n it is necessary to suppose all the operations carried out, and then all 
the coefficients ctpq for which p + q>n must be made zero. 



If / denotes any rational integral function 



/^-•-iw.^^/f-f) (34a). 



§ 19. As an illustration of the general methods established, we will employ them to 
effect the change when the variables are linearly transformed. Let the scheme of transfor- 
mation be 

Z= ax+ a'y-f a"#+ a"% 

Y = 0x + /3'y + l3"z + l3"% 
Z = yx+</y+ y"z + i'% 
T=hx+h'y+h"z+h"% 

aud T being regarded as the dependent variables. Let 

, _ 1 9*+™+"* 
^ n ~l\m\n\ dx*dy m dz n ' 



Dbnn ~llmlnldX l dY m dZ n - 
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It is required to express i)j mn in terms of di^, d rm > n > y .... In the formulae T, X, F, Z are 

to be written for t, u, v, w so that a, 6,c,... will denote first differential coefficients of T f 

not t, and therefore 

a = a + ot'"k, & = £ + /8'"k,... 

Now equation (27) shows that by writing X, F, Z t T for u, v, w, t the value of i)^ 
can be found in terms of differential coefficients of X, F, Z, T with respect to x, y, z 
and therefore expressed in terms of ^r,.... But the operators [U, a?],... which produce 

the expression can be replaced by others involving differential operators x- , .... 

Olpqr 

For the operator [ U, x\ or [X, x] may be written 

+ 2A^A,«A/(Xr.)jJ- f 

where p + 9 + r > 2. 

Now since all first differential coefficients are removed after operation with A's it 
is obvious that in A^A/A/^X*),... X, F, Z y Tfmay be replaced by a"'*, £'"*, y"% h'"t. 
Moreover, if p + 9 + r ^ 2, 

and therefore, for operations on a function of X PV% Y^* Zpqr, T^, ..., 



3W ^*«r BP^,. 3^, dT^ ' 

Also 2 A** W (XX*) = a'" *2 VV4i f (*■)> 

2A**A„«A/(XF*) =a / ' , /3" / 2A,^A y «A/(^), &c. 

Therefore [17, a?] becomes 

dtpqr' 

Now denote the operators 



= a , "2A a .*A y «A/(tt {r ) 



2A.»VAi r («.)J-, XVVVWJ-. 2VVVW 8 



Olpqr vvpqr Oupqr 

by Fj, F 3 , F„. When working with d^ instead of ^ it will be more convenient to 
form the operators F by writing 

7i-M, ^. «[",], F a = [TT C ], 

where t = dawf ' + dow*? 1 + . .. 

and after the algebraical multiplications f- p y q £ r is replaced by 



dd i«r 
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We shall then find that [0>], [U,y], [U, z], [V, *],... become a"'7i, a'"V a , a'"V t , 
0"'V 13 ...; and it finally appears that [U, V, W] becomes 



Aa'" + B0"' + <V" _ A'a'" + R0"' + Cy'" , r A"a'" + B"0"' + C"y" ~ 

7 k,+ -j v 2 + 7 k, 



= V, say, 



so that 



"4 



F, 7, F, 



a a a a 



b 

c 



V 
d 



j i 



Jt 



0"' 

i" 



l 
J 



* + <£'%, 
+ 0"%, 
y + 7'X 



& + P"ty, 
7+7 ly, 



F, 
cf + a'%, 
0" + /?%, 

i'+i'%, 





a'" 
0"' 



/// 



1 



F, 
a 

7 



F, 
a' 

ft 
1 



V. 

a" 

7" 





a'" 



.(35> 



When there are » independent variables the corresponding formula for V is 



V= 



(-1) 



,»-l 



7 > 



r 21 ••• r n > 

a* .... a'"" 11 , 



7 (-i l( 





a M 



.(36). 



The formula (26) then gives 



-Dz*»n = 



A 1 



— «*/."»»— n 



j'+» 



D 1 l D i m D t n T, 



A'A m A n X 

x y 



A l A m A n F, 
T x 

Yy 
Y, 



A'A m A n £ 
Z, 
Z y 

Z, 



• ••...(•37 J. 



Now, Z + m + n being greater than unity, the determinant becomes 



5"' 


a'" 


0"' 


1" 


8 + 8"'k 


a + at'% 


+ 0"% 


i+i'% 


S' + S"\ 


C(+0("ty 


0f + 0"% 


iW% 


S" + 8"% 


a" + a"% 


0" + 0"% 


t" + i'% 



A'A W A** 
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8"' 


at" 


£"' 


'ft 

7 


B 


a 


ff 


7 


S 7 


a' 


P 


7 


8" 


at' 


/3" 


7 


a 





7 


s ! 


at 


& 


7 


S 7 


at' 


/3" 


7" 


S" 


at" 


/3"' 


7" 


S'" 



D x l D^D t H 



A'A m A n * 



= M . DfDpDft, say, 
so that M is the modulus of the linear transformation. 

To transform DfDfDW we use the operators 

®av = [fr,], 0>„ = [f t J, 

<»** - Kfa], *>* = [£t,1 

where T = d aw £* + d 00B i7 a + ... , and the operators are formed in the usual way by replacing 
Ipifll? with £j — . The properties of these o/s are precisely similar to those of the o>'s 



dd 



pqr 



investigated in § 10, and just as in previous cases we find that if we write 



^ A' A" 



«*> 






Jd 



n, = - 



a"4 b"c" 

— 5^»ar- 



T"*' 



we shall have finally 



J I— rnV'm— » 



.(38). 



And if F(d imn , d[ mn ; . . .) is a pure homogeneous function of degree i and isobaric 
of weights p lt p t , p t in first, second and third suffixes, 

F^Dton, Dr mn -,...) = j^ p AP^-PK''P'-pHs-^e a Hi a Hi^F(d bHn , d rmV) ...) (39). 



The value of J is 



a + a"d, 
l3 + ff"d, 

y + y"'d, 



a + a'"(T, 
& + t3"'d', 

1 +7 »» 



a" + a'"d" 
£" + £"'d" 
7" + 7"'d" 
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and A, B, C, ... are the minors of this determinant. It will be noticed that products 
of d, d\ d" do not appear in J, which is therefore a linear function of these quantities. 
In fact another form is 



J = 



// 



a, 


a, 


a , 


a 


/3, 


ft, 


P, 


/8 


7> 


7> 


// 

7 . 


7 


-d, 


-d', 


-d", 


« 



/// 



./// 



tn 



//j// 



A'" - Ad - A'd' - A"d 



.(40), 



where A, A', A", A'" are the minors of B, 8', 8", $"' in the determinant M. 

§ 20. As in § 12 the part of the operator which depends on the »'s may be 
expressed in different forms. 



For instance in the case of two independent variables we have 

F (Dfc,, ...)-£«- V**!^**, ...) 



•(«). 



where 



v -j 



V, 

a 



It 



V 2 
a' a 



(41a), 



and K, il u flj may have either of the two sets of values 

A 



K = 



K = 






Hi = ~J COgy, fi, 



fli = -57 o> 



n* w yx* ^"» 



AB 



.(416) ; 



,(41c). 



And, equally well, 



F(D lm ,...) = Ke- 1r e a H^F(d ml , ...) (41d), 

where V is as before, and K, Q^, ft, may have either of the two sets of values 



•g-(-i)ft ^ +< , n^-j,©^, ft,= — j^ w *v 



.(««) ; 



if<£i>i-Pi 



# 



ir =( _i)p,____, 0,-js, 



o 4S 



V* 



(41/). 



For example, suppose it is required to change the variables cyclically so that 
t> x, y are changed to x, y, t and x is the new dependent variable. Let x im stand 
1 d* +m x 



for 



1 1 ml dytdt™ ' 

The scheme of transformation is 

X-O.0 + l.y + O.t f 
F=0.a> + 0.y+l.$, 
T^l.a + O.y + O.J. 
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Therefore 



J= 







t 



— fe, Jlf=l, 



F=-4 



1 
J 



V l 







1 








1 






Here B = and therefore the form (41c) is not applicable, but the form (416) gives 

^(^,..0=7f^«~£e~^^ M ^(4»,...) (42a); 



and the forms (41e), (41/) give identical results, viz., 



F(xim, -..) = (- IV" 



(-««) 



P\—Pi 



(- t x y 



*+pi 



_ — £ — -i ml... 



F(dmi> •••) 



Fi 



(-^^''^^'W^'")' 



(426). 



If it is required to make the second cyclical change from t, x, y to y, £, a? so that 

y is the dependent variable, let yb» = r, — t ^ f ^JL » Then the scheme of transformation is 

11 ml drew* 

T =0.x+l.y + 0.t 
Therefore 



F=--, 



J = 


t% by 


^5 — 


ty> 




1 




tf=l, 


1 
J 


F, V t 
1 


v t 




1 








Here A = 0, and the form (416) is not applicable, but the other forms give 

^J».....) = ^SiC"^«"^' , et Mlr ^(d te ,...) 



and 



(-*,) 



(43a) 



F(Vk*, ...) = (" l)*bW *~t»e~i> "Fid*,, ...) 



(-<*)' 
,_1 -5 -&, 



=(- 1 ) < r^ e "^e"*i Mw ^(^.-) 



— — - W, 



*01 



.(43ft). 
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§ 21. The alternants of the operators a> with one another have been already examined 
in § 10; it remains to examine the alternants of the operators V combined with a>'s. 
These alternants have, in the case of two independent variables, been given by Prof. 
Elliott (Proc. Lond. Math. Soc., Vol. xix. p. 9); but the proof is much simplified by 
making full use of the symbolical form for the operators. Only typical cases sufficient 
to establish the general results will be considered. We have 

Ft-cmvi ^-[CTJ, n^-brii *»-[&& 

d 
where T=d w >£*+ ..., and after multiplication f p i7*f r is replaced by r-r— . 

Therefore F,F S - F.F, - [ZT|] [2TJ -[2T„][ZT { ] 

= (44a), 

V** - *, V t = [TT t ] [fTJ - [f TJ [TT t ] 



- [f| (2T«)] - [{r,r,+ r^tfr,)] 



— [2TJ — F, (446), 

F^ - ^.F, = [T2» # ] [,2V] - for*] [ZT*] 



= [^ <ra»] - [W, + r^o^)] 



= (44c), 

F^ - a^F, = [TT t ] [,Td - [„2y [2T f ] 



= [, i (2T,)] - [,2vr # + ri (,2a] 



= (44 a*). 

Similarly FiOj^, — »«F, = — F, (44 e), 

and generally F, or [2*ZV] is commutative with all w's except those which have x for the 
first suffix, whilst all the V's are commutative with one another. 

§ 22. The applications to the theory of pure cyclicants are easily made. A cyclicant 
is denned as a function of differential coefficients which is unaltered when the dependent 
and independent variables are interchanged in any way whatever, save for the introduction 
of a factor which involves first differential coefficients only. The cyclicant is pure if it 
involves no first differential coefficients. 

In the case of three independent variables, and the method will be perfectly 
general for any number, we shall show that if the function, supposed pure, is invariable 
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save for the factor mentioned above, when t is interchanged with x and y, z are 
unaltered, and also unaltered when t is interchanged with y and z> x are unaltered, 
and also when t is interchanged with z and x, y are unaltered, then the function is 
invariable when any interchange whatever is made, and moreover the function is 
invariable when the general linear transformation is applied. We shall find that the 
necessary and sufficient conditions for the invariance of a homogeneous and isobaric 
function are that it be annihilated by the three operators V lt V %> V s and the six 
operators ca^, ©«, a>y*, co yzy <*>„, a>gy. These conditions, though necessary and sufficient, 
are not independent. For it is evident, as in § 10, that annihilation by three o>'s 
such as co ye} coze, oxq, will ensure annihilation by the remaining a>'s, and it is proved 
in § 21, that annihilation by the o>'s and V 1 will ensure annihilation by V 2 and V z . 
Now annihilation by the a>'s implies that the function is invariable when the independent 
variables only are linearly transformed, so that a pure function will be a cyclicant 
if it is unaltered by linear transformation of the independent variables and unaltered 
also by the interchange of the dependent and one independent variable. 

In consequence of annihilation by the o's any pure cyclicant will be an invariant 
of the system of quantics in £, 17, J, 

^800?*+... + d m gh) + . . . + dmfi/f, 

^*4Q0» « • • • 



and conversely any invariant of these quantics which is annihilated by V x will be a 
pure cyclicant. 

When the number of independent variables is n, there will be n operators of the 
V type and n (n — 1) operators of the a> type. 

§ 23. To make the transformation by interchange of t and x the scheme will be 

X =0.x + 0.y + 0.z + l .t, 

F = 0.tf+l.y + 0.s + 0.J, 

Z-O.a + O.y + l.i + OJ, 
r=l.* + 0.y + 0.i + 0.«; 

and the meaning of A«» will be n m , w , mym ^ • 
Here M=-l, 








1 




t 



z 



1 



=k. 



A=\, A'=0, A" = 0, B = -ty, c' = 0, o"-fc, 6" = 0, c" = l. 
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Therefore fii=0, 12,= -^a^, n g =-* 3 



<o. 



yxt **s — . w zxt 
Tut 



and V= 



v l 


F„ 


v, 














1 





1 














1 






-F,. 



Therefore if F (d lmn > dr«iv> •••) is a pure homogeneous function of degree % and 
isobaric of weights pi, p*, fa in first, second and third suffixes, 

F(Dinmt -Drm'n'i ...)= T1+©, e ?* e ** *' e '* "* F (dlmn> <Zr m ' A '> ...). 

The right-hand side can be arranged in powers of — , -* , -2 , and since these are 

t x t x *x 

independent quantities it is obvious by observing the coefficients of their lowest powers 
that, in order that F(di mn , ...) may be invariable, save for a factor, it is necessary 
that the function be annihilated by V u cd^ and co^. These conditions are obviously 
sufficient, and therefore if the conditions are satisfied we have 

F (Dfynn, Dtm'n', •••) =s TTh, 1 ^Wmn» dr m 'n't •••)• 

Similarly the necessary and sufficient conditions that F may be invariable when t 
is interchanged with y, and x y z are unaltered, are that F be annihilated by F a , w^ 
and cogy) and, when t is interchanged with z and x, y are unaltered, the necessary 
and sufficient conditions for the permanence of F are that it be annihilated by F„ 
a>zz and (o yz . 

If F is annihilated by all the operators V and o>, equation (39) shows that F will 
be permanent in form, save for a factor, when any interchanges of variables are made or 

* 

when both dependent and independent variables are changed by any linear transformation. 

Since the annihilation of a function isobaric in first, second and third suffixes by 
the co's implies that the three weights are equal, equation (39) shows that if F be a 
pure cyclicant the effect of the general linear transformation upon it is to transform 
it into "~ 

Ji+P * » 

where i is the degree of F and p the weight in either set oF suffixes. 

In order that a function may remain permanent in form when the variables are 
changed by the general linear transformation it is therefore necessary that it be 
homogeneous and isobaric in each set of suffixes throughout. 

35—2 
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§ 24. As another illustration we will give a proof of a theorem established by 
Prof. Elliott in a paper "On Pure Ternary Reciprocants, and Functions allied to them" 
(Proc. Lond. Math. Sac. Vol. xix.). In this paper he considers two independent variables 
x, y with a dependent variable z. His operators V Y and V 2 are the same as those 
considered in §§19, 20 and 21, with z written instead of t\ his €i x is ©y* and his fl a 

is ©ay ; and he writes z M for - f - - f ^ - . He considers a " reciprocantive covariant " 

(P , P u P 9 , ...P m )(u, v) m , 

where u, v are any quantities and P , P 19 ...P m are functions of s w , ... where p + q^2, 
such that P is a homogeneous and isobaric function annihilated by V u V 2 and a^, and 

(O 9y P = mP u 0> av P 1 =(m-l)Pj, ... fi>a V P»_i = P«, ©ajyPm^O. 

In consequence of these conditions the function is a covariant of the emanants 

(d», da, do&u, v)\ (djo, dai, dn, dt&u, vf>... 

Therefore, if w 19 w 2 are the partial weights of P , m^w l ^-w 2 and the function is 
only altered by the factor (— l) w » when u f v are interchanged. Hence if in P r each 
quantity z„ is replaced by z„ the result is equal to (- l^Pm-r, and the quantities 
P therefore satisfy the conditions 

toyxPrn^mPmr-u a>y*P»n-i = (™ — l)Pm-i, ••• <O yx P l = P 0> G>yzP Q = 0. 

Prof. Elliott shows also that all the P's are annihilated by V x and F a ; this property 
following from the relations 

VyxVi ~ y^y» = 0, ©a^Fa - V^ wx 0, 

See § 21. 

Now let the variables be cyclically transformed from z, x, y to x t y t z so that x is 

1 d v + q x 
the new dependent variable. Let x^ denote — — ~ -r~-r , and let P Q (x) denote the result 

pi (Ji oy^cs* 

of substituting # M , ... for s M , ... in P . 

Similarly when the variables are transformed from z t x> y to y t z, x so that y is the 

1 d p+q y 
new dependent variable, let y w denote rfrjg^gj^ and let -Pm(y) denote the result of 

substituting y OT , ... for s M , ... in P m . Then Prof. Elliott's theorem states that* 

(-i) < ^^=(-i) i - Hr '^ ! '& ) =(^.-p..^-..-p».)(-^^) m , 

where i is the degree of P . 

* Prof. Elliott gives different powers of (-1) in his statement of the theorem, but there is a slight error 
in his work which accounts for the difference. 
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The theorem follows at once from the results of § 20. Using equation (42 a), we 



have 



«,,-«- F, g. 



But ©^ annihilates P (z), and V 1 annihilates not only P (z) but 'every function of the 
form co^/Pq (z) ; therefore 






= (-*!)'+" ' [ P ^ m " mP i^v w " 1 + ^g 1 * Pa 1 ^ 1 -.» + (- l) m P»* w ] 

= /_ * V+wi ' °* ** 9> • " ' ** "») v *v> **) m 



Again, the first and second partial weights of P m are w 2 and ^ respectively ; there- 
fore by equation (43 a) 

^m(y) = (J^ )»+„, « ^« *^"*f ^Pn,^). 

But ©jty annihilates P m , and F 9 annihilates not only P m but every function of the 
form o>y/P m ; therefore 

1 

(— 2r y ; ^ 
The two results establish the theorem. 

§ 25. It has been seen that when the variables are linearly transformed from 
t, x t y, z to T, X, Y, Z a pure function of differential coefficients will be unaltered 
in form, save for a factor, provided it is annihilated by the operators V u V 2 , V z and 

a>xy, &xz It will be convenient temporarily to denote V u V 2 , V t by V Xi V y , V z . 

It is evident that this permanence of form would be ensured if the transformed 
function expressed in terms of differential coefficients of T with respect to X, T, Z 
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were annihilated by operators V x , V T > V Z9 cd xt> <o X£9 ... formed with the quantities 

-Dpy, Apqr, ... in the same way as V Xf V y , V ti g^, ©«, ... are formed with d^, a,^, 

It must be possible therefore to express the effect of these operators V x , V Y , V z> 
(d xy , g>xz>-- on ^he transformed function by means of the original operators acting on 
the original function. It is now proposed to examine into the manner in which these 
operators V X9 a> XY , ... can be so expressed. 

The scheme of transformation is, as before, 

X = ax +a'y + a"s + a"% 
Y = fix + ffy + p"z + p'% 

T = hx+h'y +h"z +8"% 
and t, T are regarded as the respective dependent variables. 

Suppose now that x 9 y, z receive increments f, 17, f, and let the consequent 
increments in t, X y F, Z, T be t, £', rf, f , t', so that 

T / =Aoor+AioV+^ooir+^2 W r a +^«oV a +.... 

Then V x = V x = (t - ^ - d 010 i7 - d^X ) fa - dwo), 

*>** = ? fa - d m \ 

Vy* = V fa - dioo)> &C., 

o 

where after expansion £^{7 is replaced by ^ 



drfpp- 



Therefore also 



^x = (T-Aoor-AioV-I>pair)@-Aoo), 



*>XF - ? ' (g^> - Aioj , 
®FX = V Ufc? - A00J 1 &C 

when f*y*f r is replaced after expansion by ^ — . 

Now let jF(f, V, f) be the symbolical expression for an operator obtained by 
expanding F(£', q\ J') in powers of £', 17', f and replacing fV 9 ?"" by ^ — , it being 
understood that F contains no term for which p + q + r < 2. Then Prof. Elliott has 
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proved* that the expression for this operator in terms of 



dd 



is obtained by expanding 



pqr 



a certain expression in powers of £, tj, f and replacing £ p v 9 t r by 



dd 



This expres- 



pqr 



sion is 



^^^n(A--A|-A'|-A"|), 



where 



M = 



a, 


«', 


a", 




fi, 


ff, 


0", 


0,„ 


7. 


t 

7. 


it 

7 . 


7 


*, 


«', 


*", 


s w 



(45). 



and A, A', A", A'" are the minors of B, 8', 8", 8"' in M. 

The application of this rule to the operators considered here is simplified by use 
of formula (47) which we now proceed to establish. The rule itself may also be deduced 
from this formula, but Prof. Elliott adopts a different mode of proof. 

We have, in consequence of the scheme of transformation, 

f = a£+a'i7 + a"?+a'"T, 
*?' = /9f + /^ + £"?+/9"'T, 

r - 7f + VV + i'K + y'"r, 
t' = Sf + B'n + $"? + 8"'t. 

The simplest way of finding D m , D m , D m is to determine them as the coefficients 

« • • 

°f £> V> ?' w hen t' is expressed in terms of these quantities. 

Now, neglecting higher powers of £, 17, f than the first, the last set of equations 
may be written 

£' = (a + «'"<W £+(<*' + a'Xio) V + («" + «"'<W t 
V ' - 09 + £"'**) £ + OS* + £"'<U 17 + (0" + /TUoO fc 
?' =* (7 + 7"'^ioo) £ + (7 + 7 " d oio) 17 + (7" + 7 ///rf ooi) 6 
T - (* + $'"^00) £ + (V + S'Xio) *? + («" + «"*■) fc 

Therefore, eliminating £, 17, f, we have 

a + of'tliM* d + a^oioi 

£ + fi^dun, fi' + P'"d mi 

■ a* j 1 1 in j 

7+7 ^oo> 7+7 d mi 

o + o m di W> o + &"d m , 



a" + a'"**™, 


r 


£" + #'"^001, 


V 


7+7 »ooi, 


r 


S" + W'dwL, 


T 



= 



.(46). 



* "The Transformation of linear Partial Differential Operators by Extended Linear Continuous Groups." 
Proc. Lond. Afaih. fltoc, Vol. xxix. 
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Write this equation in the form 

r'=A w r+AioV+Aoir', 

and Aoo> Aio> Aoi are immediately determined. 
As previously, write 

J= a + rf'dm, at + *'"d mi cf'+erdn 

0+ ^"'dioo, &+ £"'d 010 , &" + fi ,f/ d m 

■ mj * \ 'I* j ii ■ in j 

7 + 7 ^oo> 7+7 »ohm 7 +7 «ooi 



_ 8(X, F, Z) 

3 (#, y, *) 



The increments £, 17, £ t have only been temporarily assumed small for the purpose 
of finding Aoo> Aio> Aoi« Let them now be regarded as finite; then the determinant 
on the left of equation (46) will be the value of 

J (t - A**?' - A10V - AoiO- 

Multiply the first three columns by — £, — 17, — J, and add to the last. We then 
find, by means of equations (45), 

^(r'-Aoof-A^-^ooin 



= (t - dioof - d m *n - dug) 



a + a'"d m , a' + *'"d m , 

6 + &"dvn> & + £"'doiO! 

7 + 7 //,d wo , 7 + 7'Xio, 

h + ^''dxoo, 8' + o'"d 010 , 



a" + a"'dooi, 
ft" + &"d m , 

7+7 »»i» 

8" + S"'d»i, 



/// 



a 
7 



'// 



/// 



Multiply the last column by d^, d 010 , dwi and subtract from the first, second and 
third columns respectively. We then obtain the important equation 



M 



t' - Aoof ' - A10V - Aoif = -J (t - duo? - d 010 i? - dooif) 



>•••• • >y4f 1, 



This theorem is the generalization of a statement by Prof. Elliott (Proc. LoncU 
Math. Soc, Vol. xviii., p. 147) made with reference to two independent variables when 
the linear transformation consists of a cyclical interchange. 



§ 26. Now 



V x = (r' - Aoof - A10V - AoiO (^ - Aoo) . 



Therefore the transformed expression for V x is obtained from 

by expressing it in terms of f, 17, f. The first factor is transformed by equation (47) 

which gives 

M 
t - Aoof - A10V - Aoif ' = -j (t - djoof - doioV - dooi?)- 

Again, from this last equation 

dr n _M((dr j \dtfdr . \&>.fir \dtf 
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where r|> , rp, op are to ke obtained from equations (45). These equations give 

1 - (« + *" fp S|' + 1"" + «"' 4) 8f + (^ + '''' 8{) 8F" 



Now let 



7 = 



a + a ^, 


a+ " V 


ct' + a'"- 
3f 


/9+/9"'|, 


* + *"£. 


/9"+/S"'^ 


7+7 g f , 




7" + 7'"^ 

7 ^ 7 3? 



-A'"-A--A'--A"-- 
and let &, £T, &" denote the minors of the first row of J; therefore 



Hence 



(£-*-)-?^S-*.)+*(£-*.)+«"(|-<-)} 



AT 



3t , 3t , 






, «/3t , ,„9t „ ,„3t 
7 + 7 ^. 7' + 7 g-. 7 +7 gj 



M 

J 



gt~ a ioo> 


dr a 


9t ^ 


ft + ft"dm> 


# + fy'dno, 


ft" +&'"d m 


y +y'"d l0 o, 


7+7 «oio, 


7 +7 »ooi 



-7^(|-*-)^'(|-*») +J "(r f -*.)} <*»• 



where A, A', A",... are the minors of J. 

Vol. XVII. Part III. 
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The transformed expression for V x is therefore 

-jl (t - ^oof - d m r) - d wl ^)\A(^z- d m J + A' \j- - d m ) + ^"(gjF " ^ooij ■ 

= 1 ^{AV x + AT y + A"V z ) > 
or, in the previous notation, 

~(AV 1 + A'V t + A"V i ) (49). 



Similarly the transformations of V Y and V z are 



^(BVi + FVt + R'V,), jiiCV. + C'Vt+C'V,) :...(49a). 



Again © XF = £' (g-> - D m J , 

and the transformation of co XY is therefore 



-j(«f+«',+«"ir+a"'T)|s^-d l .)+s'^-(i„)+a"(|i-4«)' 



as in equation (48), 



= I {(a + a"'<W £ + (a' + a"'d M .) , + (a" + a'"eU £ + a'" (t - c^ - d^i* - d m ?)} 



i i, (s-*-) +jr S-*-) +ir S-*')l 



Now let G l} G„ G, be operators defined by the equations 

'dr , \ «, , 3 



6,1 = * (aF ~ dm ) = ^ 



"H/ 



'dr , \ „ , d 



G * = ^ (at ~ d ° 01 ) ~ Srdj 

where in each case p + q + r > 1. 



**M~ 



Then the transformation of a ir is 

j {(a + afdn) BG, + (a' + a'"^..) &G t + (a" + a'"d m ) B"G t } 

1 
+ j {(« + a"'d lw )(-B'»«v + B"w„) + (a' + a'"d M .) (2k* + B" myt ) + (a" + a" , d Ml )(-B«w +#»«»)} 

+ ^'(5F 1 + £'F J + 5"F 5 ) (50). 
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If the function F operated on is isobaric, and of weights w u w 9t w 9 in first, second 
and third suffixes, we have 

GVF= w 1 F t G*F= wJF, G S F = wJF. 

If further ti^ = w % = w s , since 

B (a + *"&») + B (a' + a'"d io) + 5" (a" + a'"^) = 0, 
we find for the transformation of (o XT > a linear function of the operators V and a>, viz. 

j. {(a + «'"<U (#«,„ + £"«„) + (a' + «T«W (5^ + B"« yz ) + (a" + (Td^A*. + &»„,)} 

+ j(BV 1 + B'V 2 + B"V 9 ) (51). 

The transformations of the remaining operators a> rx , a> xz , ... can be written down at 
once from this last expression. 

§ 27. For example, suppose a cyclical interchange is made from z, x, y with z 
for dependent variable to x, y, z with x for dependent variable. Using the symbolical 
notation, let 

V x = (f - z x & - Zvfl) (fc - z 10 ) ; F 9 = (?- * 10 f - *otf) (£, - *oi) ; 

®«y = ? (£> - %) ; <»vz = v (& - *w) ; 

^/=(f-aaoi7-«oi?)(^-^o); ^«' = (f-^ -*«?)(&-- *oi); 

®V*' = *?(&- *oi) ; *>«i/ " f (& - «io)- 

The scheme of transformation is 

X = 0.a?-f 1 .y + 0.*, 
F=0.« + 0.y+1.2r, 

so that M = 1, and 



J= 



1 

^10 ^01 



— ^10. 



The transformations of the operators are therefore respectively, if for simplicity we 
suppose them to act on pure isobaric functions with equal partial weights, 

^' = A(^^-^^) • (52a), 

^'---^Fi (52ft), 

*10 



, 1 

Z\0 



.(52c), 



1 1 

1 1 

-- — (z*iV 1 -z l0 Vi) + - r ( V®*y - %H*) (52d> 
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§ 28. As an application of the last results we may employ them to prove two 
formulae which are fundamental in Prof. Elliott's paper " On the Linear Partial 
Differential Equations satisfied by Ternary Reciprocals," Proc. Lond. Math. Soc, Vol. xvm. 

Let F(Zpq, ...) be a pure function of the differential coefficients, and let m be any 
number. It is required to evaluate 



dx t 



W7 an 3iio W/ 



01 \*io 



where in the differentiation with respect to x n it is assumed that x 10> x K , x Ut ... are 
regarded as constant, and, in the differentiation with respect to x 10 , x 01f x^, x u , ... are 
constant. We shall, for simplicity, assume F to be homogeneous of degree i and isobaric 
with equal partial weights w. 

Now the change from x t yz to z, xy is the second cyclical interchange from x f yz ; 
therefore by making suitable interchanges of letters in equation (436) we have 

F(z M> ...) = (- 1)*— T ^e-£>e-zt>"»F(x qp , ...), 

where F 9 ' and (Oy/ are the same operators as in the preceding section. It may be 

remarked that V % ' and cjyj are commutative by § 21. Therefore since z 10 = — , 

x 9l 

ft — i — w 1 






by (526) and (52c). 
Similarly 



d_ (F 
dx 10 



= — r^^yxFizpqt ...)i 



by (52c). 

These are Prof. Elliott's formulae. 



§ 29. The theory of cyclicants is a generalization of the theory of ordinary 
reciprocants ; in the case when there are two independent variables it plays a part 
which has the same reference to the theory of surfaces that the ordinary reciprocant 
has to the theory of plane curves. But the ordinary reciprocant may be looked at 
from another point of view. Regarding y as a function of x, let us suppose £, 17 to 
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1 d n v 1 d n x 

be corresponding increments of x and y\ then writing a n for — -^ and A n for — -v-^, 

we have 

fas J. ^ + .4*1^+ 

The second series is that obtained by reversion of the first, and a reciprocant may 
be looked upon as a function of the coefficients of a series which is unaltered in value, 
save for a factor involving a^, when the series is reversed. From this point of view 
the generalized reciprocant may be defined in the following manner. Using the notation 

1 3P+«+ r w 

of § 16 let u, v, w be functions of x, y, z, and let a-«. denote — : — : — t - „~ ^ „ > ... 
>*> pv p\ q\ rl daPdytds? 

and let Apqr denote — j — j — f ~ p ~ ~ r - Then F(ap 9r , h vv> c^., ...) will be a reciprocant if 

where /a is a function of first differential coefficients only. The function will be called 
an n-ary reciprocant if there are n independent variables involved, and F will be a 
pure function if it is free from first differential coefficients. This kind of reciprocant 
may also be regarded as a function of the coefficients of series which is unaltered, save 
for a factor, when the series are reversed and the coefficients of the reversed series are 
substituted for those of the original series. 

Sufficient conditions to ensure the permanence of such functions, when pure, are easily 
obtained from the results of § 16. 

Beciprocants of the kind here considered have been discussed by Prof. Elliott* for 
the case of two independent variables. The conditions here obtained for n variables 
agree with those obtained by Prof. Elliott, who however does not examine into the 
question of the independence of his conditions. 

Suppose F (dinn, bfynn, cj mw , ...) to be a homogeneous function of degree i and 
isobaric with equal partial weights w. Then 

F (Adimn + Bbi mn + (7c lmn , A'a,i mn + Bhmn + &Ci mn , A"aimn + B^'bimn + (7'Cfcnn, ...).. .(53). 

The function will therefore be permanent in form if it is an invariant of the system 
of emanants 

a«of 2 + a oao i; a + a o a f 1 + a 11 ofi; + ..., a 80 of , + ..., ... 

&2oof 2 +-.. , &»ol: 8 +.-.> ■•-!■ (54), 

* "On the Reversion of Partial Differential Expressions with two Independent and two Dependent Variables." 
Proc. Lond. Math. Soc, Vol. xxii. pp. 79 — 104. 
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which remains an invariant when \u + pv+vw, \'u+ /jl'v+v'w, \"u + fj,"v + p"w are sub- 
stituted for u, v, w, and which is further annihilated by the various operators [U, x\ 
\y> x \ \y> x \ t^» y]> ••• • The operators as defined in § 14 contain terms with 
differential operators involving t\ such terms will of course be omitted here. 

It is obvious that functions which satisfy the conditions just laid down will be 
unchanged or at most changed only in sign when u, v, w are interchanged; and that 
they will be unchanged or changed only in sign if first, second and third suffixes are 
interchanged. Such functions therefore, if homogeneous, will be of equal partial degrees 

When linear functions Xu + pv + vw, ... are substituted for u, v, w in a combinant 
the function is multiplied by the ith power of 

\, fly v 

\f / / 
, /*, v 

where i is equal to any one of the equal partial degrees of the combinant. 

In the case of the reciprocants here considered the determinant is 

A, B, C 

A', B\ C 

A'\ B", C" 

which is equal to J % \ and the determinant is equal to J n ~ l when there are n inde- 
pendent variables. 

Reference to equation (32) then shows that the factor for a reciprocant of equal 
partial degrees i and equal partial weights w is 



so that 



Jni+to ~~ Ji+to ' 



§ 30. One example of such reciprocants is easily seen to be the eliminant of the 
quadratic emanants just written down. For this is an invariant of the required type, 
and since it involves no differential coefficients a vqr for which p + q + r>2, it is obviously 
annihilated by [U, x], [V, x], 

This example for the case of two independent variables is given by Prof. Elliott. 
The eliminant in this case is 



(OaAi - fcaoOu) (^As - &nOoa) - (a*A» — &*A») 2 - 
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The partial degree i = 2, and the partial weight w = 4; therefore by the last result of 
§ 29 this expression is equal to 

J* {C^aAi — -B»^ii) {A u B<n — B n A^ — {Ayjito — B^A^f), 

where J = ab' — a'6. 

The invariant character of the function just considered corresponds to a simple 
theorem in the theory of the reversion of series. Let 

V - Oxof + Ootf + O,of ■ + Oufff + a^ 8 + ... , 

^ = M? + KV + &»£" + &11& + fy^" + ... , 

and suppose that from these equations are deduced the series 



f = A 10 v + A u v + -4»v* + A n vv + -doa^ 8 + ... , 
17 - B 10 v + -BnV + BvV* + 2? u w + -Boa^ + ... . 

The theorem then states that, if the quadratic terms in the original series have a 
common factor linear in f, 17, the quadratic terms of the series obtained by reversion 
will have a quadratic factor linear in v, v. 

m 

The theorem is easily proved independently. The property referred to is one un- 
altered by a linear transformation, and therefore we may take £ for the common factor. 
The method of successive approximation then shows at once that the quadratic 
terms in the last two series must have a common factor. 

§ 31. The conditions for pure reciprocants laid down in § 27 although sufficient 
are not independent. This statement can be proved by forming the alternants of various 
operators. If we assume F to be an invariant of the system of emanants (54) which 
remains unaltered save for a factor when \u + pv + vw, \'u + /jl'v + vw, \"u + p'v + v"w 
are substituted for u, v, w, then it can be shown that annihilation by one of the 
operators [ U, x] will ensure annihilation by all the others. In fact since F is invariant 
when \u + fiv + vw is substituted for u, therefore F must be annihilated by the operators 
which in the usual symbolical notation will be denoted by [FJ and [TFJ, so that 

L MJ = L"MTi + • • • J = 0«o fiZ~~ + • • • > 
L "i\ = |Cuo£i + • • • J = Paoo jr~ + • . . . 

Similarly F must be annihilated by [Dy, [TPJ, [17,], [FJ. 

Now, in the present case, we have 

[U, •] - [^Oy + [U t V (t ] + [U t W£ ; 
therefore 

W, •] [^J - [F-J W, «] = [c.rj # [fj - [Fj # [Z7 x i7y - [Fj * [ff.Fj - [fj * [^ j . 
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And [FJ17.-F,, [FJff.-F,, [FJ U tl -gg[FJ &i-^- 

Therefore 

[ff, «][FJ-[FJ[17, «]- [^F f J- [^,F 1+ ^F fl ]-[F s F f J-[F,Tr tl ] 

— [F.Oy-CF.F^-CF.Ffc] 

--[F,«] (55a). 

Similarly 

[U, m\m-[WJ[U, *] [W,x] (556); 

and other equations can be written down with y, z in place of x, and with U, V, W 
interchanged. 

Again O-,-[R0;] + [f.F 111 ] + [f.F % ]; 

therefore 

+ [f.F ll ]#[F i F <k ] + [f i F 1|l ]#[l7' i TF l J 
-[WJ*[fcffJ-[ff.F^ 

= [tf,y] (55c). 



Similarly 



nm[U,*]-[U, *]Om = [U,s\ (55d); 



and other equations can also be obtained with F, W in place of (7, or with x, y, z 
interchanged. 

Equations (55a), (556) show that any function annihilated by [U, x] t [FJ and [Tr^] 
will also be annihilated by [F, x] and [W, a?]; and then equations (55c) and (55d), 
with similar equations in which F, W are written for U, show that the function will 
also be annihilated by [U, y], [F, y], [F,y], [ff,*], [F, *], [IF, jr]. 

Hence defining a combinant of the emanants (54) as an invariant which remains 
invariant when u t v, w are replaced by linear functions of u, v 9 w, we see that any 
combinant of the emanants which is annihilated by any one of the operators [U,x], 
[^y]i-" W *N be annihilated by all the others and will therefore be a reciprocant in 
the sense defined in § 29. 



IX. On Divergent Hypergeometric Series. By Prof. W. M C F. Obr, M.A., 

Royal College of Science, Dublin. 

Addition*. [Received 3 April 1899.] 

13. We have obtained the complete solution of equation (3) in divergent series 
only in the case in which m = n+l. It has been shown by Stokes {Camb. Phil. Soc. 
Proc. Vol. VI.) that in any case in which m < n + 1, as x increases indefinitely, remain- 
ing real and positive, the ratio of 

n(a 1 -i)n( g ,-i)...n(tt n -i) 



m—n 



to (n + 1 - m)-* (2«7ry) 2 yt-«+i*-* 6 <»+i-"i>if (60), 

where y n+l - m = x, has unity for its limit. The form of this expression, which admits 
for a complex x of n + 1 — m independent values, suggests that n + 1 — m (the missing 
number) further independent solutions may be obtained each as the product of one of 
the values of (60) by a divergent series proceeding in descending powers of y. The 
form of this series, even when no attention is paid to its arithmetical significance, is 
somewhat complicated even for the case in which m = n and its complexity increases 
with every increase in the value of n + 1 — m. We will therefore content ourselves 
with establishing the forms towards which as x increases indefinitely the equations con- 
necting the convergent and divergent functions tend. It may be convenient to use 
Lord Kelvin's symbol for approximate equality, viz. =, to denote that under certain 
circumstances, obvious from the context, the ratio of the two expressions it connects 
may be made as nearly as desired equal to unity. 

It may be readily proved by induction that when x is great 



) 



U(-p 1 )U(- Pi )...U(- Pn ) 

n(-a 1 )U(- at )...n(-a n ) * (a " a " - ""' p1 ' *• - pn ' 

n(ft-2)no,,- )H -i)-n(p,- ( ,,-i) „ a.-o+i- 

n (/>! - * x - 1 ) n (fr - a,, - 1 ) . . . n ( Pl - a* - 1 ) 

2-/>i,p a -pi + l, ... />n-/>i + l;-#) 

■f (n — 1) other terms analogous to the last 

^e-*^*-*' (61), 

* See Trans. Camb. Phil. Soc, Vol. xvn. Part in. p. 171. 

Vol. XVII. Part III. 37 



284 Phof. ORR, ON DIVERGENT HYPERGEOMETRIC SERIES. 

the argument of every power of* lying between — mir and + mir. (As limiting forms 
of this equation are required, it may be well to examine its genesis more fully.) In 
establishing this result we may follow the procedure of Art. 8 ; we consider 



^" p f 0> - tf)*"*"" 1 V" 1 (- v) dv (62), 



where <f>(—v) is a solution of the equation satisfied by F(a lt ... a n ; fa ... />»; — t;) and 
the path of integration is the same as in Fig. 3. 

Equations (38) are now to be replaced by 



n (-a,). ..!!(-< 



an) y (63); 

c <**i («-p) - <*« c-pr)\ = n (pr-2) n (pr-fh- 1) ... n (p r -p n - i) 
rK ' nov-^-i)...nov-«.-i) 



hence if we assume equation (61) to hold for the function of the (n -f l)th order, the 

integral remains finite for each of the four paths considered without any restriction on 

the values of the as and p&. The expression which replaces (39) may be written in 

the form 

~(a» 

& j -p (v - xy-*" 1 v"- 1 ^r (t;) (64), 



/' 



90 

ft 

2(or-pr) 



where as v increases indefinitely yfr (v) N «""* v 1 and initially the argument of yfr (v) is 

zero. It may be shown as in Art. 5 that when x is increased indefinitely this tends 
to equality with 

(^(P^j-^n^-a-l)^*^-^?^-^..... (65). 

The expression which now replaces (41) may be shown to be equal to 

( ^,^ . n( P -2)n(p- Pl -i)...n(p-p n -i) 

a 1 -p + l, ... ctn-p + l; 2-p, pj-p + 1, ... p n — p + l;-x) (66). 

The value of the whole integral (62) is now, instead of (46), 

(^"-i)n<,-«-i ^ 

r-« Tl(p r - 2) n( Pr ~ Pl - 1) ... U( Pr - Pn - 1) 

+ r rin( Pr -a-i)n( Pr -a 1 -i)...n( / > r -a n -i) a? *(«-*+!.••• 

an-fv+l; 2-p r , p-p r +l, ... pn-p r + l;-a?) (67). 

Equating (67) to the sum of (65) and (66) and dividing by (*"*<"—>- 1)11 (/>- a- 1) 
an equation is obtained of the same type as (61) but with an additional a and an 
additional p. This equation, omitted through considerations of space, we will number (68). 

Equation (61) holds even if the limits for the argument of a? be extended to — 37r/2 
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and +37r/2, for the difference between the two values of the left-hand member which 
are thus stated to be approximately equal to the same multiple of the right-hand member 
may be shown to be a linear function of the n solutions which when x is great are 
respectively of the orders or**, ... or**, and therefore when the real part of x is negative 
is very small compared with the right-hand member. 

We now desire to find the limiting form of (68) when we write a = -A, # = y/A, 
then make k increase indefinitely and finally suppose the modulus of y to be large. 
Multiplying the equation by II (h) the limiting form of the left-hand member, whatever 
be the modulus of y, is 

n(-p)n(- Pl )...ii(-p n ) „ 

n (- ai )n(- a,)... n(-a»/ (a " •••"»' P' A'-*' +y) 

Pi — p + l,...pn — p + l; +y) 

+ n other terms analogous to the last (69); 

while the right-hand member, i.e. a certain multiple of (64), for any value of y becomes 

or as h increases indefinitely 



.•00 






(70), 



where ty(v) when v is small is of the order of a power of v, and when v is great is 

n 

approximately equal to e~ 1, t/i* ar ~ , provided the argument of v lies between — 3v/2 and 
+ 37r/2, and € is an indefinitely small positive quantity. It should be noted that the 
limitations placed on the argument of x in the integrals which have been expressed 
by divergent series were only imposed in order to make those series arithmetically 
intelligible in the sense of equation (28), but that while the integral forms are retained 
no such limitations are necessary. We may accordingly suppose that in (70) the limits 
of the argument of y are still further extended to — 27r and +27r; for in evaluating 




Fig. 6. 

the integral when the argument of y lies between — 37r/2 and — 27r we may change 
the lower limit to a point whose argument is — 37r/2 without altering its value, and 
so have ail along the path of integration ^(v)^er v v l ^ rmm ^\ As regards the path of 

37—2 
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v a consideration of (37) of which it is a limiting form, and of Fig. 3, shows that if 
the argument of y lies between and 2v the path must be such as ABC, or A' IPC, 
(Fig. 6), while if the argument lies between and — 2ir the path must be such as 
the image of this with respect to the axis of real quantities. 

n 

We can take y so great that ^(v) is as nearly equal as we please to e _,, i;? (ar ~ pr) 
for values of v for which e~~* 1 * is as small as we please, and accordingly so that the value 
of (70) is as nearly as we please equal to that obtained by replacing yfr(v) by this 
approximation. We would then have to consider an integral of the type 



/. 



00 

e -»-vi"v*dv (71). 



This is a particular case of another with which we will have to deal, viz. : — 

\ <r«~f § .v*dv (72), 

8 being a positive integer, and e an indefinitely small positive quantity, the argument 
of v at the infinite limit being zero, and the argument of y lying between — (s + l)ir/s 
and +(s+1)tt/«, the path of integration thus being permitted to make round the 
origin a number of revolutions determined by the initial argument. See Fig. 7, in 




Fig. 7. 

which ABCDEFO represents a case in which the argument of y is positive, as we will 
at first suppose. 

The value of er™-* 8 *" 9 is stationary for values of v given by the equation 

1 _ ^tr*" 1 = (73); 

let v x be that root whose argument is s/(s-f 1) times the argument of y t and thus lies 
between and + ir. It may be noted that if the point corresponding to any other 
solution of (73) lies in the region traversed by the path of integration in (72), the 
real part of v at any such point is very much greater algebraically than the real part 

of v lf and therefore the modulus of g-*»-v**~* very much less than that of er-nf**''*. 
We will now suppose the path of integration to pass through v lt and consider separately 
the two portions of the path from v, to oo and from ey to v x . Considering the former, 
let part of it be a straight line starting from v x in a direction whose argument is 
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half that of v lt a direction which makes an acute angle with the positive part of the 
axis of real quantities and an obtuse angle with the line joining v x to the origin. 

Expanding v~* in powers of v — v x we have for points on this line 

sv + y»ir* = (s + 1) v x + s (a + 1) (v - vtffa + R, 

where mod. R < s (s + 1) (s + 2) (v — vjpf6vi* (see Art. 2). We can thus take y so great that 
along this line 12 is less than any assigned quantity for a range such that throughout it 
the ratio of v to v x is as nearly as we please equal to unity, and at the end of it the 
term 8{8+\){v — v^j2v 1 is greater than any assigned quantity. If v % denote the value of v 
at the end of the range this may be done by increasing v x and making v 2 -u l vary as v/ 12 
(say). Along such a range then v^er"-**'* is as nearly as we please equal to 

vf e~ {i + 1)Vi g-*^ 1 ) (»-«i)*/2»i j 

while at the end of it the final factor of the last expression is less than any assigned 
quantity, since (i; — v^fj2v x is real and positive. 

The portion contributed to the integral (72) by this range is thus as nearly as we 
please equal to 

Jo 

(2^^' p «-' +,, ' , < 75 >> 

wherein the argument of t> 1 * +1/, is p + 1/2 times the argument of t^. 

We next proceed to show that the portion contributed to the integral by the path 

from v 2 to x can at the same time be made less than any assigned quantity. Consider 

the expression 

w + y g tr'-{«; 2 + y*^-* + *(v-t; a )(l-c)} (76), 

where c is real, positive, and less than unity. This expression vanishes when v — v 2> and 
its real part is infinitely great and positive when, and only when, v is infinite and has its 
real part positive. It is therefore evident that a curve can be drawn from v 9 to oo , in the 
negative direction round the origin, such that along it the real part of (76) increases con- 
tinually. Everywhere along such a curve we would have 

mod. e- WH ^ B " t <mod.^ w «-«^" , e" #(,H ^ ,a " c) . 

The part contributed to the integral by this curve would be increased if each term were 
replaced by its modulus, but if the argument of v x is ir — a this would replace 



or 



/, 



QC 



by something certainly less than 

( a)""*"" 1 

n(p)|*(l-c)sin2 ■ 

whidh is finite while the factor er***-***'* is less than any assigned quantity, therefore this 
part is less than any assigned quantity. 
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We next consider the portion of the integral contributed by the path from ey to Vj. 
By means of the substitutions 

8+1 1 

y*v~* » us~ l 9 s * y = yf 

this portion can be made to depend on an integral similar to that just discussed, except 
that 8 and 1/s are interchanged, and can be shown to be also equal to (75) when y is 
very great. 

Thus (72) tends to equality with twice (75); and a similar result is true when the 
argument of y is negative. 

We now write in (75) 

n 

a = 1, p-/>-2 + 2(a r - p r \ 

i 

and accordingly when y is increased indefinitely (70) tends to equality with 

Xp now including p. 

This result refers to the function of the (n + 2)th order. If we now reduce the order 

» ■ 

by unity, omitting a n and p, and change y into x, we have the equation 



II (— pi)... II(— p n ) Vl/ , x 



n (ft - 2) n (ft - ft - 1) ... n fa - Pn - 1) -, . 

2-ft, ft-ft + l 9 ...fti-ft + l; + «) 

+ (n — 1) other terms analogous to the last 

= TrMaa-Sp+tt 0-M* (77) t 

As this relation holds while the argument of x ranges from — 2ir to -f 27r, it is 
equivalent to two independent relations among the functions considered. 

It also holds even when the limits of the argument are extended to — Sir and + 3tt, 
for the difference between the two values of the left-hand member which are thus stated 
to be approximately equal to the same multiple of the right-hand member may be shown 
to be small compared with either. 

We next write in equation (68) a = — A, On = — k, # = y/hk. Let h and h increase 
indefinitely, and finally suppose the modulus of y large. On multiplying the equation by 
II (A) II (k) the limiting form of the left-hand member, whatever be the modulus of y, is 
similar to (69) except that there is no a*, while the right-hand member considered as a 
limiting form of (70) becomes for any value of y 

f^^^'^lhy-^v-y/hr-^v^xWdv (78), 
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where x( v ) w ^ en v * 8 small is of the order of a power of v, and when v is great is 
approximately equal to 

provided the argument of v lies between — Stt and + 37r. When h is increased in- 
definitely (78) becomes 



yi-P I vr-*ery'*x( v ) dv 9 )> 

J ty 



wherein, as may be seen by considering the integral of which this is a limiting form, 
the argument of every power of v at the upper limit is zero; the argument of y will 
be supposed to lie between — Sir and + Sir in order that the approximate form for 
x(v) may be applicable. 

By the substitutions v = v'*, y = y'* t € = e' a , (79) is reduced to the same type as (72), 
8 having the value 2, and its evaluation thus leads to the result 

27r.3-*j^( 2 *-*+ 1 ><r** (80), 

2p now including p. 

The resulting equation is thus obvious; it is established for values of y (or x) 
whose arguments lie between — Sir and + Sir, and thus gives three independent rela- 
tions. As in the preceding case the limits of argument may be extended to — 4nr and 
+ 4nr. This result is used in establishing the next case, and so on. 

Thus we obtain the general result expressed by the following equation 

n(-aon(-<^...n(-o ^' ^'■"^' pl > p *"~ Pn > ( > *> 

n(p 1 -2)n(p 1 ^-i)...n( Pl -p w -i) «_<,+!. 

+ nto-^-i^nto-a,-!) — * **<*-* + !.■•■ «--ft + l, 

* -ft, •-/»»- Pi + i; (-) n ~ w+1 «) 

+ (n — 1) other terms analogous to the last 



+Sa-2p 



% (n + 1 - m)~* (2tt) 2 ^ 2 ^e-o+i-m)* (81), 

where v x n+1 ~~ w = a? and the argument of v x may have any value between - ir and + tt. 
This equation is thus equivalent to n + 1 — m independent equations. 

I have verified that if, by means of the linear equations thus obtained, one of 
the convergent series be expressed in terms of the divergent functions, the result 
obtained for a real positive x agrees with that of Stokes (loc. cit). 

A complicated series may be obtained for the integral (72), by integrating by parts, 
writing y» = v 1 * +1 , sv + v^ 1 v~~* — (s 4- 1) v l = u*, and expanding v p+1 in powers of u by 
Lagrange's theorem. 



1 
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If we denote ***(! + 2s + 3s* + ... a**- 1 ) -1 ' 9 by <f>(z) the result thus obtained is 



T* tfHfW M f 77^-l-x )"+ [£ <"l* WI 1 )]^ 



2 N 1 " 



+ [£<*<*H.-iT^W"'} w 



Thus if there are no a's and 8 p's the right-hand member of (81), in order that 
the equation should be exact, should be increased in the ratio of the above series to 
its first term, p being (s— 1)/2 — 2p. If * == 1 we may thus derive the semi-convergent 
series connected with the Bessel Functions. For other values the series is complicated. 

If there are any as the result is still more complicated. 

In the case in which m = n y the result in case there is only one a and one p is 
given in equation (27). 

If another a and p are now introduced it may be shown that to make equation 
(61) exact the right-hand member should be multiplied by the infinite series of 
divergent series: — 

A • SB 

(l-g 1 )(2~a 1 )(p 1 ~g 1 )(p 1 -a 1 -H) „4.*„ „ . i/*a. 

Another a and p make this series triply infinite, and so on. 

If there is one a and two p's the limiting form of the above shows that the 
right-hand member of (77) should in that case be multiplied by 

-r 



*(/>!-*-«+ 3/2, a + ft-jh-1/2; ^-) 



where v^a?. Each series here is a semi-convergent series connected with the Bessel 
functions. Another a and p make this series triply infinite, and so on. 

It is to be noted that in the case in which m = n + 1 no numerical connexion 
has been here established between the series which proceed in ascending and those 
which proceed in descending powers of x. 
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